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Abstract. We solve the problem of finding the number of sequences of n tosses of a coin
with k pairs of consecutive heads.

1. Introduction

The problem of finding the number, U(n, k), of sequences of n tosses of a coin with k

pairs of consecutive heads has been tackled at least twice recently [1, 2]. In [1], a recurrence
was obtained, while in [2], the exponential generating function was used to find U(n, k) for
k = 1, 2, 3, and an indication given as to how to proceed to find further formulas. In this note,
I follow the prescription I gave in [4] in my comments on [1] (completely overlooked by the
author of [2]), for finding U(n, k) from the ordinary generating function.

I found [4, p. 152], that

∑

n≥k+1

U(n, k)xn =
xk+1(1− x)k−1

(1− x− x2)k+1

and then [4, p. 153], said
“It can be shown via partial fractions that

U(n, 1) =
(n− 1)Ln + 2Fn−1

5

where the {Ln} are the Lucas numbers, Ln = Fn+1 + Fn−1.
Also,

U(n, 2) =
1

5

(

n− 3

2

)

Fn−2 +
3

25

(

n− 4

1

)

Ln−3 +
6

25
Fn−4 +

1

5

(

n− 2

1

)

Ln−1 +
2

5
Fn−2

and there is a similar formula for U(n, k) for each value of k.
In order to find these formulas, write 1− x = x2 + (1− x− x2) in the generating function,

expand by the binomial theorem, write 1− x− x2 = −(x+ α)(x+ β), and use the formula

1

unvn
= (−1)n

n−1
∑

k=0

(

n−1+k
k

)

cn+kun−k
+

n−1
∑

k=0

(−1)k
(

n−1+k
k

)

cn+kvn−k

with u = x + α, v = x + β, c = u − v = α − β =
√
5. (See Hirschhorn [3] for a proof of this

formula.) Then write 1

x+α
= −β

1−βx
, 1

x+β
= −α

1−αx
. The rest is fairly straightforward.”

Following this recipe, I find that
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U(n, k) =
k
∑

t=0

t
∑

l=0

(

n− 2k − t+ 2l + 1

k − t

)(

k − 1

l

)(

k + t− 2l

t− l

)

× 1
√
5
k+t−2l+1

(

αn−2k−t+2l+2 − (−1)k+t−2lβn−2k−t+2l+2
)

.

2. The Calculations

For k ≥ 1,

∑

n≥0

U(n, k)xn =
xk+1(1− x)k−1

(1− x− x2)k+1

=
xk+1(x2 + (1− x− x2))k−1

(1− x− x2)k+1

= xk+1

∑k−1

l=0

(

k−1

l

)

(x2)k−1−l(1− x− x2)l

(1− x− x2)k+1

= xk+1

k−1
∑

l=0

(

k − 1

l

)

x2k−2l−2

(1− x− x2)k−l+1

= xk+1

k−1
∑

l=0

(

k − 1

l

)

x2k−2l−2

(−(x+ α)(x + β))k−l+1

= xk+1

k−1
∑

l=0

(

k − 1

l

)

(−1)k−l+1x2k−2l−2 · 1

((x+ α)(x+ β))k−l+1

= xk+1

k−1
∑

l=0

(

k − 1

l

)

(−1)k−l+1x2k−2l−2

×
(

(−1)k−l+1

k−l
∑

m=0

(

k−l+m
m

)

√
5
k−l+1+m

(x+ α)k−l+1−m

+

k−l
∑

m=0

(−1)m
(

k−l+m
m

)

√
5
k−l+1+m

(x+ β)k−l+1−m

)

= xk+1

k−1
∑

l=0

k−l
∑

m=0

x2k−2l−2

(

k − 1

l

)(

k − l +m

m

)

1
√
5
k−l+1+m

×
(

1

(x+ α)k−l+1−m
− (−1)k−l+m 1

(x+ β)k−l+1−m

)
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= xk+1

k−1
∑

l=0

k−l
∑

m=0

x2k−2l−2

(

k − 1

l

)(

k − l +m

m

)

1
√
5
k−l+1+m

×
(

( −β

1− βx

)k−l−m+1

− (−1)k−l+m

( −α

1− αx

)k−l−m+1
)

= xk+1

k−1
∑

l=0

k−l
∑

m=0

x2k−2l−2

(

k − 1

l

)(

k − l +m

m

)

1
√
5
k−l+1+m

×
(

(

α

1− αx

)k−l−m+1

− (−1)k−l+m

(

β

1− βx

)k−l−m+1
)

= xk+1

k−1
∑

l=0

k−l
∑

m=0

x2k−2l−2

(

k − 1

l

)(

k − l +m

m

)

1
√
5
k−l+1+m

×



αk−l−m+1
∑

N≥0

(

k − l −m+N

N

)

αNxN

−(−1)k−l+mβk−l−m+1
∑

N≥0

(

k − l −m+N

N

)

βNxN





=
∑

N≥0

k−1
∑

l=0

k−l
∑

m=0

xN+3k−2l−1

(

N + k − l −m

N

)(

k − 1

l

)(

k − l +m

m

)

× 1
√
5
k−l+m+1

(

αN+k−l−m+1 − (−1)k−l+mβN+k−l−m+1
)

.

With N + 3k − 2l − 1 = n, this yields

U(n, k) =

k−1
∑

l=0

k−l
∑

m=0

(

n− 2k + l −m+ 1

k − l −m

)(

k − 1

l

)(

k − l +m

m

)

× 1
√
5
k−l+m+1

(

αn−2k+l−m+2 − (−1)k−l+mβn−2k+l−m+2
)

.

If we now write l +m = t,

U(n, k) =

k
∑

t=0

t
∑

l=0

(

n− 2k − t+ 2l + 1

k − t

)(

k − 1

l

)(

k + t− 2l

t− l

)

× 1
√
5
k+t−2l+1

(

αn−2k−t+2l+2 − (−1)k+t−2lβn−2k−t+2l+2
)

.
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