ON CERTAIN FAMILIES OF FINITE RECIPROCAL SUMS THAT
INVOLVE GENERALIZED FIBONACCI NUMBERS

R. S. MELHAM

ABSTRACT. In this paper, we find closed forms, in terms of rational numbers, for certain finite
sums. Our most general results are for finite sums where the denominator of the summand is
a product of terms from a sequence that generalizes both the Fibonacci and Lucas numbers.

1. INTRODUCTION

The Fibonacci and Lucas numbers are defined, respectively, for all integers n, by
F,= n—1+Fn—27 Fy :07 = 17

Ly=1Ln 1+ Lpo, Lo=2, L1 =1
To appreciate the many topics in the study of Fibonacci numbers, one need only glance at the

chapter headings in the lovely book of Hoggatt, Jr. [2]. Chapter 10 deals with the topic of
Fibonacci identities. Two well-known Fibonacci identities that occur in chapter 10 are

Fo1Fnt _FS = (_1)n’ (1'1)

and
Fy_oF, 1Fy 1 Fpig— Fl=—1. (1.2)

Identities (1.1) and (1.2) are known as Simson’s identity, and the Gelin-Cesaro identity, re-
spectively. Although these identities are quite old, they continue to provoke research. In this
regard, we refer the interested reader to [1] and [3].

The present paper deals with reciprocal summation involving Fibonacci numbers, a topic
not covered in [2]. Specifically, we continue the line of research in [4, 5, 6], where we give
closed forms for certain finite sums in which the denominator of the summand consists of a
product of Fibonacci (or generalized Fibonacci) numbers. Two instances of such finite sums
are

n—1
— F z+1E+2E+3 =1 2\E Foy1 Fog)’
and
Logiv1yLagira) < 7 9 1 >
8 =24 Py, . v , 1.4
Z FoiFyip1) Faivo) Fa(its) 202 \ 3Ky, 8Fatmnt1)  3Fony2) 4

both valid for n > 2. The sums (1.3) and (1.4) occur in [4] and [5], respectively.

In order to indicate the flavor of the results that we present in this paper, we begin by writing
down the closed forms for two finite sums that involve the Fibonacci and Lucas numbers,
respectively. For n > 2, we have

F 2F,_oF,
GZ 2143 +5= n—2 n+4. (15)
FF+1E+2E+3 FoFpio
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Again, for n > 2, we have

n—1
Luite Fy(n_2) <2538 320 378 )
5922 E —41 = — + . 1.6

“— LoiLairalaivalaite 20 Lon  Lony2  Lonta (16)

The finite sum (1.5) is an instance of a six-parameter family of identities that we present in
Section 2, while (1.6) is an instance of a seven-parameter family of similar identities that we
also present in Section 2.

We now introduce the two other pairs of integer sequences that are featured in this paper.
Let a > 0 and b > 0 be integers with (a,b) # (0,0). For p a positive integer, we define, for all
integers n, the sequences {W,} and {W,} by

Wy, =pWho1+Wp_o, Wog=a, Wy =0,
and
Wn =Wn-1+ Wyt

For (a,b,p) = (0,1,1), we have {W,,}={F,}, and {W, }={L,}. Retaining the parameter p,
and taking (a,b) = (0,1), we write {W,, }={U,}, and {W,, }={V,,}, which are integer sequences
that generalize the Fibonacci and Lucas numbers, respectively. Set A = p?>+4. Then U, =V,
and V,, = AU, so that F,, = L,, and L, = 5F,.

Let o = (p—i— \/Z) /2, and 8 = (p — \/Z) /2, denote the two distinct real roots of x? —
pr—1=0. Set A=0b—af, and B = b — aca. Then the closed forms (the Binet forms) for
{W,} and {Wn} are, respectively,

W, — Aa™ — Bﬁ"’
a—p

and
W, = Ad"™ + Bp™.
We require also the constant ey = AB = b* — pab — a?.
In Section 5, we prove one of our theorems with the use of a method that can be used to
prove all the results that we present in this paper. Indeed, this method of proof is used in [5]

and [6]. To this end, we choose to write
Up = (o + (-1)""1a™) /VA,
Vp=0a"+(-1)"a™",
W, = ((b+aa™t)a™ + (=1)" (b— aa) a™) /VA,
Wy =(b+ax ) a"+(-1)" (b —aa)a™", (1.7)
where these closed forms are valid for all integers n. We note also that p = o — a1,

There is a finite sum that we feature throughout. For integers 0 < ly < lo, k> 1, m > 0,
and n > 2, this finite sum is

la—1 (_1)k2
QW(k7 m,n, l17 l2) — Z

1=l

(1.8)
k(i+2)+m W(itn)+m

If, for instance, on the right side of (1.8) we replace each occurrence of W by U, we denote
the resulting sum by Qu(k, m,n,ly,l2).

We now give an identity involving Qs that is required for the proofs of all the theorems in
this paper. We give this identity, whose proof can be found in [5], as a lemma.
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Lemma 1.1. With the constraints on l1, lo, k, m, and n, given above,
(1)UL 4y

B Wk(n-‘,—ll )+m Wk(n—i—lz)—i-m '

Ukn—1)Qw (n + 1) = Up(n—2)Qw (n)

The reader will notice that, in the statement of Lemma 1.1, we take Qp(n) to mean
Qw (k,m,n,l;,ls). Likewise, in the sequel, we suppress certain arguments from quantities
when there is no danger of confusion. We do this to prevent the formulas in question from
becoming too unwieldy. Again, in Theorem 2.1, Qg (mq,m2) means Qu (k,m,n, mi, ma). A
similar interpretation applies to the statement of all the theorems in this paper.

As we have already stated, the sums (1.5) and (1.6) are particular instances of two of our
results. We begin in Section 2 with finite sums in which the denominator of the summand
consists of a product of four factors. For finite sums of the type considered in this paper, where
the denominator of the summand consists of fewer than four factors, see [5]. In Sections 3 and
4, we consider finite sums in which the denominator of the summand consists of a product
of five and six factors, respectively. In Section 5, we present a sample proof that sets forth a
method by which all of our results can be proved.

2. THE SUMMAND HAS FOUR FACTORS IN THE DENOMINATOR

Throughout this paper, k > 1, m > 0, and n > 2 always represent integers, and henceforth
we do not restate this. In this section, 0 < m; < meo < mg represent integers. We now present
the six-parameter family of finite reciprocal sums that yields (1.5) as a special case. Define
the finite sum

n—1
Si(k,m,n,mi,ma, mg) = Z

=1

(_ 1)]% Uk(2i+m1 +ma)+2m

UkitmUk(i-tm)+m Uk (i+ma)+mUk(i+ms)+m
For 0 < i < 3, define a; = a;(k, my, ma, ms3) by

a0 = Uny kUnmok UnskUms —mo)kUms —ma1)ks

a1 = Uty +ma)kU(ms —ma)kU(ms —mi ks

az = (= 1)U kUl —ma kUl —ma —ma )k

a3 = —Unmi kUnmakU2ms —ma—mi k-
Then we have the following theorem.
Theorem 2.1. With S and the a; as defined above,

ap (S1(n) — S1(2)) = Ug(n—2) (a1Qu(0,m1) + asQu(m1, ms)

+ asQy(ma,ms)) .

In Theorem 2.1, taking (p,k,m,mi,ms,mg) = (1,1,0,1,2,3), we obtain (1.5). In the
numerator of the summand of Sy, replace my + mg by my + mg, or simply by ms. Then we
have also obtained closed forms for the corresponding finite sums, together with several other
similarly defined sums. We do not present these closed forms here.

In the summand of S7, we replaced each occurrence of U by V', but were unable to find the
closed form of the corresponding finite sum. Likewise, in the numerator of the summand of S,
we replaced U by V, but were unable to find the closed form of the corresponding finite sum.
However, by taking ms = m1 4+ msq, we were able to find the closed forms of the aforementioned
sums. The condition m3 = my + mo encompasses all instances where 0, m1, ms, and mg are
in arithmetic progression. Assuming this condition, we succeeded in finding closed forms for
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sums analogous to S; that involve the more general sequences {W,,} and {Wn} We now give
two of these results (we have discovered several others).

Define
n—1 ki
(_1) Wk(2i+m1 +mz2)+2m
52(k7m7n7m17m27m3): .
; WhitmWh(itm)+mWh(i+ma)+mWh(i+ma)+m

For 0 < i < 3, define b; = b;(k,m1,m3) by

bo = ew Unmy kUnmak Uy +ma)kUma —ma ks
by = (— D)MW (s ma ks
by = (= 1)FOM WUy 1,
b3 = ~Utmg—m1 )k Wimi +ma)k-
We then have the following theorem.
Theorem 2.2. Let 0 < my < me be integers, and let m3z = my + mo. Then
bo (S2(n) — 52(2)) = Ukn—2) (b1Q2w (0, m1) + baQw (m1, m2)
+ b3Qy (mg, ms3)) .

In Theorem 2.2, taking (p,a, b, k, m,my,mq) = (1,2,1,2,0,1,2), we obtain (1.6).
Next, define

Sg(k‘ m,n,mi,msa m3) = Ti:l (_1)kiWk(2i+m1+m2)+2m
s TTL, T, 5 5 — Wki+ka(i+m1)+ka(i+m2)+ka(i+m3)+m

For 0 < i < 3, define ¢; = ¢;(k, mq, m3) as

Co = eWUmlkUmku(ml+m2)kU(m2—m1)k7
1 = (_1)k(m1+m2)U(mg—ml)kW—(ml—l—mg)k?
cy = (—D)Rmtm) Gz,
3 = U(mg—ml)kW(ml—i-mz)k'
We then have the following theorem.
Theorem 2.3. Let 0 < my < mo be integers, and let m3z = mq + mo. Then
co (S3(n) — S3(2)) = Ug(n—2) (12w (0,m1) 4 c2Qw (my, ma)
+ c3Qw (ma, m3)) .
It is easy to see that, with W,, = F},, or W,, = L,,, Theorem 2.3 yields a four-parameter
family of sums that are analogous to (1.5) and (1.6), and where the summand of each member
of this family involves both F,, and L,,.

To conclude this section, we give closed forms for two finite sums where, in each case, the
numerator of the summand contains a square. For integers 0 < my < mso, define

n—1 kiyy/2
(1) Wk(i+m2)+m

) = :
Z-Z:; Whitm Wk(i—l—ml)-l-m Wk(i+2m2 —mq)+m Wk(i+2m2)+m

S4(k7 m,n,mi,ma
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For 0 <i <2, define d; = d;(k,m1,m2) as
do = UnykVinak Vima —m)kU2ma —m1 )k
d1 = Uk Vimg—m1)k>
dy = 2(—1)kmtmy
Then we have the following theorem.
Theorem 2.4. We have
do (S4(n) — 54(2)) = Up(n—2) (d1Qw (0, m1) + daQw (m1,2ma — mq)
+ d1Qw (2mg — my, 2ms)) .
Next, for integers 0 < m; < mg, define
n—1 (- )szk(Hmz)
; Wki+ka(z’+m1)+ka(z‘+2m2—m1)+ka(z‘+2m2)+m
For 0 <i <2, define f; = fi(k, m1, ma) by

S5(k7 m,n, m17m2) =

Jo= mlkUmku(mg ml)kU(2m2—m1)kv
J1 = ViakUlmg —mi ko
fo = 2R

Then we have the following theorem.
Theorem 2.5. We have

fo(S5(n) — S5(2)) = Uk(n—2) (f1Qw (0,m1) + foQw (m1,2ma — my)
+ fiQw (2mg — my,2my)) .

Taking (p, a, b, k,m ml,mg) =(1,0,1,2,0,1,2) in Theorem 2.5, we obtain

n—1
2(z+2)
= F2iFy(ip1) Fogigs) Fogiva)
_ﬁJer(n_z) [ S S 7
~ 385 12 \6Fy  8Fyny1) 21F54p2)  110F(43)

3. THE SUMMAND HAS FIVE FACTORS IN THE DENOMINATOR

In this section, and in the sections that follow, we require quantities analogous to a;, b;, ¢;,
d; and f;, defined in the previous section. For simplicity, we use the same pro-numerals here
(and in subsequent sections) to describe these quantities. In this section, we take 0 < my <
mgy < mg < my to be integers. Define the sum

— Vk (3i+m1+ma+ms3)+3m
Ty (k,m,n,my,...,m E

i—1 Ukz+mUk(2+m1)+m o Uk(z+m4)+m.

We were unable to find the closed form for the sums that we present in this section without
certain simplifying assumptions on the m;. We chose to take mg = 2mo — mq, and my = 2mso.
These assumptions encompass all instances where 0, my, ms, ms3, and my4 are in arithmetic
progression, and also bring a nice symmetry to the subscripts in the denominator of the
summand. Indeed, under these assumptions, the successive differences between the subscripts
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in the denominator of the summand are kmy, k(mg — mq), k(mg — mq), and km,. For
convenience, we record these assumptions as follows: For integers 0 < mj; < mo, define
integers m4 and ms as

ms3 = 2meo — my, and my = 2ms. (3.1)
We now define quantities a; = a;(k, m1,m2), for 0 < i < 2, that help us to succinctly give

the closed form for 7Tj. Define
ap = UmlkU(ng_ml)kU 2,CU(m2 —m)k>
o1 = (Vo + (O™ U
ag = (—1)Fm G Uy —m k-
We then have the following theorem.

Theorem 3.1. Let 0 < mj < mg be integers. Let ms and my be as defined in (3.1). Then

ao (T1(n) — T1(2)) = Ug(n—2) (1900, m1) + a2y (m1, m2)
— CLQQU(mg, mg) — alQU(mg, m4)) . (32)

We now state a dual result for Theorem 3.1 that we obtained by interchanging the roles of
U and V in T7. In the summand of T3, replace V by U, and replace each occurrence of U
by V. Then (3.2) remains valid provided we multiply the left side by A2, and replace each
occurrence of Qy by Qy. Where we have discovered dual results for other results in this paper,
we present these as well.

Define the sum

n—1

Z_: Uk (3i+m1+ma+ms3)+3m
U,

To(k,m,n,my,...,m i i
ki+mYk(i+m1)+m """ Yk(i+ma)+m

i=1
For 0 < i <2, define b; = b;(k, m1,m3) as
bo = Ui kU2imakUz(mg —m)kU2ms —mi ks
by = <V2m2k + (—1)km2) Ua(may—m1)ks
bo = (=12 e = 2Vinsk ) Ui
We then have the following theorem.

Theorem 3.2. Let 0 < my < mqy be integers. Let mg and my be as defined in (3.1). Then
bo (Ta(n) — T2(2)) = Ug(n—2) (01920 (0,m1) + b2Qy (m1, m2)
+ bQQU(WLQ, TTL3) + blﬁU(m:;, TTL4)) . (3.3)

In the summand of T, replace each occurrence of U by V. Then (3.3) remains valid provided
we multiply the left side by A, and replace each occurrence of Qg by Q.
Next, define the sum

Z ( V2k(z+m2)+2mvk(z+m2)+

T5(k,m,n,mqy,...,m
( i1 Uk‘z—l—mUk(z—l-ml) +m " Uk(z+m4)+m
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For 0 <i <2, define ¢; = ¢;(k, my, m3) as

0 = UmikUzmy—m1 )k Uk Ul )
1 = Vamsk Uy )i

co = 2(=1)Fm I Uoms —m k-

Then we have the following theorem.

Theorem 3.3. Let 0 < my < mq be integers. Let mg and my be as defined in (3.1). Then

co (T3(n) — T5(2)) = Ug(n-2) (c1Qu (0, m1) + c2Qu(my, ma)
— c2Qu(m2, m3) — 1y (m3, ma)) - (3.4)

In the summand of T3, replace V(i 4my)+m DY Uk(i4+ms)+m, and leave the quantity Vo (i1imy,)+2m
unchanged. Also replace each occurrence of U by V. Then (3.4) remains valid provided we
multiply the left side by A2, and replace each occurrence of Qg by Qy .

To conclude this section, we give the closed form for a finite sum in which the numerator
of the summand contains a cube. Define the sum

n—1 (

Ty(k,m,n,mqy,...,m
( ; sz—i—ka(z—l—ml)—l— o Wk(i+m4)+m

S
- )k Wk(i+m2)+m

For 0 < i <2, define d; = d;(k, m1,m2) by

do = UmlkU(2m2 ml)kU gkU(mg —my)k>
dl = U(2m2—m1)kv ok
d2 = 4(—1)k(m1+m2)+1Um1kU(2m2—m1)k‘
We then have the following theorem.
Theorem 3.4. Let 0 < mj < mg be integers. Let ms and my be as defined in (3.1). Then
do (Ta(n) — T4(2)) = Uk(n—2) (12w (0,m1) + doQw (ma, m2)
— dew(mg, mg) — dew(mg, m4)) . (35)
In Theorem 3.4, take (p,a, b, k,m, mi,ms) = (1,2,1,1,0,1,2). Then

Z 1)'F 2
_l’_ -
L; Lz+1Lz+2Lz+3LH—4 231

125 \2L, Lnpy1  TLpye 220,43/
Before leaving this section, we remark that in the definitions of T3, 75, and 75, we replaced
each occurrence of U and V by W and W, respectively. Then, with the same assumptions on
the m;, we attempted to find closed forms for the corresponding finite sums. Our motivation

was to achieve greater generality. However, we were unsuccessful. The same can be said for
all other results in this paper that involve the sequences {U,} and {V,,}.
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4. THE SUMMAND HAS SIX FACTORS IN THE DENOMINATOR
Let 0 < my < mg < mg be integers. The first three theorems in this section require that
my = Mo +ms3 —mq, and ms = mo + ms3. (4.1)

Define the sum

— Uk 2i+ma—+m3)+2m
Xi(k,m,n,mq,...,m Z

< UkitmUk(itmi)+m - Uk(i+ms)+m
For 0 < i <2, define a; = a;(k,m ml,mg,mg) as
ao = (—1)" " U kUnak Unmak Uiy —mn e Utma —ma kU -4 —ma ke
a1 = —Upmny—m1)kU(ms—m1 ks
ag = (_1)km1Um1kU(m2+m3—m1)k-
We then have the following theorem.

Theorem 4.1. Let 0 < my < mg < mg be integers. Let my and ms be as defined in (4.1).
Then

ap (X1(n) — X1(2)) = Ugn-2) (@1Qu(0,m1) + a2y (m1, ma)
— CLQQU(mg, m4) — alQU(m4, m5)) . (4.2)
In the denominator of the summand of X7, replace each occurrence of U by V. Then (4.2)
remains valid provided we multiply the left side by —A2, and replace each occurrence of Qs
by Qy.

Define the sum
n—1 (

Xo(k,m,n,mq,...,m ZUM
Interestingly, the b; that we now define have a connection to the a; in Theorem 4.1. For
0 <i < 2, define b; = b;(k, m, my, ma, m3) as
bo = (—1)"ag,
b1 = —Vimy+ms)k01,
by = (= )km2+1v(m3—m2)ka2‘

Then we have the following theorem.

) Uk(4z+2m2 +2m3)+4m

+mUk(z+m1)+m Uk(2+m5)+m

Theorem 4.2. Let 0 < my < mg < mg be integers. Let my and ms be as defined in (4.1).
Then

bo (X2(n) — X2(2)) = Up(n—2) (b1Q2u(0,m1) + b2Qy (m1, ma)
— baQy(m3, ma) — b1Qu(ma, ms)) . (4.3)
In the denominator of the summand of Xs, replace each occurrence of U by V. Then (4.3)
remains valid provided we multiply the left side by A2, and replace each occurrence of Qg by

Qy.
Define the sum

n—1 ( )sz2
k(2i+ma+ms3)+2m
Xs(k,m,n,mq,...,m Z
Uk2+

mUk(z—l—ml)—l—m Uk(2+m5)+m
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Some of the ¢; that we now define have a connection to the a; in Theorem 4.1. For 0 < i < 3,
define ¢; = ¢;(k, m, my, mg, ms3) by

co = (—1)™"ay,

c1 = —Upmy1ms)k @1,

e = (=" Wt (=)™ U i + (1 Uk o)

c3 = 2(=1)Fm TG Uk Uy —mn i
We then have the following theorem.

Theorem 4.3. Let 0 < m; < mgy < mg be integers. Let my and ms be as defined in (4.1).
Then
co (X3(n) — X3(2)) = Ug(n—2) (c1Q20/(0,m1) + c2Qu (m1, m2)
+ ¢3Qu (ma, m3) + c2Qu (M3, my)
+ clﬁU(m4, m5)) . (4.4)
In the denominator of the summand of X3, replace each occurrence of U by V. Then (4.4)
remains valid provided we multiply the left side by A2, and replace each occurrence of Qp by
Qy.
For our next result, we require m; and msg to be positive integers with 0 < 2m; < mg. Then,

with mg = 2mq +ma, my = 2mg, and ms = 2m; +2me, we define Xy(n) = Xy4(k, m,n,my, ms)
to be the sum

n—1
ZZ:; Whitm

For 0 < i < 3, define d; = d;(k, m1,m2) by

kiyrs4
(_ 1) Wk(z’—i—ml +ma2)+m

Wk(i+2m1)+m Wk(i—l—mz )+ka(i+m3)+ka(i+m4)+m Wk(i+m5 )+m '

do = Uzmy kUnmakU2mak U ms —2m) kU 2my +ma)k Vima—m1 )k Vimi +ma)ko
dy = U(mz—2m1)kU€’m1+m2)kaz—m1)k7
dy = (—1)FmEm) g, U ((-Ukml Uomy kU (ma—mn )k Vim, +ma)k
— AUy kU (g = )k Vinake =+ 2(_1)km2U(m1+m2)kU(3m1—mg)k) :
ds = 2(=1)""2 Uy, 1. Uty —2m)k (Ui U —ma i Vima +ma)k
+ 2Unmy kUl +ma)k) -
We have the following theorem.

Theorem 4.4. Let m1 and my be integers with 0 < 2my < mo. Let ms, my, and ms be as
given in the definition of X4. Then

do (X4(n) — X4(2)) = Ug(n—2) (d1Qw (0, 2m1) + d2Qw (2m1, m2)
+ d3Qw (ma, m3) + doQyw (m3, my)

+ deW(m4, m5)) .

For the final theorem in this paper, we require m1, ms, and mg to be positive integers with
0 < mq < 2mo < 2mg. Then, with mygy = 2mso 4+ 2mg — mq, and ms = 2mg + 2mg, we define
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X5(n) = X5(k,m,n, m1, ma, m3) to be the sum

n—1
Wk(2+m2 +m3)+m

i—1 Wk(z—l—ml)+mWk(z+2m2)+mWk(z+2m3)+mWk(z+m4)+ka(z+md)+m
For 0 <i < 3, define f; = fi(k, m,m1, ma, m3) as

fO = eWUmlkU2m2kU2m3kU(2m2—ml)kU(2m3—m1)kU(2m2+2m3—m1)k
X Vv(mg—mz)k‘/Y(mg—i-mg—ml)k‘/(mg-‘rmg)k’

h= (_1)mU(m2+m3)kU(2m2—ml)kU(2m3—ml)k‘/(mg—mz)k‘/(mg—i-mg—ml)k7
f2 _( 1)k(m1+m2+m3)+m+lU 1kv(

1)k(m2+m3)

ma—ma)k ((_ U(m2+m3—m1)k

XU(3m2+3m3—m1)k - U(2m2—m1)kU(2m3—m1)k + ( )kml U(mg mz)k) )

f3 = 2(_1)k(m1+m2+m3)+m+1UmlkU2m2kU(2m2—ml)k‘/(3m3+m2—m1)k'

We have the following theorem.

Theorem 4.5. Let my, mo, and ms be integers with 0 < my1 < 2mg < 2mg. Let my and ms
be as given in the definition of X5. Then

fo(X5(n) — X5(2)) = Ug(n-2) (£1Qw (0, m1) + foQw (m1,2m2)
+ f3Qw (2ma, 2m3) + foQw (2ms, my)
+ [1Qw (my, ms)) .

In Theorems 4.1 to 4.5, we have presented closed forms for eight finite sums. This includes
the dual results for Theorems 4.1 to 4.3. We have discovered closed forms for a further eight
finite sums of a similar nature that we do not present here. In the paragraph that follows, we
briefly indicate the form of these results.

In the definitions of X7, X9, and X3, replace each occurrence of U in the numerator of the
summand by V, and denote these finite sums by X}, XJ', and X3, respectively. Then we
have discovered closed forms for XV, X%f , and Xg‘,/ , and we have found dual results in each
case. For 1 <14 < 3, the dual result for XZ-V is the closed form for the following finite sum: In
X V, replace each occurrence of U in the denominator of the summand by V. Finally, in X4
and X5, replace each occurrence of W in the numerator of the summand by W. Then we have
discovered closed forms for the two corresponding finite sums.

As an example, in Theorem 4.2, take (p, k, m, my, mo, mg) = (1,1,0,1,2,3). Then

1)"Fuit10
240
Z FF+1E+2E+3E+4E+5

- <@_60+24_55>
e Fn Fn+1 Fn+3 Fn+4 ‘
In Theorem 4.3, also take (p, k,m,my,ma,mg) = (1,1,0,1,2,3). Then
1 .
S (—1)'F55
— FiFin FipaFipsFipaligs

600 60 80 24 75
— Fro [ = — - - + .
Fn Fn+1 Fn+2 Fn+3 Fn+4

+ 377

720 + 507
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5. A SAMPLE PROOF

In [5], we give a sample proof with the use of two methods: with the use of generalized
Fibonacci identities, and also with the use of the closed forms of the sequences involved. In
[6], we give a sample proof that uses the closed forms. Once again, in order for this paper to
be self contained, we demonstrate the method of proof that employs the closed forms. The
advantages of this method are that it is transparent, mechanical, and it applies to all the
results in this paper. To assist with the lengthy algebra, we make use of the computer algebra
system Mathematica 8. What follows is a proof of Theorem 3.4.

Proof. All the finite sums in this paper are defined for n > 2, and so it is for these values of n
that the following argument holds. In the statement of Theorem 3.4, denote the quantities on
the left and right sides of (3.5) by L (n) and R (n), respectively. Since ms = 2mg — mq, and
my4 = 2mg, the expression for L(n + 1) — L(n) is

=593

(_1)anm1kU(2m2—m1)kU2 U(2m2 _ml)ka(n+m2)+m

mok

(5.1)
Wkn-l—m Wk(n—l—ml)—l-m Wk(n—l—mg)—l—m Wk(n+2m2 —m1)+m Wk(n+2m2 )+m

Next, we require the difference R(n+1) — R(n), which we obtain with the use of Lemma 1.1.
Since this difference is quite lengthy, it is convenient to express it in terms of five quantities
gi = gi(k,m,n,my1, ms) that we define as follows:

91 = U kUtmy—mi)ks

92 = (=DM Uty -1 )i Viak Wintm Wik ) Wi -ma) -

93 = A(=1)*"" Utarmy —m ) Wentm Wi(ntma ) £m Wh(n2ms) +m>

91 = A=) Uty —n ) Wntm Wi(nt 2ma —ma )y +-m Wi (- 2ma) +m>

95 = Ulimg—m )k Vs k Wh(n+-ma)+m Wh(n+-2ma—m)+m Wh(n-+2ma) +m-
The expression for R(n + 1) — R(n) is then

(=1)*"g1 (92 — g3 + 91 — g5)
Wkn-l—mWk(n+m1)+ka(n+m2)+ka(n+2m2—m1)+ka(n+2m2)+m

(5.2)

Our aim is to prove that L(n + 1) — L(n) = R(n + 1) — R(n), and we achieve this by
proving that the numerators in (5.1) and (5.2) are equal. Quite simply, we express each of
these numerators in terms of the closed forms given in (1.7), and then consider their difference.
Upon expansion, we see that this difference reduces to zero. This, together with the fact that
L(2) = R(2) =0, proves Theorem 3.4. O

For the sake of anyone who may wish to duplicate our proof, we remark that the algebra
involved becomes much easier if one intervenes, and evaluates any power of —1 based on the
parities of k, m, n, my, and my. Accordingly, to prove that the numerators in (5.1) and
(5.2) are equal, one is required to consider thirty-two cases. This was incorporated into our
programming, and was easily accomplished.

6. CONCLUDING COMMENTS

Numerical evidence suggests that results, analogous to those presented here, exist for finite
sums in which the denominator of the summand consists of seven or more factors. However,
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such results become more unwieldy as the number of factors in the denominator of the sum-
mand increases. We hope that the presentation here has given the reader an appreciation of
the types of results that are possible.
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