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ABSTRACT. In this paper, we investigate sequences {Gn+1/Gn}ne1 which are approaching
the Golden Ratio, where {Gr}n= is a k-order linear recursive sequence of real numbers. We
show those cases, where the sequence {Gn11/Gn}ne1 converges quicker to the Golden Ratio
than {F,+1/Fn}a=1 (Fn denotes the n-th Fibonacci number).

1. INTRODUCTION

Let Ay, A1,..., Ax_1 be given real numbers with Ax_; # 0, where k > 2 is a fixed integer.
A linear recursive sequence {Gy,}22, of order k is defined by the recursion

G, =A0Gp1+A1Gr o+ -+ Ap_1Gp_i (n>k), (1.1)

where the initial terms Go, G1, .. ., G are fixed real numbers with |Go|+|G1|+- - -+|Gr—1| #
0. The polynomial

p(x) = ajk — A0$k71 — Alxkd — o = A o — Ap_ (1'2)

is said to be the characteristic polynomial of the sequence {G,,}°° . The roots of the equation
p(x) = 0 are denoted by a;’s (1 < i < k). In the sequel, we suppose that the root ay is of
the largest absolute value, that is, |ay| > |ag| > -+ > |ag| > 0 and the multiplicity of «y is
1. According to the literature ( see, e.g.,[4], p. 45 and [3], p. 27), «; is called the dominant

!
root, and if we denote by m; the multiplicity of the distinct a;’s (1 < i <1, m; = k) then
i=1

the Binet formula for the term G, is as follows

Gr = ac + pa(n)a + pa(n)al + - + p(n)ad (1.3)
where the degree of the polynomial p; (2 < i <) is less than m;. The constant a and the
polynomials p; belong to the ring Q(a1, ag, ..., qq)[x], and we suppose that the initial terms
are chosen such that a # 0 in (1.3). It is known that

i Gny1 _
im = .
n—oo

n
Let n>2, Fp =0, F; =1, and
F,=F, 1+ F,_2,
which is the well known Fibonacci sequence. The Binet formula for n > 0 is
" — "
N
where ¢ and 1 are the roots of the characteristic polynomial of {F},}°°, that is, p(x) =

22—z —1,plp) =p[) =0, p = 1+72\/5’ and ¢ = 1*2‘/5, @ is also known as the Golden Ratio
and

F, =

F,
lim n+1

n—o0

= . (1.4)

n
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It can be read in [1], p. 346, that if Hy =a — b, H; = b, and for n > 2
H,=H, 1+ H,_o (15)
then
Hn = aFn—l + bFn—27

where a,b € R, b # 0, and

. Hn+1
1 = . 1.6
im —= = (1.6)

n—o0 n

It can be seen that the sequence {H,}2°, differs from the sequence {F,}3°, only in the
initial terms and the characteristic polynomial is the same. Note that in [2] similar results are
obtained for irrational limits other than the Golden Ratio.

The question then arises, does the limit give a quicker convergence to , where the definition
of the quicker convergence can be found, e.g., [4], p. 46 and [3], p. 29: Let {x, }2° , and {yn}72

be convergent sequences of real numbers with lim x, = lim y, = 2, we say that {y,}"2,
n—oo n—oo

converges quicker than {z,}2° if
. Yn — <
lim

= 0. (1.7)

In this paper, we investigate linear recursive sequences {G,}>2, of real numbers, where the

o0 o0
sequences {%} | converge quicker to the Golden Ratio than {%} - (Naturally, we

suppose that division by zero never occurs.)

In the following two parts we deal with binary and ternary sequences, while in the last part
we investigate the problem for arbitrary k-order sequences.

2. BINARY LINEAR RECURSIVE SEQUENCES AND THE GOLDEN RATIO

At first, we deal with the special sequence {H,}°, from (1.5). The Binet formula for
{Hn}olo is
cp” — dy"
\/5 )
where ¢ = b —¢(a —b) # 0 and d = b — p(a — b). Using (1.4) and (1.6), one can easily verify
that

H, =

Hy1
e d
lim —— = —.
n—00 n+1_(p C

n

This implies that the following theorem is true:

o0
Theorem 2.1. The sequence {%} . does not converge quicker to ¢ than the sequence
n n=

o0
{%} ) if d # 0. But if d = 0 then {H,}2, is a simple geometric sequence, where
n n=

Hpi1
H, — ¥

Let us consider now the general second order linear recursive sequence {G,}52, of real
numbers,

Gn = AOGn—l + AlGn—Qa (TL > 2)

with its characteristic polynomial

p(z) =2° — Agz — Ay = (z — o) (z — ),
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where a1 = ¢ is the dominant root, that is, |as| < ¢ and ag, Gy, G; € R. Obviously Ay =
a1 + as, A1 = —ajas. By the Binet formula this sequence has an explicit form for n > 0,
Gy, = ap™ + bay,

where a and b are computable constants depending only on the initial terms and the roots,
and we suppose that ab # 0. In this case one can easily verify that

Gn
Gni1 G. ¥ blaz —¢) (042>n

=¢ and nh—>nca>o F;:l 0y - nh—>nolo a(p — ) (0

lim
n—oo G,

This implies that the following theorem is true:

o0
converges quicker to ¢ than {F};—:l} ) if and only

n

o0
Theorem 2.2. The sequence {%} )
n n=

if loa| < [9].

3. TERNARY LINEAR RECURSIVE SEQUENCES AND THE GOLDEN RATIO

In [1], p. 346, F. Gatta and A. D’Amico investigated the following ternary sequence
Hop1 = 2H, — Hy s, (n>3) (3.1)

with the real initial terms Hy, Ho, H3, (H3p? — H1p— Ho # 0) and using a very special method,
they proved that

. Hp1

im = ¢,

n—oo n
that is, they proved that there exist infinitely many third order linear recursive sequences,
where the ratio of the consecutive terms tends to the Golden Ratio. But they did not investi-
gate whether this convergence was quicker or not. Applying (1.3), (3.1) has an explicit form
forn>1,

H, =ap" +b)" + ¢, (3.2)
where a = H3p? — Hyp — Hy # 0,b, ¢ are computable real constants depending only on the
initial terms and the roots of its characteristic polynomial

px)=2> -2 +1=(*—z-D(z—-1)=(z—@)(z—)(z—1).
Investigating the following limit we can obtain:
Hn+1
. 1-— 1
lim ;’"17@ = lim (—b+ M) 2, (3.3)
n—o0 ;—F —p n—o00 \/5 . wn a
which implies for the sequence (3.2) that the following result is true.

Theorem 3.1. Using the notation (3.2):

[e.e]
e If ¢ # 0 then the sequence {Hﬁ“} ) does not converge quicker to ¢ than the se-
n—=

n

r S . F, > .
quence { =t . More precisely the sequence { =7 converges quicker than
jg R
n n=1 0o n n=1
H
the sequence {}"I—“} )
i n=1

o0
e [fc=0 and b # 0 then the sequence {%} . does not converge quicker to ¢ than
n n=

the sequence {% )
n n=
o [fc=0 and b=0 then H, = ap”™, which is a simple geometric sequence.
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Remark 3.2. The previous theorem dealt with the sequence (3.1) investigated by F. Gatta and
A. D’Amico in [1], but — omitting the details — similar results can be obtained in the following
case, too:

Hn+1 =2H,1 + Hyp—2,

where n > 3 and H1, Hy, H3 are initial terms. In this case the characteristic polynomial is

p)=2"-20-1= (2" —z - (e +1) = (z - )z - ¥)(x+1)

Let us consider now the general third order linear recursive sequences {Gp}22, of real
numbers,

Gn=A)Gpn_1+ A1Gp_2 + A2Gpr_3
with its characteristic polynomial
p(x) = 23— Agz? — Az — Ay = (x —¢)(z — a)(x — az),

where Ag, Ay, A2 € R, (As # 0), ag, a3 are non zero complex numbers, and |as| < ¢, |as| < ¢,
that is, ¢ is the dominant root.

oo o0

Theorem 3.3. The sequence {%} | converges quicker to ¢ than {%} , if and only
n n= n n=

if |lag| < || and |as| < |-

Proof. We have to investigate the limit (1.7) which will be examined in three different cases.

(i) ag,as are distinct real numbers. By the Binet formula

Gp = ap" + bagy + coy.

Gn Gn _ G’rL
. G:l - . +1Gn4p . Gn+1 - SDGn F,
lim Fni1 - nhﬁngo Fnii—9pFn nhﬁnolo —oF, G -
n—oo ¢ T n+l — PLn n
i a4 bah 4 caf Tt — p(ap™ + bal + ca)
nooo el — Yt — p(pn — yn)
(pn _ Q/)n

ap™ + bal + coy N
i PoB(@2 =) Feaglas —9) " =Y
n—+00 (e — 1) ap™ + bay + coy

() 9 +e(2) (-9
A a5 '

(ii) ag,as are real numbers and as = ag. By the Binet formula in (1.3)

Gn = ap"™ + (bn + c)aj.

DECEMBER 2017 189



THE FIBONACCI QUARTERLY

Gn+t1 Gnt1—9Gn
- —a. Gni1— oG, F
lim & — lim - On = Jjm L S
n—00 Z“H — @ n—oo intl—$in n—oo I'niq] — (pFn Gn
lim a1+ (b(n + 1) + c)ozgJrl — p(ap™ + (bn + c)ag)'
n—00 el — gt — p(pn — )
e =

ap™ + (bn + c)ay -
lim (bn + c)af (ag — @) + bay ™! . " — " _
=00 P (o — 1) ap™ + (bn + c)ah

n n
(o) () (02— ) +baa ()
im

n—oo a\/g

(iii) ae = z, a3 = Z are non real complex numbers, and by the Binet formula in (1.3)

Gp = ap” + bz" + cz".

O <Pl s ¢ TR €125 el (G L
n—00 F;‘i::l —p n—00 Fn+1;SDFn n—00 Fn+1 — (pFn Gn
i a4 b2 4 M — p(ap” + b2 4 c2")
n—00 L — it — (" — Pm)
-yt

ap™ 4 bz™ 4 cz"
I Gl ) B Gl =) B ek
n—00 (o — 1) ap” + bz + cz"

b(3) G- +e(3) -0
S a5 |

These limits imply that in all the above cases the limits are equal to zero if and only if
in (i) and in (ii) |aa| < |9, |as| < |¢|, while in (iii) |z| < [¢|. Thus our theorem has been
proved. U

4. K-ORDER LINEAR RECURSIVE SEQUENCES AND THE GOLDEN RATIO
Let us consider now the k-order linear recursive sequence {G,}72, of real numbers,
Gn =A0Gp-1+A1Gp—2+ -+ A 1Gpi
with its characteristic polynomial
p(x) = oF — Agrh Tl — Ajah T — - Ap ox — Ajy.
By (1.3) the Binet formula for term G,, is the following:
Gy = aat + pa2(n)ay + p3(n)ag + - - + pi(n)ay’,

where let a; = ¢ be the dominant root.
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[o.¢]
Theorem 4.1. The sequence {Gg—jl} . converges quicker to the Golden Ratio than

n—

[e.9]
{5} o ifloal < Juli=2,3,. 0
n—

n

Proof.
Gn Gn — Gn
oy G TP g i G4l = ®Gn Fo
n—00 Fnzl - Nn—00 Fn+};‘PFn n—oo Fi1 — @Fy, G,
iy W A P2+ Dag®t 4 4 pi(n + D™ = plap™ +pa(n)al + -+ pi(n)a})
00 @l — Yl — o — Yn)
" =P
ot nay
i P2 D5 4 A pi(n £ Do — opa(n)al — -+ — gpi(n)a]
n—00 dﬂl\/g
Son o wn
a+ -+ p(mo]
r2(n) ri(n)
i @2 (P2(n+ 1)az — pa(n)p) + -+ of (pu(n + Doy —pi(n)) _
n—o00 ﬂ)na\/g
s n as n ﬂ n
y F ro(n) + 7 rs(n) +--- + - ri(n)
im .

n—00 a\/g
Investigating different cases of the limit above, one can see that the limit is equal to zero if
n

(%) tends to zero for all i = 2,3,...,1. -
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