DIFFERENCES OF GIBONACCI PRODUCTS
WITH THE SAME ORDER

THOMAS KOSHY

ABSTRACT. We investigate differences of the form Hgfbim - ngl%sﬂ where g; = g;(z)
i>1 i>1

denotes the jth gibonacci (Fibonacci, Lucas, Pell, or Pell-Lucas) polynomial; n,r;, and s; are

integers; a;,b; > 0; > a; = Y. b; denotes the order m of each product, and m = 2 or 3. This

investigation yields interesting byproducts.

1. INTRODUCTION

Gibonacci polynomials g,(x) are defined by the recurrence g,(z) = zgn—1(z) + gn—2(x),
where g1 (z) = a = a(x) and go(z) = b = b(x) are arbitrary polynomials, and n > 3. Clearly,
go(r) =b—ax. Whena =1and b=z, g,(x) = fn(x), the nth Fibonacci polynomial; and when
a=zand b=22+2, g,(x) = l,(x), the nth Lucas polynomial. In particular, g, (1) = Gy, the
nth gibonacci number; f,(1) = F,,, the nth Fibonacci number; and [,,(1) = L,,, the nth Lucas
number.

Pell polynomials py,(x) and Pell-Lucas polynomials g, (x) are defined by p,(z) = f,(2z) and
qn(x) = 1,(2x), respectively. The Pell numbers P, and Pell-Lucas numbers @Q, are given by
P, = pn(1) and 2Q,, = g, (1), respectively.

In the interest of brevity and convenience, we will omit the argument in the functional
notation; so g, will mean g,(x), although it is technically incorrect. Also we will confine our
discussion to Fibonacci, Lucas, Pell, and Pell-Lucas polynomials.

It can be confirmed by induction that g, = af,_o + bf,_1, where n > 0. Consequently,
G-n = (—=1)""(afnio — bfus1); SO gn is well-defined for all integers n.

1.1. Binet-like formula. Gibonacci polynomials g, can also be defined by the Binet-like
formula
ca™ — df"

a—pF
where a = a(z) and 8 = B(x) are solutions of the characteristic equation t> — zt — 1 = 0,¢c =
c(z) = a+ (ax —b)B,d = d(z) = a + (ax — b)a, and n > 0. Then cd = a® + abxr — b*; we will
denote this by p = p(x). When g, = f,, . = 1; and when g, = l,,, u = — (2% + 4).

It is well-known that

gn =

Fottofne k—fn (—nrip (1.1)
Lokl — 12 = (=1)" " (2? + 4) f2 (1.2)
FskFn—k fmfn—( D" i fnentk (1.3)
Ikt = bl = (=1)" (@ +4) fi frn—n k- (1.4)

Identity (1.1) generalizes the Catalan identity Fj, 41 Fp_x—F2 = (=1)" 1 F, kZ, discovered by
Eugene C. Catalan. This, in turn, is a generalization of the Cassini formula F, 1 F,_ 1 — F? =
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(—1)", named after Giovanni D. Cassini. Identity (1.2) is the Lucas counterpart of identity
(1.1).

Identity (1.3) generalizes the d’Ocagne identity F,xFp_1 — FpFp = (1) EF ik,
found by Philbert Maurice d’Ocagne. Identity (1.4) is its Lucas counterpart. d’Ocagne’s
identity is a slight variation of the identity FyipEnir — FnFnintr = (—1)" Fp F}, discovered
by A. Tagiuri in 1901 [1, 2].

As can be predicted, identities (1.1) and (1.2) have a gibonacci version

Gkt — g = (=" f; (1.5)
so do identities (1.3) and (1.4), and Tagiuri’s identity:

Im+-k9n—k — Gmdn = (_1)n—k+1,u fkfm—n+k (1'6)

In+hIn+k — InInth+k = (—1)" 1 fo fr

These gibonacci identities can be established using the Binet-like formula.
An interesting observation: The left-hand side of each identity in (1.5), (1.6), and (1.7) is
the difference of two gibonacci products of order two.

2. DIFFERENCES OF CUBIC GIBONACCI PRODUCTS

Recently, R. S. Melham discovered a charming formula for the difference of two Fibonacci
products of order three [3]:

Fos1FrpoFnys — Fiyy = (—1)"F,. (2.1)

Two years later, using extensive computer research, S. Fairgrieve and H. W. Gould found
an equally beautiful formula [2]:

FoFntalnys — F3—|—3 = (_1)n+1Fn+6- (2.2)

They also found two additional cubic identities:
FuFy s = Fig = (1) Fopy (2.3)
F2Fos — oy = (~1)" Foo. (2.4)

The left-hand sides of identities (2.2)—(2.4) are also differences of Fibonacci products of
order three.

We will now extend the cubic identities (2.1)-(2.4) to the gibonacci family.

We will begin our pursuit with the gibonacci version of Melham’s identity.

Theorem 2.1. Let n > 0. Then
Gn+19n+29n+6 — 9o 43 = (—1)" (@ gnr2 — gns1). (2.5)
Proof. By the gibonacci recurrence, we have
Inie = (' +32% + Dgnyo + (2% 4 22) gyt

Gn+19nt+29n+6 = (' + 322 +1)g2 ogni1 + (2% + 22)gnr200 11

92+3 = 33392+2 + 3332972L+29n+1 + 3xgn+2972L+1 + 92+1-
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Then, by identity (1.5) and some basic algebra, we have

In19n+29n+6 — Gois = (@' + 1)ghyogni1 + (27 — 2)gniagn 1 — 22950 — go
= 2°gn 2 (Tgn11 = Gnt2) + Gnt2gni1(Gnr2 = Tgnt1) + 20n120n 1 — Gp
= —2°g2 1290 + Int29nt19n + T Gni 19012 — Gt
= (QELH - 9n+29n)(l’39n+2 — Gn+1)
= (—1)"u(2*gns2 — gn1),
as desired. O

It follows by Theorem 2.1 that

Jnt1fnr2fnre — = (=1)"(2® fay2 — fat1) (2.6)
lnv1lntalnye — = (=)™ (2% + 4) (@ lpt2 — lny1)
Pn+1Pn+2Pn+6 — pn+ = (=1)"(82*pny2 — Pnt1)

An+19n+29n+6 — Qn+3 = (_1)n+14(x2 + 1)(8x3Qn+2 - Qn-i-l)'

Clearly, identity (2.6) yields Melham’s identity.
Similarly, we have

Lys1LntoLnie — Lyyyg = (=1)""15L,
Poi1PryaPys — Poyg = (—1)"(8Png2 — Pry1)
Qn+lQn+2Qn+6 Qn+3 ( 1)n+12(8Qn+2 - Qn—}—l)-

Theorem 2.1 has an additional byproduct. It follows from identity (2.5) that G, +1Gpnt2Gri6—
G2 =(—1)"u(1)Gy, 50 (Gns1Gny2Gni6 — G2 5)? = p?(1)GZ. This implies

4G 41G42Gy 3Gt + 12(1)G = (Gt GrraGrss + Gpys)?.
In particular,
AF i1 Fogo P g Fove + B = (Fug1 FogoFuye + Fiys)®
ALn41LnyoLld gLnye + 2512 = (Lps1LnsoLnse + Lo, 4)*.
The next theorem gives a companion formula for the difference of three gibonacci products.
Theorem 2.2. Letn > 0. Then
Ingn+49n+5 = Gnas = (1" (@ gnra + gos)- (2.7)
Proof. By the gibonacci recurrence, g, = (22 4+ 1)gn14 — (22 + 22)gpny3. Then
Ingnragnes = (3% + 1)g2 4gns — (2° + 22) gnr39n+49n+5-
We also have
sy = (Gnis — 2gn1a)®
= Gpys — 3LGn+49 45+ 327G 1aGn+5 — TG0 1a
= (Gnt5 — TGn+a)(Gn+s — 28Gn14)gnts + TG0 aGnss — TG4

= gn+3(gn+5 - 2xgn+4)gn+5 + ‘T293L+4g77/+5 - ‘T392+4'
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Therefore,
3 2 3 2 3 3
InIn+49n+5 — 943 = Inta9n+5 — " Gn+39n+49n+5 — In+39n+45 T T 9nt4
= (9214 — Int39n+5) (T Gnta + Gnts)

= (=1)"" w(@®gnya + gnss),

as claimed. O
It follows by Theorem 2.2 that
frtntafnrs — = (=)™ (@® fura + fass)
ln frvalnts — = (=1)"(2? + 4) (2 Ly a + lnys)

PnPn+4Pn+5 — pn+

)
)

(=1)"* (82 pnya + Pnts)
Inlntaqnss — Gprg = (—1)"4(2% +1)(82° g1 + gnys)-
The above identities imply that

FoFpyabnys —

LyLyyaLngs —

( 1)n+1Fn+6
( 1)n5Ln+6
PoPriaPris — n+3 = (—=1)""' (8Pnya + Puys)

QnQn+4Qn+5 n+3 - ( )n2(8Qn+4 + Qn+5)'

Theorem 2.2 also has an additional consequence. It follows from identity (2.7) that G,,Gp+4Gpni5—
G2 o= (=1)"" (1) Grye; 50 (GrnGnyaGnys — G 3)? = p?(1)G2 4. Consequently,

4G GY 3G aGrys + 12 (1)Ga g = (GnGraaGnys + G 1 3)°.
In particular, this implies
AF Y s FniaFogs + Fipg = (FuFpiaFogs + Fiys)?
ALnLE  3LniaLnss + 2502 6 = (LyLntaLnis + L3 5)%.
The next theorem generalizes identity (2.3).
Theorem 2.3. Letn > 0. Then
sz = Onya = (~1)" T (2 gnsz — gn). (2:8)

Proof. By the gibonacci recurrence, we have

992 t3 = Gn(Tgnt2 + Gni1)?
= 3329n93z+2 + 22Gngn+19n+2 + gnggz—i-l'

But
2290 gn+19n+2 = (Gn+2 — TGn+1)(Gn+2 — Gn)gn+2 + In(In+2 — Gn)gn+2
= G vo — Tgnt19n+2(gnr2 — gn) — Gngn+2
= 92+2 - $293+19n+2 - 939n+2-
Therefore,

GnGnis — Goro = T GnGnio — T Gni19n+2 — Gugn+2 + Indn i1
= (gngn-i-? - 972L+1)(x2gn+2 - gn)
= (=1)"" (@ gnr2 — gn),
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as desired. O
As can be predicted, this theorem also has interesting ramifications:
Fafuss = favo = (1" (@ fara — fa) (2.9)
Ilis = lhyo = (1) (2% + 4) (@Plosa — 1)
Pnpn+3 - pn+2 (- )n+1(4517 Pn+2 = Pn)

Uty = e = (—1)"4(@” + 1) (427 qns2 — gn)-
The above polynomial identities have additional Fibonacci, Lucas, Pell, and Pell-Lucas
consequences. For example, identity (2.3) follows from (2.9).
It also follows from identity from (2.8) that G,G? 3 — G2, = (=1)"" u(1)Gp11. As before,
this yields
4Gn Gy 49Go s + 121Gy = (GG + G o)™
This implies
AP F3 F2 o+ F2 = (F,F2 5+ F2 )
ALpLy oLy s +25L5 1y = (LnLiy g+ Ly 10)*.
The following theorem generalizes identity (2.4). Its proof is also short and neat.

Theorem 2.4. Let n > 0. Then

939n+3 - 92+1 = (—1)n+1,u(9n+3 - $29n+1)- (2.10)
Proof. By the gibonacci recurrence, we have

grngn-‘r?» - 92—1—1 = (gn+2 - xgn+1)2gn+3 - gn+1(gn+3 - xgn+2)2
= 9121+29n+3 + $293L+19n+3 - gn+19121+3 - $2gn+193+2

= (gn+lgn+3 - g¢2z+2)(x29n+1 - gn+3)

= (1) p(gnt3 — 2°gni1)- U
It follows from identity (2. 10) that
f frts — = 1)n+ (fn4s — = fn+1)
Plnys — = (=1)"(2* + 4)(lns3 — 2°lp41)
)

1 n+1(

Pn+s — 42%pny1)
1)"4(2* 4+ 1) (qn+s — 42%qn+1)-

Theorem 2.4 has another interesting consequence. It also follows from identity (2.10) that
G2Grys — G2 = (—1)"" pu(1)Gpy2. Again, as before, this yields

4GELG?¢+1GH+3 +u ( )Gn+2 (GiGn+3 + Gi+1)2-

p%pn—l—ii pn—i—

(=
(=
(=
(=

Cans — Goir =

Consequently,
AF2ES \Foys + F2,y = (F2Fnig + F2 )
ALZL} (\Lyss + 25L2 15 = (L2Lnys + L3 )2,
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