DISTRIBUTION OF FIBONACCI AND LUCAS NUMBERS MODULO 3*

RALF BUNDSCHUH AND PETER BUNDSCHUH

ABSTRACT. Let Fy =0, Iy =1, and F,, = F,,—1 + F,,—2 for n > 2 denote the sequence F of
Fibonacci numbers. For any modulus m > 2 and residue b (mod m), denote by vr(m,b) the
number of occurrences of b as a residue in one (shortest) period of F modulo m. Moreover,
let vz (m,b) be similarly defined for the Lucas sequence L satisfying Lo = 2, L1 = 1, and
L,=Ln 1+ Lp_o forn>2.

In this paper, completing the recent partial work of Shiu and Chu we entirely describe
the functions v=(3",.) and vz (3%,.) for every positive integer k. Using a notion formally
introduced by Carlip and Jacobson, our main results imply that neither F nor L is stable
modulo 3. Moreover, in terms of another notion introduced by Somer and Carlip, we observe
that £ is a multiple of a translation of F modulo 3* (and conversely) for every k.

1. INTRODUCTION AND RESULTS

Wall [11] remarked that second-order linear recurrences A = (ap)n=0,1,.. of type ani2 =
an+1 + an(n > 0) with arbitrary integer initial values ag,a; are simply periodic if reduced
modulo any m € N := {1,2,...}. He explicitly determined the period length h4(m) of A
modulo m in terms of ag, a1, and m. In particular, Wall’s Theorems 5 and 12 imply

hr(3%) = he(3") =83

for any k € N. Here F = (F},)n=0,1,... and £ = (Ly)n=0,1,... denote the sequences of Fibonacci
and Lucas numbers defined by

Fy:=0, Fy:=1, Fy9:=F 41+ Fn(n S No), (11)
Lo:=2,Ly:=1, Lpyo:=Lp11+ Ln(’I’L € N(]),

respectively, where Ny := N U {0}.

In the early 1990’s, Jacobson [3] introduced the frequency distribution function of A mod-
ulo m

va(m,b) ;== #{n|0<n < ha(m), a, =b (mod m)}
denoting the number of occurrences of the residue b modulo m in the period of a recurring
sequence A as above. In the same paper, he explicitly described the function v]:(2k, b),b €
{0,... 2k — 1}, for every k € N. As a consequence of his description, one can record that the
Fibonacci sequence F is stable modulo 2. The precise definition of stability was given later by
Carlip and Jacobson [2], and depends on the image of the distribution function, i.e., on the
set
Qa(m) :={va(m,b)|b € {0,...,m—1}}

of all frequencies of residues modulo m in a full period of A modulo m. In terms of Q4(m),
a sequence A is said to be stable modulo a prime p if there is a kg € N such that Q4(p*) =
Q4 (p*) holds for all integers k > kg. As a consequence of Jacobson’s main result in [3], one

Dedicated to Peter Shiue on the occasion of his 70th birthday.

AUGUST 2011 201



THE FIBONACCI QUARTERLY

can note Qx(2F) = {0,1,2,3,8} for every k > 5, hence the Fibonacci sequence is stable
modulo 2. Note also Qr(5%) = {4} for every k € N, and, more generally, Q4(m) consists of
just one element if and only if A is uniformly distributed modulo m in the sense of Niven
[6]. Thus, the concept of stability generalizes the notion of uniform distribution modulo prime
powers, and also, by a result of Vélez [10], the notion of f-uniform distribution modulo prime
powers.

Very recently, we completely described the function vz (p*,.) for p = 5 and p = 2, see
Theorems 1 and 2, respectively, in [1]. As simple consequences we found

Q-(5%) ={0,2,2-5,...,2. 521 5lk=1)/2y

for any k£ > 2, and
002 ={0,1,2,3,2%,2°, ... 2l(++ D/}

for any k£ > 9. Of course, the cases of small k can be easily settled as well. These two results
on ), clearly say that, in contrast to the Fibonacci sequence, the Lucas sequence is neither
stable modulo 2 nor modulo 5.

A few years ago, Shiu and Chu started to investigate the function vx(3%,.). Whereas they
obtained only partial results in this direction, it will be the main aim of the present paper to
completely describe vz(3*,.) and vz (3F,.). Our main results read as follows.

Theorem 1.1. Suppose that k € N. Then, for every residue b modulo 3%, one has

3lk/21 9 if b= 1F,3210-1)/4141 (InOd 3k),
vr(3Fb)={ 2.3/ 42 if b=+F, 51 (mod 3%T) for some £e{1,...,[(k—1)/2]}, (1.3)

2 otherwise.
Theorem 1.2. Suppose that k € N. Then, for every residue b modulo 3%, one has

36/2 19 if b=+Ly (mod 3%),
ve(35,0)=¢ 2-3°42 if b=+Ly5-1 (mod 321 for some £ {1,...,[(k—1)/2]}, (1.4)

2 otherwise.

Of course, in both of the above theorems, the case in the second line appears if and only
if k& > 3. Moreover, it should be pointed out as a consequence of our proofs that, for every
k € N, for exactly three fourths of the n € {0,...,8-3%"1 — 1}, the corresponding F}, belongs
to a residue class b modulo 3% as in the third line of (1.3), i.e., satisfying vz(3%,b) = 2. On
the other hand, the frequency of the n with F,, = b (mod 3*), where b satisfies the condition
on the first line of (1.3), is O(37%/2) and hence, tends rapidly to zero as k — oco. The same
remarks hold in the Lucas case (with (1.3) replaced by (1.4)).

Clearly, in terms of stability, we can conclude the following from our two main results.

Corollary 1.3. For every k € N and A € {F,L} one has
04(3%) ={2,23 +1),2(32 + 1),..., 23" D/2 4 1), 30/ 4 23,

where all but the first and last element have to be omitted if k € {1,2}. Hence, neither F nor
L is stable modulo 3.

This shows that, in contrast to the powers of 2 and 5, the distribution properties of the
Fibonacci and Lucas sequences modulo powers of 3 behave very similarly. The deeper reason
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behind this observation is completely revealed by the fact, to be proved in Lemma 2.5 below,
that, for every k € N, there exist c(k), m(k) € Z with 3 Jc(k) such that

Ly = c(k)Fyym@) (mod 3F) (1.5)

holds for any n € Z. In terms of Definition 2.3 of Somer and Carlip [9], this means that £ is a
multiple of a translation of F modulo 3¥ (and conversely). A consequence of this fact, proved
in [9] in a much more general setting, is that F and £ have in their common shortest period
the same pattern of frequencies of residues so again Q. (3%) = Qz(3%) for every k € N (see our
Corollary 1.3).

But even if our proof of Lemma 2.5 effectively determines the constants c¢(k), m(k) in (1.5),
it is not at all evident how to simply translate the complete information contained in, say,
Theorem 1.1 into that of Theorem 1.2. Of course, the main obstacle here is the appearance
of the multiplier ¢(k) in formula (1.5). It results in a given ordering {b1,ba,...,bs:} of the
distinct residues modulo 3% being translated into another one, {c(k)b1,c(k)ba,...,c(k)bsr},
where the control on the position of the individual is lost.

As a side note, the paper [9] exhibits several classes of recurrences of the more general type
Upt2 = Oapt1 + Ta, (n € Ny) failing to be stable modulo a prime p, and provides sufficient
criteria for such recurrences to be p-stable. For example, the first part of Theorem 3.5 predicts
that neither F nor L is stable modulo 3.

To conclude the introduction, we want to discuss briefly the principal results of Shiu and
Chu on v£(3*,.). The main information of [7], contained in Theorems 4.6 and 4.7, is listed as
follows.

Corollary 1.4. For every k € N,k > 3, the following assertions hold.
vr(38,0) =8 if b=41 (mod 27), (1.6)
vr(3¥b) =2 if b#£1,48 (mod 27). (1.7)
Namely, to get (1.6) we apply the second line of (1.3) with ¢ = 1, and notice F» = 1, by (1.1).
To verify (1.7), we note that the hypothesis b # +1, £8 (mod 27) implies b # +F5.3; (mod 27)
for every j € Ng, by Lemma 2.7 and again Fo, = 1. Thus, the cases in the first two lines of

(1.3) cannot occur since all moduli appearing there are at least third powers of 3.
The main result of [8] is the following consequence of our Theorem 1.1.

Corollary 1.5. For k € N,k > 5, and b = 8 (mod 243), one has vr(3¥,b) = 20.

Namely, since k& > 5 we may apply the result in the second line of (1.3) with ¢ = 2, and
b= =48 (mod 243) says exactly b = £F, 521 (mod 3%2%1),

2. SOME GENERAL LEMMAS ON FIBONAcCCI AND LucAS NUMBERS

First, we recall the well-known Binet formulas
a — Bn

a—p3"
for the Fibonacci and Lucas numbers, respectively, where o := (1 ++/5)/2, 8 := (1 — /5)/2.
They are easily proved to be valid for every n € Ny (see, e.g., Theorems 5.6 and 5.8 of the
monograph [5]) but one can use (2.1) to define these numbers also for negative integers n.
From af = —1 the formulas F_,, = (-1)""'F,, L_,, = (=1)"L,, for any n € Z are obvious,
and this explains why restriction to nonnegative subscripts of F' or L is unnecessary when
discussing their divisibility properties.

F, = L,=a"+ 8" (2.1)

AUGUST 2011 203



THE FIBONACCI QUARTERLY

Our first lemma collects some well-known facts on Fibonacci and Lucas numbers.

Lemma 2.1. The following statements hold for any n € Z.

Fy, = F,, Ly, (2.2)
Loy = L2 —2(-1)", (2.3)
Loy = FpLpy1 + Fr—1Lnp, (2.4)
Fy, = F,(5F; +3(-1)"), (2.5)
L3y = Ly (L2 — 3(=1)™). (2.6)
If (a,b) denotes the greatest common divisor of a,b € Z, not both zero, then
(Fgntrs Fn) = (Fn, Fy) (2.7)

holds for any n,q,r € Z with n,r not both zero.

Proof. For (2.7), we refer to Lemma 16.2 in [5]. For the simpler items (2.2) through (2.6), the
reader is recommended to find his or her own proofs solely on the basis of (2.1). (]

Our next auxiliary result expresses differences of two Fibonacci or Lucas numbers as prod-
ucts of such numbers.

Lemma 2.2. For all s,t € Z of the same parity, the following alternatives hold.
Fie_p oL if 4] (s—1)
F_F = (s—t)/2L(s+t)72 1 ; 9.8
¢ { Fispvy2Lis—py2 if 2| (s—1), (28)
LI, - { SFisrt)2Fis—nyje i 4] (s —1),
Lisyty2Lis—ty2 if 2| (s —1).
Proof. To establish (2.8), we follow our proof of (2.9) in [1]. With ¢ := (s +t)/2,r =
(s—1t)/2 & s=q+r,t=q—r weobtain from (2.1) and aff = —1
\/g(Fs - F)= \/g(FqM - Fq—r) = (Oéq—Hn —al™") — (5q+r - B
=al(a" —&f") = BB —era”)
= (a?+¢,.8%)(a" —e.").

Since €, := (—1)" we have (2.8). O

(2.9)

The formulas (2.8) and (2.9) will play a decisive role when considering congruences of two
Fibonacci or Lucas numbers modulo powers of a prime p on condition that we can calculate or
estimate the multiplicities of p in the single factors on the right-hand sides of (2.8) and (2.9).

To state the corresponding results conveniently, we first give the following definition (see
[4]). For z € Z\ {0}, let t € Ny be defined by the divisibility properties p’ | z, p'*! f 2. (Clearly,
this means the same as the usual notation p'||z used, e.g., in Lemma 2.2.) Then we write ord,z
for this ¢t and call it the p-order of z. It is obvious that, using this notation, we can write
congruences z; = zo (mod p)* equivalently as ord, (21 — 2z2) > k for 21,29 € Z with the extra
convention ord, 0 := +o0o0. Main rules on the p-order as ord, (z122) = ord, z; + ord, 22, or
ord, (z1 + z2) > min(ord, 21, ord, 22), the latter with equality if ord, z; # ord, 22, are easily
checked.
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Lemma 2.3. For n € Z, the following assertions hold, n = 0 being excluded in the last two
1tems.

4|n < 3|F,, (2.10)
4|n = ords F,, = 1+ ords n, (2.11)
2| n & 3|Ly, (2.12)
2 || n = ords L, =1+ ordsn. (2.13)

Proof. (2.10) and (2.12) are obvious since F and £ have period length 8 modulo 3, begin with
0,1,1,2,0,2,2,1 and 2,1,0,1,1,2,0,2, respectively, and then repeat.

Assuming n # 0 we use for (2.11) (and for (2.13)) induction on ordsn € Ng. Let 4|n,3 Jn
hence n = +4 (mod 12), or equivalently, n = 125 + 4 with some j € Z. By Fy4 = £3,18 =
Lg | Fi2 (compare (2.2)) and (2.7), we have (Figj+4, F12) = (Fi2, Fi4) = 3 for the greatest
common divisors, hence ords F;, = 1. This proves (2.11) for ordgn = 0. Suppose now that
(2.11) is already proved for u := ordgn € Ny, i.e., if n = 4-3%v with 3 Jv. Then we find from
(2.5)

Ordg F4_3u+1v = 01“d3 F4.3uv + Ol“dg (5F42,3uv + 3) = 01“d3 F4.3uv + 1,
and this is the inductive step.

For (2.13), suppose 2 || n and 3 f n. Then, in L, = F,/F,, the denominator is not
divisible by 3 but ords Fa, = 1 + ords (2n) = 1, by (2.11). Assume that (2.13) is proved for
u = ordgn € Ny, i.e., if n =2 - 3%v with integer v coprime to 6. Then we conclude from (2.6)

ords Lo.gu+1, = ords Lo.3uy + ords (L3 3, + 3) = ordz La.gu, + 1,
hence the last assertion of our lemma. O
Lemma 2.4. For all k € N and n € Z, the following congruences hold.
F, 451 =—F, (mod 3%), (2.14)
Lyisgi1 =—L, (mod 3%). (2.15)

Proof. Because of the recurrence relations (1.1) and (1.2), it is enough to prove both of these
congruences for n =0 and n = 1.

Concerning (2.14) we note that F 5x—1 = 0 (mod 3¥), by (2.11). Since F has period length
8 - 3*~1 modulo 3%, we obtain, by (2.2),

3% | (Fygi-140 — F2) = Fyge-141) — 1= Fyge-1 g Lygeo1 g — 1= —Fpgeo1 Ly — 1

anticipating (2.15) for n = 1, and the last term equals —(F)y.3x-1,1 + F1).
To obtain (2.15) for n = 0, we use (2.3) to get

2= LO = L8,3k71 = Lin,l -2 (mOd 3k)
or equivalently
38| (Lygn-1 + 2)(Lyge1 — 2).
Since 2% || j = L; =1 (mod 3), the second factor is not divisible by 3, hence, Ly g1 = —2 =
—Lo (mod 3%), and (2.15) is established for n = 0. Using again (2.3), we obtain furthermore

3% | (Lg.gi-140 — L2) = Lige 1y +2 =3 = (Lyge-rpg + D(Lygaigg — 1)
Since L; = 2 (mod 3) for j = 5 (mod 8), the second factor on the right-hand side is not
divisible by 3, and we have (2.15) for n = 1. O
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The subsequent lemma is only needed to deduce formula (1.5), even including explicit
expressions for ¢(k) and m(k).

Lemma 2.5. For every k € N and n € Z, one has the congruence
Fse 1Ly = Lak1 F,,_93k-1  (mod 3k). (2.16)
Proof. Let k € N be fixed. We argue by induction on n. Since F'_3x-1 = Fyr-1, the congruence

(2.16) is satisfied for n = 3¥~! (in fact, the congruence reduces then to an equation). Using
(2.4) with n = 3*~1 we obtain

F3k71L3k71+1 + F3k—1_1L3k71 = L2,3k71 =0 (mod 3k)

taking (2.13) into account. But, by Fae-1_; = —F;_gk—1, this is (2.16) for n = 3¥=1 4+ 1. Since
(2.16) holds for two successive n’s, it holds for all integers n. O

Remark 2.6. From (2.16) we see immediately that (1.5) holds with m(k) = —2-3*~1 and

clk) = Lgkleg_kl,l, where F:,)_kl,1 has to be interpreted as the inverse of Fyr-1 in L3, the

residue class group modulo 3. Note that Fy—1 (and Lsi—1) is not a multiple of 3, by (2.10)
(and (2.12)).

Our next and again very special lemma is only needed to deduce (1.7) of Corollary 1.4 from
our Theorem 1.1.

Lemma 2.7. For every j € N, the following congruence holds
Fy4 =8(—1)71  (mod 27). (2.17)

Proof. By induction on j. First, we have Fg = 8. Assuming that (2.17) holds, we use (2.5)
with n = 2 - 3’ to obtain modulo 27

Fygin = Fygi(5Fy 4 +3) =8(—1)771.323 =8(—1)7 1. (1227 — 1) = §(-1),
and this yields the inductive step. O
3. MORE DIRECT PREPARATION OF THE MAIN PROOF

The subsequent Proposition 3.2 prepares our proofs of the formulas for vz (3%,b) and
vz (3%,b) in the case of b’s as in the first line of (1.3) and (1.4), respectively.

Lemma 3.1. If k € N, then the following congruences modulo 3¥ hold for any j € Z.
Fipyessio-v/oy = Fygy  with  J(k) =2 320D/ (3.1)
Lg.516-1)/21; = Lo.
Proof. By (2.8), we obtain
Ey+ssi6-07215 — Fry = Fygioen/2;L g 1a.316-1/215-
Taking here ords, and using (2.11) and (2.13), we conclude
ords(Fypyps3i-1/21; — Fyy) = 2(1 4+ [(k —1)/2]) = k,

hence (3.1). Notice here that 2[(k — 1)/4] + 1 — [(k — 1)/2] equals 0 or 1 for every k € Z.
Similarly, by (2.9) and again (2.11) one finds

Ordg(Lg,g[(kfl)/Q]j - L()) = Ord3(5F42.3[(k,1)/2]j) 2 2(1 + [(k - 1)/2] 2 k,
hence (3.2). O
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From Lemmas 2.4 and 3.1 we now easily deduce the following.

Proposition 3.2. If k€N, then there are at least 315/2 even ne{0,...,8:31 -1} satisfying

Fo,=Fy) (mod 3k) (3.3)
with J(k) as defined in (3.1). The same assertion holds for the congruence
F,=—Fy3 (mod 3%), (3.4)

and for both of the congruences

L,=+Ly (mod 3%).
Proof. For the statement concerning (3.3) it is enough to check that 0 < J(k)+8-3lk=1/2; <
8-35=1 holds (exactly) if 0 < j < 3/%/2]. The computation is easy and uses [(k—1)/2]+[k/2] =
k — 1 for any integer k.

To obtain our claim concerning (3.4), we use (2.14) from Lemma 2.4, and count the even
n € {0,...,8-351 — 1} satisfying

Fn = FJ(k)+4-3k71 (mOd 3k)

or equivalently, the even n € {4-3%~1 ... 12.3F"1 — 1} satisfying (3.3).
The proof in the Lucas case on the basis of (3.2) is similar but, to handle L, = —Lg
(mod 3%), one applies (2.15). O

We next prepare our proofs of the formulas for vz(3%,b) and v (3%,b) in the case of b’s as
in the second line of (1.3) and (1.4), respectively.

Lemma 3.3. If { € N, then the following congruences hold

Fp = Fyqe1  (mod 3%F1) (3.5)
if n is either of the form 2 -3'=1 +8-3%, or of the form 10 - 3“1 4+ 8- 3%} with some j € Z.
Ln=Lys-1 (mod 3% (3.6)

if n is either of the form 4 -3'=1 +8.3%, or of the form —4-3'=1 + 8. 3% with some j € Z.
Proof. 1t i € {1,5}, then we deduce from (2.8), (2.11), (2.13), and
Ord3(F2,3Z71i+8,3lj — F2,3Z71) - Ord3(F3Z71(i_1)+4,3ejL3Z71(i+1)+4,32j) 2 2€ + 1,

hence (3.5). Note here that, for ¢ = 1, the first factor on the right-hand side has 3-order at
least £ + 1 and the second at least ¢, and for ¢ = 5 the converse holds.
With ¢ € {1, -1} we obtain from (2.9) and (2.11)

ordz(Ly.ge-1548.3¢5 — Lyge-1) = ordg(5Fy ge-1(5_1)44.3¢F.30-1 (34 1)44.3¢5) = 20+ 1
considering again both of the cases i separately. Thus, (3.6) holds for all n indicated there. [
From Lemmas 2.4 and 3.3, we easily establish the following counting result.

Proposition 3.4. If ¢ € N, then there are at least 2-3° even n € {0,...,8-3% —1} satisfying
(3.5), and the same assertion holds for the congruence

Fp=—Fy3-1 (mod 32t1), (3.7)
and for both of the congruences
Ln=+4Ly5-1 (mod 321).
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Proof. For the assertion on (3.5), we count the number of n € {0,...,8-3*"1 — 1} of the form
2-371+8-3% or 10-3"1 4+-8-3%j. As it is easily checked, these are (exactly) those n arising
from j € {0,... 36— 1}. Concerning (3.7) we argue similarly to our counting considerations
on (3.4) via (2.14).

The proof in the Lucas case runs on the basis of (3.6) and one applies (2.15) once more to
treat L, = —L,q0-1 (mod 32¢+1) O

Our last two lemmas concern the b’s of the third line of (1.3) and (1.4), and, in case of b’s
as in the first or second lines, the contribution of odd n’s to vx(3%,b) or to v, (3%, b).

Lemma 3.5. Let k € N. If F,, (or L,) with some n€{0,...,8-3k1 —1} n#£2 (orn #0,
resp.) (mod 4) leaves modulo 3¥ the remainder b € {0,...,3% — 1}, then the Figgk—1; (or
L, g3k-1;, resp.), j = 0,1,2, leave modulo 31 the remainders b+ 38\ with A = 0,1, 2.

Proof. Using (2.8) or (2.9), respectively, we have for integers 0 <i < j <2

Foyigar-1j — Foygge—1; = Fge-1y Ly asie—1(14),
Ln+8-3k71j — Ln+8-3k71i — 5F4-3k71(j—i)Fn+4-3k71(j+i)‘
In the first equation, the subscript of L is # 2 (mod 4), by our hypothesis on n, whereas, in

the second equation, the subscript of the second factor on the right-hand side is Z 0 (mod 4).

Thus, in both of these equations, the factor of F)j.3x-1(;_;) is not divisible by 3, by (2.10) and

(2.12), respectively. Hence we find, by virtue of (2.11),

Ordg(Fn+8,3k71j - Fn+8,3k71i) = ordg(Ln+8,3k71j - Ln+8-3k*1i) =k
since j — 4 is either 1 or 2. Thus, the F, g sx-1; (j =0,1,2) are pairwise incongruent modulo
31, and the same holds for the L, g 31, (j = 0,1,2). Writing F,,ggr—1; = b+ 3*\; with
suitable integers \; (j = 0, 1,2), we conclude that Ag, A1, A2 are pairwise incongruent modulo 3,
hence our desired result in the Fibonacci case. The argument in the Lucas case is the same. [J

Lemma 3.6. For every residue b modulo 3, there are exactly two n € {0,...,8 - 3*1 -1}
satisfying

F,=b (orL,=b) modulo 3,
provided that, in case of b’s as in the first or second line of (1.3) (or (1.4), resp.) only odd
n’s are counted.

Remark 3.7. This implies already
vr(3F,b) = v (3F,b) =2

for any residue b modulo 3 occurring in the third line of (1.3) and (1.4).
Proof. The validity of the lemma will be settled by induction on k. For k = 1, we have
modulo 3

F,=1ifn=127F,=2ifn=3,5,6, F,=0if n=0,4,
or

L,=1ifn=13,4, L,=2ifn=20,57L,=0if n=2,6,
respectively. If b =1 or b = —1 (mod 3), then in the Fibonacci case, we have to omit n = 2
and n = 6, whereas in the Lucas case n = 4 and n = 0 have to be omitted. After these

omissions, in both of the cases, for every possible residue modulo 3, there remain exactly two
‘admissible’ n-values no one of them being congruent to 2 (or to 0) modulo 4 in the Fibonacci
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(or Lucas) case. (Note that for k = 1, the second line in (1.3) and (1.4) does not occur,
whereas the condition in the first line says precisely b = +1 (mod 3).)

Having these considerations in mind, in both of the cases Fibonacci and Lucas, the inductive
step is easily performed via Lemma 3.5. O

4. FiINAL PROOF

According to Propositions 3.2 and 3.4, the number of even subscripts n € {0,...,8-3*~1 -1}
counted for residues b as in the first and second line of (1.3) or (1.4) is at least
[(k—=1)/2]
23024 N (2080 2. 31

[(k—1)/2]-1
=230 44, M At
=0
1 — 3~ [(k=1)/2]
—9.3k/2 L g.3k—2_"°2
+ 273

=2.3/2 4 9. 381 (1 — 37I(k=1)/2])

=9. 3k—1
where we used again [(k — 1)/2] + [k/2] = k — 1. Note further that above, in the first sum
over /£, the complete residue set {0,...,3* — 1} modulo 3* decomposes, for every fixed ¢ €
{1,...,[(k — 1)/2]}, into exactly 3*~172¢ complete residue systems modulo 321, a typical
representative being {0, ...,32t!1 —1}.

Defining

Ve (35,b) == #{n]0<n<8-3""12/n,F,=b (mod 3)}

and similarly vofdd if condition 2|n is replaced by 2 ) n, then our last consideration implies

the left-hand part of the following formula
2.3 1< 3 o3t —8~3k_1—( S or@h o+ Y u;fld(?,’f,b)). (4.1)
belUIl belll belUIl

Here b € I U II (or b € IIT) means that the summation is over all residues b as in the first
or second line (or in the third line, respectively) of (1.3), and the same formula holds with F
replaced by L. According to Lemma 3.5, we have

v994(3% b) =2 forany be TUII, wvr(3%,b) =2 for any be I1I,

hence the right-hand side of (4.1) equals 8- 3*=1 —2.3% = 2.3%1 and this is the left-hand
side of (4.1). This means that in Propositions 3.2 and 3.4, all at least’s can be replaced by
exactly. This implies

vr(3F,b) = v (3%, b) + v5 (3%, b) = 31/ 42
for all b as in the first line of (1.3), and
vr(3%,b) = v (3%, b) + v994(3%,b) = 2-3° + 2

for all b as in the second line of (1.3) for some ¢ € {1,...,[(k—1)/2]}. Since our final argument
remains unchanged if F is replaced by £ both of our theorems are proved.
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5. AN ADDITIONAL COMMENT

One can avoid the previous discussion replacing the inequality in (4.1) by equality as follows.
First, we can replace Lemma 3.1 by the subsequent stronger result.

Lemma 3.1%. For any k € N, the following two equivalences are valid for any even n € Z.
Fn = Fjgy  (mod 3F) o neJk)+s8-3l-DA2A7,
L,=Lo (mod3F) o nesg. 3Dz

Note that (3.1) and (3.2) contain just the < part of the two equivalences. Having here the
full information <, we can easily replace at least in Proposition 3.2 by ezactly.
Secondly, we can improve Lemma 3.3 as follows.

Lemma 3.3*. If { € N, then the following two equivalences are valid for any even n € Z.
Fp=Fy5-1 (mod 3 & ne(2-371+8-3Z)u(10-31 +8.32),
Ln=Lg31 (mod3*™) & ne@-3714+8.372)u(-4-3"1+8-3%2).

Note that also (3.5) and (3.6) contain only the part < of the two equivalences. Here also,
the full information <, allows to replace at least in Proposition 3.4 by exactly.

The attentive reader may have noticed that the second alternatives in (2.8) and (2.9) con-
cerning the case 2 || (s — t) have not yet been used until now. These alternatives are needed
to discuss the implications = in Lemmas 3.1* and 3.3*. However, this is not the only reason
why these latter implications are considerably more delicate to prove.
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