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ABSTRACT. We extend the charming identity [10]
TSk fan, if gr = fr;
(1’2 + 4)fkf2kl3n7 if gr = l'r,

to Jacobsthal, Vieta, and Chebyshev polynomial families. We then deduce the corresponding
Jacobsthal and Jacobsthal-Lucas numeric identities.

gorr — (=1 g + (=1)*g3 ) = {

1. INTRODUCTION

The extended Gibonacci polynomials gy (x) are defined by the recurrence
gn+2(z) = a(z)gn+1(z) + b(x)gn(z), where z is an arbitrary complex variable; a(x), b(x), go(x)
and g1 (z) are arbitrary complex polynomials; and n > 0.

Suppose a(z) = z and b(z) = 1. When go(x) = 0 and g1(x) = 1, gn(z) = fu(x), the
nth Fibonacci polynomial; and when go(x) = 2 and ¢1(z) = z, gn(z) = I, (x) the nth Lucas
polynomial. Clearly, f,(1) = F,, the nth Fibonacci number; and l,(1) = Ly, the nth Lucas
number [1, 8, 9].

In particular, Pell polynomials p,(x) and Pell-Lucas polynomials q,(z) are defined by
pn(x) = fr(22) and ¢, (z) = 1,,(2z), respectively. The Pell numbers P, and Pell-Lucas numbers
Q. are given by P, = p,(1) = fn(2) and 2Q,, = ¢, (1) = [,,(2), respectively [7, 9].

Let a(x) = 1 and b(z) = x. When go(z) = 0 and ¢g1(x) = 1, gn(z) = Jp(z), the nth
Jacobsthal polynomial; and when go(z) = 2 and g1 (z) = 1, gn(x) = jn(x), the nth Jacobsthal-
Lucas polynomial [4, 5, 11]. Correspondingly, J,, = J,,(2) and j,, = j,(2) are the nth Jacobsthal
and Jacobsthal-Lucas numbers, respectively. Clearly, J,(1) = F),; and j,(1) = L,.

Suppose a(z) = x and b(x) = —1. When go(xz) = 0 and ¢1(z) = 1, gn(x) = V,,(z), the nth
Vieta polynomial; and when go(x) = 2 and ¢1(z) = =, gn(x) = vy(z), the nth Vieta-Lucas
polynomial [6, 11, 16].

Let a(z) = 2z and b(z) = —1. When go(z) = 1 and g1(x) = z, gn(z) = Tn(z), the nth
Chebyshev polynomial of the first kind; and when go(z) = 1 and g1(z) = 2z, gp(x) = Un(x),
the nth Chebyshev polynomial of the second kind [6, 9, 11, 15].

2. LINKS AMONG THE SUBFAMILIES

The Fibonacci, Pell, and Jacobsthal polynomials, and Chebyshev polynomials of the second
kind are closely connected; and so are the Lucas, Pell-Lucas, and Jacobsthal-Lucas polynomi-
als, and Chebyshev polynomials of the first kind [6, 11, 16, 17]:

Ju(z) = a" DL (1) gn(z) = 2"1,(1/y/7)
Vo(z) = " Lf,(—iz) vp(x) = i"l,(—ix)
Vo(z) = Up-1(z/2) vp(x) = 2T,(x/2),

where 7 = v/—1.
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In the interest of brevity and convenience, we will omit the argument in the functional
notation, when there is no ambiguity; so g, will mean g, (z).

3. ADDITIONAL POLYNOMIAL EXTENSIONS

In [10], the author extended the well-known delights F2, |+ F3—Fs_| = Fy, [2, 8, 10, 12, 14],
L3, +L3— L3 | =5Ls, 10, 12], and F3,, — 3F3 + F3_, = 3F, [3, 10, 14] to Fibonacci
and Lucas polynomials:

fkf2kf3na if gr = fr’;
(x + 4)fkf2kl3n7 if gr = lT’;

we then extracted their Pell and Pell-Lucas counterparts, and the corresponding numeric
versions.

Using the links among the gibonacci subfamilies, we now extend this charming identity to
the Jacobsthal, Vieta, and Chebyshev subfamilies. Again, in the interest of brevity, we will
highlight the key steps in the messy algebra involved in the first two cases, and leave the third
case for the curious-minded to confirm.

92+k—(—1)klk9§z + (= 1) gn k= { (3.1)

3.1. Jacobsthal and Jacobsthal-Lucas Extensions. We now establish the Jacobsthal and
Jacobsthal-Lucas extensions of identity (3.1):

n if g.(z) = J-(x);
i = (=) + (=0 = {?Zizigi)Jk(x)J%<x>gsn, if i&i - jr((x)). 3.2
To begin with, since J,(z) = z®~V/2f,(1/\/x), we first replace x with 1//z in the identity
Fovw = COML + (D 3 = fuforfan; (3.3)
and then multiply both sides of the resulting equation with z3("*t+=1)/2 This yields

3

|:x(n+k—1)/2fn+k} 1)k [xk/%k} |:x(n—1)/2fn]3_’_(_1)kx3k x(n—k—l)/2fn_k]
= [2E V2| 202 gy | |22y |2 () = (<) Ri(@) T @) + (—a) T ()
= Ji(z) Jor () J3n (), (3.4)

where fn = fn(l/ﬁ) and [, = ln(l/ﬁ)
Likewise, replace x with 1/y/x in the identity

Bop — (DI + (DR = (42 + 1) T (2) Jap () ln; (3.5)

multiply both sides of the resulting equation with z3"+%)/2_ Since j,(z) = 2"/?1,(1/\/T), we
then get

(a2, 17— (a2 ] [a/21,]° 4 (ke a2, ]

= (o + 1) [2® 2 ] [P0 fu] [0, ] 534 ) = () k(@) (@) + () k(@)

3

3

= (4z + 1) Jp (%) Jor () 3n (2), (3.6)
where fn = fn(l/ﬁ) and ln = ln(l/ﬁ)
Combining (3.4) and (3.6), we get identity (3.2), as desired. O
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In particular, we have

3 3 33 93n; if gr(v) = Jp(v);
i ! {(433 + 1)g3n7 if gr($) = ]r($)§
3 93n; if g,(x) = J,(2);
30— (2x 4 1)a?gd + a3 ] , 3.8
Iz~ ( ) fn i 2 {(2x + 1)(4x + 1)gsn, if g-(z) = jr(z (38)

For example,
— 2z + 1)2?j3 + 2553 = 7225 + 29425 + 4052 + 2642 4 8922 + 152 + 1
= (2z + 1)(4x + 1)jo(x).
It follows from identities (3.7) and (3.8) that
Gsn, if G, = Jp;
9Gs,, if G, = jr;

5Gan, if Gy = J;
45Gan, if Gy = jr.

G 4263 —8G3_, = {

G2, —20G3 + 64G3 _ {

For example, J}| + 2J7, — 8J3 = 683% + 2 - 3413 — 8 - 1713 = 357,913,941 = J3, and
330 — 2073 + 6453 = 10253 — 20 - 2573 + 64 - 65% = 754,974,765 = 457ay.
Next we investigate the implications of identity (3.1) to the Vieta family.

3.2. Vieta Extensions. Replace x with —iz in identity (3.3) and then multiply both sides of
the ensuing equation with 3"+k=1 " Since V,,(z) = "' f,,(—ix) and v, (z) = i"l,,(—izx), this
gives
3 3
|:in+k_1fn+k:| _ (—1)ki2k [ :| [n lfn] ( )k -6k |:n k— lfn :|
= [ik_lfk] {zk 1y } [ fan] V2 — weVid + V2,
= ViiVar Vi, (39)
where f, = fn(—ix) and [, = ,,(—ix).
Similarly, identity (3.5) yields
V3 — vpvh +vi_ = (2% — 4) Vi Vagvs,. (3.10)
Identities (3.9) and (3.10) now give the Vieta extensions of identity (3.1):

9k92k93n if g =V

3
9, vkgn + gn . 3.11
e R {( HViVorgsn, if g = vr. (38.11)

Consequently, we have

Zg3n, if gr = ‘/;’;

3 3 3
Int1 — TGn T Gp—1 = .
mr " " {:E(l‘ 4)g3m if gr = Ur;

z(z” — 22)g3n, if gr = Vi

3 2 3 3
—(x° =2)g, +g,_9 =
e = (0 B 0 {:c@c )@ g, i gy = v
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For example,
vg — (22 — 2)v3 +v3 = 1® — 1820 + 1342 — 532212 + 12092:'°
—15622° + 10582° — 3002* + 162
= z(z® — 4)(2® — 22)v10.
Finally, we turn to the implications of identity (3.1) to the Chebyshev family.

3.3. Chebyshev Extensions. Since V,,(2z) = U,_1(z) and v, (2x) = 2T,,(z), it follows from
identity (3.11) that

Ik—192k—193n+25 it g, = U,;

: (3.12)
(2% — 1) Ug—1Usk—1g3n, if g =T,

gz% —2T}g5 + go_j, =

This implies

2Tg3n19 if g, = U,;
3 3 3 n+2, T T
— 2.’1’ —|— _ =
Intd = 2 Tt = 9002 1)gan, if gy = Ty
82%(22% — 1)g3n1o, if g, =U,;

3 2 3., 3
— 222" —-1)g, +g._ o=
Itz = 2 J9n+ 9n2 82%(z? — 1)(222 — 1)g3p, if g, =T,

For example,
U2 —2(22% — 1)U3 + U = 327682'° — 9830423 + 1146882 — 655362°
+ 1881627 — 243225 + 962°
= 82%(22% — 1)Uy;.
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