AREAS OF TRIANGLES AND OTHER POLYGONS WITH VERTICES
FROM VARIOUS SEQUENCES

VIRGINIA P. JOHNSON AND CHARLES K. COOK

ABSTRACT. Motivated by Elementary Problems B-1167 [13] and B-1172 [7], formulas for the
areas of triangles and other polygons having vertices with coordinates taken from various
sequences of integers are obtained.

1. INTRODUCTION

Finding the area of triangles with coordinates (F,, Fi1x), (Fn+2k, Frntsk) and (Fp4ak, Frisk)
for both even and odd values of k was offered as a problem in The Fibonacci Quarterly [7]. In
addition, solvers were asked to find similar formulas for triangles with coordinates of vertices
as Lucas numbers. An earlier related problem in The Fibonacci Quarterly [13] invited solvers
to find the area of a polygon with consecutive Fibonacci numbers as vertex coordinates begin-
ning with (F1, F») and running through (Fa,—1, F5,,). In this paper, formulas will be obtained
for triangles and m-sided polygons with various sequential elements as vertices with the form
(Pn;anrk), (pn+2k7pn+3k)7 M) (pn+(2m72)k7pn+(2mfl)k) where the p; SatiSfy a recursion simi-
lar to that of the Fibonacci numbers. Similar, but different approaches to the topics presented
here have been considered in [4] and [5].

2. TRIANGLES WITH FiBONAcCI TYPE COORDINATES

The area formulas for a triangle with vertices (F,,, Fr1t), (Fniok, Fnisk) and (Fpiak, Frask)
for both even and odd values of k were indicated in the statement of the problem given in [7].
Readers were invited to show that the area is

5FLy, F2L3

if k is even and if k£ is odd.

The proof appears in a subsequent issue of The Fibonacci Quarterly [8]. We recall some facts
from [8] which will be needed here. We work with a general recursion. Let f(n) be defined on
the integers by

(_1>n+1

f(n)=ar"+b s (2.1)

where a, b and r are real numbers with r # 0. This is the general solution to the recursion
f(n) =pfln—1)+ f(n-2)

where p and r are related by p =r — % Using the determinant formula from vector calculus
for finding the area of a triangle, the area A of triangles with vertices (f(n), f(n + k)),
(f(n+2k), f(n+3k)) and (f(n + 4k), f(n+ 5k)) is (cf. [8])

AP (1Y (e LY (e CUETY, 22
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Using appropriate values for a, b and r, the general solution can be used to prove area

formulas for triangles using Fibonacci type coordinates. The following are from [8]. If a = b =

L and r = 125 then f(n)=F,,andifa=1,b=—1and r = 14“2—‘/5 then f(n) = L,.

NG 2
_1)k+1
a<rk—1k):a<rk+( 1?& >:Fk
r r

If k is even, then (2.3)

<rk - :k) = <7“k - <_1)(7;€1)k+1> =Ly

a<rk+1>:a(r’“+(_1)(_l)m>:Fk

and

rk

if k£ is odd, then (2.4)
1 ~1)(-1 k+1
<rk — 7"’“) = <rk + 7( )(rk ) ) = L.

The area of the triangle with coordinates of vertices as Fibonacci numbers given above follows
directly from 2.2, 2.3 and 2.4. Similarly, the area of the triangle with Lucas vertices (L, L, 1),
(Ln+2ks Lntsk) and (Litak, Lntsk) 1s

25 5F2L3

?F,?Lk, if k& is even and

We turn our attention to generalized Fibonacci numbers. Consider the sequence |G| where
Go=t—s,G1 =s,Gy=tand Gp41 = G, +Gp—1. Using (2.1) and solving the linear system,

, if k£ is odd.

(t=s)
_ s+ s+ (s—1t)r 14/
0) = (t —s) and f(1) = s, we find that if a = —="—, b = ————— and r = Y2,
F(0) = (t— ) and £(1) d that i 0 = o ;
—1
then f(n) = Gyp. Note that ab = %

Theorem 2.1. The area of the triangle with generalized Fibonacci vertices (Grn, Gnik), (Gntok, Gnask)
and (Gn+4k7 Gn+5k) is

5(s2 + st —t2)
2

Proof. If k is even, using (2.2) and (2.3),
ab

1\* 1 5(s? + st — t?)
_ k k _ 4
A—2<T rk) (T +M>—2FkLk'

s2 + st — t2

F}Ly if k is even and < 5

)ﬁ@#mmm

If k is odd, using (2.2) and (2.4)

=) ()

2 2
s“+st—t
) F,fLZ O

H A=
ence ( 5
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It is also possible to find the formula for the area of a triangle if the coordinates of the
vertices are Pell numbers or Pell-Lucas numbers. The Pell and Pell-Lucas numbers have Binet
forms: [2, 10, 12]

(1+v2)" = (1-V2)" _a" ="

P, =

2v/2 - a-§
and
Qn=(1+V2)"+(1-V2)"=a"+ 5"
(_1)n+1

1
=ar"+b——— ifr=1+v2anda=b= ——,

r v 2/2
= —1, then f(n) = Q.

> =a (rk + (_?kkH) =P

If k is even, then (2.5)
L1V (_1)k+1
<rk—|—1k>:<rk—|—( 1)(k1)+>:Qk
r r

. <k s <—1><—1>k+1> _n
if k is odd, then (2.6)
(rk ) 1k> _ <k . <—1><7;1>'f+1> o

Theorem 2.2. The area of the triangle with Pell vertices (Py, Ppik), (Pniok, Prnisk) and
(Prtak, Prysk) is

Returning to the general function (2.1), f(n)
then f(n) = P,. f r =142, a=1and b

and

PRQ;
2

4P,§Qk, if k is even and , if k is odd.

Proof. If k is even, using (2.2) and (2.5), we get

Cab (o I\ 1Y V2?2 e AN e 1Y
A_2<T _rk) <T +7“’€)_2(2ﬂ)4 ToaE) ) TG
If k is odd, using (2.2) and (2.6), we get

b 1\? 1\2 1 1\? 1\? P23
-2 () s ) 2] -8
2 r r 2(2\@)2 r r 2

Theorem 2.3. The area of the triangle with Lucas-Pell vertices (Qn, Qnik); (Qni2ks Qnisk)
and (Qnyak, Qnisk) i

O

32P,?Qk, if k is even and 8P,€2Q%, if k is odd.
Proof. If k is even then

) ) -RB - 0

The absolute value gives the area as 32P,§Qk.
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If £ is odd then

=302 () - (A (o)

The absolute value gives the area as 8P,3Q%. (]

B

For triangles with Jacobsthal and Jacobsthal-Lucas [11] sequences as vertices, the eigen-
values do not lend themselves to the structure using (2.1). Using the Binet forms for the
Jacobsthal and Jacobsthal-Lucas numbers [9], we get

and
Jn = 2" + (_l)n-
Theorem 2.4. The points with Jacobsthal coordinates

(Jns Inti)s (Tnr2ks Inask)s (Tntaks Jntsk), - -5 (Tntr2mbs Tnp@ma1)k)s

are colinear as are the points with Jacobsthal-Lucas coordinates

(Jns Jntk)s (Gnroks Jnt3k)s (Gnrdks Jnask)s - - - s (Gnr2mbs It @mt1)k)-
Proof. The equation of the line through the first two points with Jacobsthal coordinates is
Int3k — Intk
y = 203k IR 00) A+ Tk
Jn+2k - Jn
Int3k — Intk

T — J (Jn+2mk — Jn) + Jngr. Using the
n+ — dJdn

For x = Jyyomi with m > 4 we have y =

Binet form, this can be written as

B on+3k _ ontk on+2mk _ on gn+tk _ (_1)n+k
y= on+2k _ 9n 3 + 3

on+(@2m+1)k _ (_1)n+k

which simplifies to y = . Since n + k and n + (2m + 1)k are congruent

mod 2, y = J;, 4 (2m+1)k- Thus all the points in the set are colinear. The proof for the set of
points with Jacobsthal-Lucas coordinates is similar. [l

As these points are colinear they form a degenerate polygon which will have area A = 0.

3. AREA OF m-SIDED POLYGONS WITH FIBONACCI TYPE VERTICES

Problem B-1167 in the Fibonacci Quarterly [13] asked to find the area of a polygon with
vertices (F1, Fy), (F3, Fy), ..., (Fy—1, Fy). In this section, we explore a more general approach
to find the area of an m-sided polygons whose vertices have Fibonacci type coordinates

(f'm fn+k)7 (fn+2ka fn+3/€)? (fn+4k7 fn+5k)7 SRR (fn+(m—2)k7 fn—i—(m—l)k)‘

As before we start with a general case and use the result to find the area of m-sided polygons
with other Fibonacci type sequences as coordinates of the vertices. Using the surveyor’s for-

mula [3], the area of polygons with vertex coordinates P (z1,y1), Pa(2,y2), .-, Pn(Tn,yn) is
1 n—1 n—1
A=3 D TYir1 + Tyt — Y Tis1Yi — 1Y) - (3.1)

i=1 i=1
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Let f(n) be given by (2.1). Using equation (3.1), the area of an m-sided polygon can be
expressed as

A:l(f(n)f(n+3k)+f(n+2k) fn+5k)+
(2m — k) f(n + (2m — 1)k)
(2m — 2)k)f(n + k)
2k)f(n+ k) — f(n+4k)f(n+ 3k) —
+ (2m = 2)k) (0 + (2m = 3)k) = f(n)f(n + (2m — 1)k) ).

Reordering the terms, we have

n +
f(n+
f(n+

+ /(
+ /(
I
f(n

A= ([Fn) (4 3k) — F(n+2K) f(n + )]
+ [f(n+2k)f(n+5k) — f(n+4k)f(n + 3k)] +
+[f(n+ @m— k) f(n+ 2m — 1)k) — f(n + (2m — 2)k)f(n + (2m — 3)k)]
+ [f(n+ @m = 2k)f(n+ k) = f(0)f(n + (2m = DR)] ).

Note that the first (m — 1) pairs have the form f(¢)f(t+ 3k) — f(t + k) f(t + 2k). We evaluate
these terms using equation (2.1),

(3.2)

_1)t+1 b(_l)t+k+1

FOf(t+3k) — f(t+ k) f(t+2k) = <CL7‘t n b(ﬂ) (art+3k N TH%)
ety (L ey

Ftk rtt+2k

o [C0 11

r3k rk rk

If £ is odd, we have
[—1 1 1] 1 1
t+1 3k _ t+1 [k 2k
ab(—l) _’f‘@ +r — 7“7 + Tik_ = ab(—l) (7’ + 7“k> (T — T'2k> .
For even k, we have
[ 1 1 1] 1 1
ab(_l)t+1 rgk + T3k o o Tk — ab(_l)t-‘rl <,,,_k o rk) (7"2k . T2k> )

There will be m — 1 of these terms. Note that ¢ has the same parity as n.
The m* term of the area equation (3.2) is

f(n+ (2m —2)k)f(n+ k) — f(n+ (2m — 1)k) f(n)

_1\n+1 _1\n+k+1
_ <arn+(2m2)k+ b( 1) k) <a7,n+k+ b( 1) )

rnt(2m—2) rn+k
B b(_l)n—i—k—H b(_l)n+1
. n+(2m—1)k n
<ar + rnt+(2m—1)k ar rn
3 1 3 (_1)k+1
_ n k+1_.(2m—3)k 2m—1)k
= ab(—l) |:(—].) 'I"( ) — m + 7"( ) — T(mel)k .
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If k£ is odd, we have

1 1
n 2m—3)k 2m—1)k
ab(—1) [7"( : F(2Zm—3)k =) T(2m—1)k]
1 1
n k 2m—2)k
ab( 1) <7" T’k) (T( : 7.(2m—2)k) ’

If k£ is even, we have

1 1

_ n k 1 2m—2)k 1
= ab(-1) <7” % r ) T @mok )

Therefore, using (—1)*! = (=1)"*!, the formula for the area of a polygon with m sides and

vertices (f(n), f(n+k)), (f(n+2K), f(n+3k)), -, (f(n+ (2m —2)k), f(n+ 2m — 1)k)) wil
be as follows. If k is even, we have

1 k 1 2k 1 k 1 2m—2)k 1

- ’(_1)n+1’ ‘ )
(3.3)

2

If k£ is odd, the result is
1 o1 ok 1 1 (2m—2)k 1
ab [(m - 1) <7” + rk) <7" - T2k> - (7“ o)\ T emek ) ||
(3.4)

5 ’(_1)n+1‘
Theorem 3.1. The area for any m-sided polygon with Fibonacci coordinates

(Fm FnJrk)v (Fn+2k7 Fn+3k)7 (Fn+4kv Fn+5k>v R (Fn+(m72)ka Fn+(mfl)k)
s given by
1
5‘(7” — 1) FyFo, — FkF(meQ)k"
The area for any m-sided polygon with Lucas coordinates
(an Ln+k)7 (LTL-I—ka Ln+3k)y (Ln+4ka Ln+5k)7 s (Ln+(m—2)kv Ln—l—(m—l)k)
s given by

5
2|om = V) FLFok — FiFom oy
The proof follows directly from equations (2.3), (2.4), (3.3) and (3.4).

Theorem 3.2. The area for any m-sided polygon with Pell coordinates
(P Patie)s (P2 Patsk)s (Prtaks Prtsk)s -0 (P m—2)ks Prt(m-1)k)
s given by
%’(m — 1) P Poy, — PePlom o)k
The area for any m-sided polygon with Pell-Lucas coordinates

(an Qn+k)7 (Qn-I—ka Qn+3k)) (Qn+4k‘7 Qn+5k>7 s (Qn+(m—2)kv Qn—l—(m—l)k)

is given by

4’(m — 1) Pp Poy, — PkP(Qm—Z)k"
The proof follows directly from equations (2.5), (2.6), (3.3) and (3.4).
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Theorem 3.3. The area for any m-sided polygon with generalized Fibonacci coordinates

(Gn, Gnyk)s (Graok, Gngsk)s (Gryak, Gnisk), - - -

is given by

) (Gn+(m—2)ka Gn—l—(m—l)k)

s 4 st —
2
The proof follows directly from equations (2.3), (2.

(m — 1) Fx Fop — FpFom_o

4), (3.3) and (3.4).

4. TRIANGLES WITH POLYGONAL NUMBER CO-ORDINATES
The general polygonal numbers are defined by the formula [6]
n(n(r—2)—(r—4))
2

Theorem 4.1. The area of any triangle with polygonal number vertices (P, Ppik), (Pnt2ks Pntsk)
and (PTL+4k‘7 Pn+5k:) is

Pl = , for r > 3.

A=4(r —2)%k% (4.1)

Proof. Analogous to the proof of the Fibonacci case, the area is the absolute value of the
determinant
A LI Pojor — P Puysk — Pagk
2| Poyar — P Pogsk — Poyk

which upon expansion yields the following.

= % ((Pator — Po)(Patsk — Patrk) = (Pagar — Po) (Patsk — Patr))
= %[(k[(r —2)(2n +2k) — (r = )])2k[(r — 2)(2n + 6k) — (r —4)])

— (k[(r —2)(2n + 4k) — (r = )])(2K[(r — 2)(2n + 4k) — (r — 4)])] 42)
= %[(%2[( —2)2(4n? + 160k + 12k2) 4 (r — 4)® — (r — 4)(r — 2)(4n + 8k)])

— (2K*[(r — 2)%(4n* + 160k + 16k%) + (r — 4)% — (r — 4)(r — 2)(4n + 8k)])]
B 8k*(r — 2)?

2
The area of the triangle is therefore A = 4(r — 2)2k%. O

5. AREA OF m-SIDED POLYGONS WITH POLYGONAL NUMBER CO-ORDINATES

The following table summarizes results for the area of triangles, quadrilaterals, pentagons,
hexagons and heptagons using polygonal vertices in the given pattern.

92

m | Triangular | Square | Pentagonal | Hexagonal | Heptagonal
3 Ak* 16k% 36k% 64k* 100k*
4 16k% 64k* 144k* 256k% 400k*
5 40k* 160k* 360%™ 640k% 1000%*
6 80k* 320k% 720k% 1280k% 2000%%
7 140k* 560k% 1260k* 2240k% 3500k*
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Note that the coefficients of the m-sided polygon is 4 times the sequence

-1 -2
{1,4,10, 20, 35, ...} which can be written as m(m = 1)(m ) and is the general term for the

6
tetrahedral (or triangle pyramid) number sequence having OEIS number A000292 [14]. This
leads to a conjecture which is answered by

Theorem 5.1. The area of any m-sided polygon (m > 3 )with polygonal number vertices
(Pna P?’L+k)7 (Pn+2k7 Pn+3k)7 SR (Pn+(2mf2)k7 Pn+(2m71)k)

_dm(m —1)(m — 2)(r — 2)%k*
is 5 .

Proof. For the general case, it is convenient to re-write (3.1) as

m—1 m—1

Z TiYit+1 + TmlY1 — Z Ti+1Yi — T1Ym| -
i=1 =1

(5.1)

The proof is based on induction on m. The statement has been shown to be true for m = 3.

_ - 9274
R -1e 2)( 27K Note that the

area of the ¢ + 1 sided polygons will be the area of the t sided polygon plus the area of the
triangle with coordinates (Pn, Puik), (Pog2t—2)k> Prt2t—1)k) and(Pag, Py (2t41)) which is

Assume that the area of a polygon with m = t i

1
2

Pov@t—2k — P Poy@t—1)k — Poti
Povieor —Pn Poy@rk — Patk

On expansion, this yields

1
A=3 ((Pasat—2)k = Pn) (Prst41)k — Prtk) = (Pat@i—1)k — Prik) (Prg2e—1)k — Potr))

= %[(t —DE2(r—=2)(t—1Dk+n)— (r—4]kt2(r —2)(t+ Dk +n) — (r—4)]

—k(t—1)[2(r —2)(tk +n) — (r — 4)]kt[2(r — 2)(tk +n) — (r — 4)]
= %th(t —D2(r=2)(t—Dk+n)—(r—4)]2(r—2)(t+ Dk +n)— (r—4)]

—2(r—=2)(tk+n) — (r—4)]2(r —2)(tk+n) — (r — 4)]

1 —4(r —2)2k4(t — 1)(3t
= SRt = 1)(=4(r — 2)%k?) = r=2) - (= 1))
The absolute value yields
4(r —2)%k4(t — 1)(3t)
5 .
Adding this area to the t-sided polygon gives the area of the t 4+ 1-sided polygon as

4+ D) () (t —1)(r —2)%k*
6

as required. 0
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6. CONCLUDING COMMENTS

Whereas the second order sequences seem to lend themselves to obtainable formulas for
polygonal areas, the third order sequences do not appear to be as obliging. For example, three
popular third order sequences yield the following areas of triangle with the indicated sequential
coordinates.

k | Tribonacci Perrin Padovan
9
113 — 0
2
47
2164 — 1
2
31
3| 849 = 3(283) 9 15=3-5
4123360=5-64-73 %:149 44 =4-11
51509729 = 11-149 - 311 %ZL;& 95=5-19
4 - 8.241
6 | 10049160 =3-5-8-11-23-331 962025 82 =4820|810=2-5-81

Area of Triangles with n = 1 and the indicated value for k.

Comparing the Perrin numbers with the Padovan numbers yields no patterns. Nor does
a comparison of the Tribonacci numbers with themselves. We leave the investigation of the
quadrilateral cases to the interested reader.
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