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B r o t h e r U . A l f r e d 

W h a t a r e c u r r e n t l y k n o w n a s F i b o n a c c i n u m b e r s 
c a m e i n t o e x i s t e n c e a s p a r t of a m a t h e m a t i c a l p u z z l e p r o b -
l e m p r o p o s e d b y L e o n a r d o P i s a n o ( a l s o k n o w n a s F i b o n a c c i ) 
i n h i s f a m o u s b o o k on a r i t h m e t i c , t h e L i b e r a b a c i (1202) . He 
s e t u p t h e f o l l o w i n g s i t u a t i o n f o r t h e b r e e d i n g of r a b b i t s * 

S u p p o s e t h a t t h e r e i s one p a i r of r a b b i t s i n a n e n -
c l o s u r e i n t h e m o n t h of J a n u a r y ; t h a t t h e s e r a b b i t s w i l l 
b r e e d a n o t h e r p a i r of r a b b i t s in t h e m o n t h of F e b r u a r y ; t h a t 
p a i r s of r a b b i t s a l w a y s b r e e d i n t h e s e c o n d m o n t h f o l l o w i n g 
b i r t h a n d t h e r e a f t e r p r o d u c e one p a i r of r a b b i t s m o n t h l y . 
W h a t i s t h e n u m b e r of p a i r s of r a b b i t s a t t h e e n d of D e c e m -
b e r ? 

T o s o l v e t h i s p r o b l e m , l e t u s s e t u p a t a b l e w i t h 
c o l u m n s a s f o l l o w s : 

(1) N u m b e r of p a i r s of b r e e d i n g r a b b i t s a t t h e b e g i n n i n g of 
t h e g i v e n m o n t h ; 

(2) N u m b e r of p a i r s of n o n - b r e e d i n g r a b b i t s a t t h e b e g i n -
n i n g of t h e m o n t h ; 

(3) N u m b e r of p a i r s of r a b b i t s b r e d d u r i n g t h e m o n t h ; 
(4) N u m b e r of p a i r s of r a b b i t s a t - t h e e n d of t h e m o n t h . 

M O N T H (1) (2) (3) (4) 
J a n u a r y 
F e b r u a r y 
M a r c h 
A p r i l 
M a y 
J u n e 
J u l y 
A u g u s t 
S e p t e m b e r 
O c t o b e r 
N o v e m b e r 
D e c e m b e r 
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The a n s w e r to the o r i g i n a l ques t ion is tha t t h e r e a r e 233 
p a i r s of r a b b i t s at the end of D e c e m b e r , But the c u r i o u s 
fact tha t c h a r a c t e r i z e s the s e r i e s of n u m b e r s evo lved in 
t h i s way i s : any one n u m b e r i s the s u m of the two p r e v i o u s 
n u m b e r s , F u r t h e r m o r e , it wil l be o b s e r v e d tha t a l l four 
c o l u m n s in the above tab le a r e f o r m e d f r o m n u m b e r s of the 
s a m e s e r i e s which ha s s ince c o m e to be known as THE F i b -
onacc i s e r i e s : 0 , 1 , 1 * 2 , 3 , 5 , 8 , 1 3 , 2 1 , 

E X P L O R A T I O N 

Did anybody e v e r find out what happened to the 
" F i b o n a c c i r a b b i t s " when they began to d i e ? S ince they 
have b e e n o p e r a t i n g with s u c h m a t h e m a t i c a l r e g u l a r i t y in 
o t h e r r e s p e c t s , le t us a s s u m e the fol lowing as we l l , A 
p a i r of r a b b i t s tha t i s b r e d in F e b r u a r y of one y e a r b r e e d s 
in A p r i l and e v e r y m o n t h t h e r e a f t e r inc lud ing F e b r u a r y of 
the fol lowing y e a r . Then th i s p a i r of r a b b i t s d i e s at the 
end of F e b r u a r y . 

(1) H o w m a n y p a i r s of r a b b i t s a r e t h e r e a t t h e e n d of D e c e m -
b e r of t h e s e c o n d y e a r ? 

(2) How m a n y p a i r s of r a b b i t s would t h e r e be at the end of 
n m o n t h s , w h e r e n i s g r e a t e r than or e qua l to 12? (See 
what fol lows for n o t a t i o n . ) 

A s s u m e tha t the o r i g i n a l p a i r of r a b b i t s d i e s at the end of 
D e c e m b e r of the f i r s t y e a r . 

NAMES FOR A L L FIBONACCI NUMBERS 

The i n v e t e r a t e F i b o n a c c i add ic t t ends to a t t r i b u t e 
a c e r t a i n ind iv idua l i ty to e a c h F i b o n a c c i n u m b e r . Men t ion 
13 and he th inks F ; 55 and F f l a s h e s t h r o u g h h i s mind 0 

But r e g a r d l e s s of t h i s p s y c h o l o g i c a l q u i r k , it is conven ien t 
to give the F i b o n a c c i n u m b e r s iden t i f i ca t ion t a g s and s ince 
they a r e inf in i te ly n u m e r o u s , t h e s e t a g s take the f o r m of 
s u b s c r i p t s a t t a c h e d to the l e t t e r F . Thus 0 is deno ted F ; 



E X P L O R I N G FIBONACCI NUMBERS 59 

the f i r s t 1 in the s e r i e s i s F«; the s econd 1 i s F ; 2 i s F ; 

3 i s F • 5 is F r ; e t c . The fol lowing t ab le for F shows a 
4 5 n 

few of the F i b o n a c c i n u m b e r s and then p r o v i d e s add i t iona l 
l a n d m a r k s so tha t it wil l be c o n v e n i e n t for e a c h F i b o n a c c i 
e x p l o r e r to m a k e up h i s own t a b l e , 

n 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 

F 
n 

0 
1 
1 
2 
3 
5 
8 
13 
21 
34 
55 
89 
144 

n 

13 
14 
15 
16 
20 
30 
40 
50 
60 
70 
80 
90 
100 

F n 
233 
377 
610 
987 
6765 
832040 
102334155 
12586269025 
1548008755920 
190392490709135 
23416728348467685 
2880067194370816120 
35422484817926191507 5 

SUMMATION P R O B L E M S 

The f i r s t q u e s t i o n we m i g h t a s k i s : What is the 
s u m of the f i r s t n t e r m s of the s e r i e s ? A s i m p l e p r o c e d -
u r e for a n s w e r i n g th i s q u e s t i o n i s to m a k e up a t a b l e in 
which;we l i s t the F i b o n a c c i n u m b e r s in one c o l u m n and 
t h e i r s u m up t o a g iven point in a n o t h e r e 

n 

1 
2 
3 
4 
5 
6 
7 
8 

F n 
1 
1-
2 
3 
5 
8 
13 
21 

Sum 

1 
2 
4 
7 
12 
20 
33 
54 
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What does the s u m look l i k e ? It i s not a F i b o n a c c i n u m b e r , 
but if we add 1 to the s u m , it i s the F i b o n a c c i n u m b e r two 
s t e p s £.head8 Thus we could w r i t e : 

1 + 2 + 3 + . . . . . + 34 + 5 5 ( = F ) = 1 4 3 s 144(= F 1 2 ) - 1, 

w h e r e we have i n d i c a t e d the n a m e s of s o m e of the key F i b -
onacc i n u m b e r s in p a r e n t h e s e s * It i s conven ien t at t h i s 
point to i n t r o d u c e the s u m m a t i o n no t a t i on . The above can 
be w r i t t e n m o r e c o n c i s e l y : 

10 

. f Fk = F12 " L 

k= 1 
The G r e e k l e t t e r £ ( s igma) m e a n s : Take the s u m of q u a n -
t i t i e s F . s w h e r e k r u n s f r o m 1 to 10, We sha l l u se th i s n o -

t a t i on in what fo l lows . 

It a p p e a r s tha t the s u m of any n u m b e r of c o n s e c -
ut ive F i b o n a c c i n u m b e r s s t a r t i n g with F . i s found by t ak ing 

the F i b o n a c c i n u m b e r two s t e p s beyond the l a s t one in the 
s u m and s u b t r a c t i n g 1. Thus if we w e r e to add the f i r s t 
h u n d r e d F i b o n a c c i n u m b e r s t o g e t h e r we would expec t to o b -
t a i n for an a n s w e r F - 1. Can we be s u r e of t h i s ? Not 

c o m p l e t e l y , u n l e s s we have p r o v i d e d s o m e f o r m of proof . 
We sha l l beg in with a n u m e r i c a l proof m e a n i n g a proof tha t 
u s e s spec i f i c n u m b e r s . The l ine of r e a s o n i n g e m p l o y e d 
can then be r e a d i l y ex t ended to the g e n e r a l c a s e . 

L e t us go back then to the s u m of the f i r s t t en 
F i b o n a c c i n u m b e r s . We have s e e n tha t t h i s s u m is F - 1. 

Now suppose tha t we add 89 ( or F ) to both s i d e s of the 

e q u a t i o n . Then on the lef thand side we have the s u m of 
the f i r s t e l e v e n F i b o n a c c i n u m b e r s and on the r i gh t we 
h a v e : 

144(= F ) - 1 + 89(= F ) = 233(= F ) - 1. 
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Thus^ p r o c e e d i n g f r o m the s u m o£ the f i r s t t e n F i b o n a c c i 
n u m b e r s to the s u m of the f i r s t e l e v e n F i b o n a c c i n u m b e r s ^ 
we have shown tha t the s a m e type of r e l a t i o n m u s t ho ld . Is 
i t not ev iden t tha t we could now go on f r o m e l e v e n to twe lve ; 
t hen f r o m twe lve to t h i r t e e n ; etc* , so tha t the r e l a t i o n m u s t 
hold in g e n e r a l ? 

Th i s is the type of r e a s o n i n g tha t i s u s e d in the 
g e n e r a l proof by m a t h e m a t i c a l i nduc t ion . We suppose tha t 
the s u m of the f i r s t n F i b o n a c c i n u m b e r s i s F ^ - 1 . In 

n + 2 s y m b o l s : 
n 
S F . = F - 1 

k= 1 k n + 2 

We add F „. to both s i d e s and obta in : n+1 
n + 1 

£ F . = F -1 + F = F - 1 
, % k n + 2 n + 1 n+ 3 
k= 1 

by r e a s o n of the f u n d a m e n t a l p r o p e r t y of F i b o n a c c i s e r i e s 
tha t the s u m of any two c o n s e c u t i v e F i b o n a c c i n u m b e r s i s 
the next F i b o n a c c i n u m b e r . We have now shown tha t if the 
s u m m a t i o n ho lds for n , it ho lds a l s o for n + 1 . Al l tha t r e -
m a i n s to be done is to go b a c k to the beg inn ing of the s e r i e s 
and d r a w a c o m p l e t e c o n c l u s i o n L e t us suppose^ a s can 
r e a d i l y be d o n e t t ha t the f o r m u l a for the s u m of the f i r s t n 
t e r m s of the F i b o n a c c i s equence ho lds for n < 7. S ince 
the f o r m u l a ho lds for s e v e n t it ho lds for e igh t ; s ince it 
ho lds for eighty it ho lds for n ine ; e t c . e t c . Thus the f o r m -
u la i s t r u e for a l l i n t e g r a l pos i t i ve v a l u e s of n. 

We have s e e n f r o m t h i s e x a m p l e tha t t h e r e a r e 
two p a r t s to our m a t h e m a t i c a l e x p l o r a t i o n . In the f i r s t we 
o b s e r v e and c o n j e c t u r e and thus a r r i v e at a f o r m u l a . In 
the s econd we p r o v e tha t the f o r m u l a is t r u e in g e n e r a l . 

L e t us t ake one m o r e e x a m p l e . Suppose we wi sh 
to find the s u m of a l l the o d d - n u m b e r e d F i b o n a c c i n u m b e r s . 
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Aga in , we can f o r m our t a b l e . 

n 

1 
3 
5 
7 
9 
11 
13 

F 
n 1 

2 
5 
13 
34 
89 
233 

Sun 

1 
3 
8 
21 
55 
144 
377 

Th i s is r e a l l y too e a s y . We have c o m e up with a F i b o n a c c i 
n u m b e r a s the s u m . A c t u a l l y it i s the v e r y next a f te r the 
l a s t quant i ty added . We sha l l l eave the proof to the e x p l o r -
e r . H o w e v e r , the ques t ion of f i t t ing the above r e s u l t s in to 
no ta t ion migh t c a u s e some t r o u b l e . What we need is a type 
of s u b s c r i p t tha t wil l give us j u s t the odd n u m b e r s and no 
o t h e r s . F o r the above s u m to 13, we would w r i t e ; 

7 
F F m F 

. ~ 2 k - l 14 
k= 1 

It wi l l be s e e n tha t when k i s 1, 2k - l i s 1; when k i s 2 , 2k - l 
i s 3; e t c . and when k is 7, 2k - l i s 13, In g e n e r a l , the r e l a -
t ion for the s u m of the f i r s t n o d d - s u b s c r i p t F i b o n a c c i n u m -
b e r s would be : n 

TV - F 
. T 2k- l 2n * 
k s 1 

E X P L O R A T I O N 
1. D e t e r m i n e the s u m of the f i r s t n e v e n - s u b s c r i p t F i b o n -

a c c i n u m b e r s . 

2 . If we take e v e r y fou r th F i b o n a c c i n u m b e r and add , four 
s e r i e s a r e p o s s i b l e ; 

(a) S u b s c r i p t s 1 , 5 , 9 , 1 3 , . 
(b) S u b s c r i p t s 2 , 6 , 1 0 , 1 4 , 
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(c) S u b s c r i p t s 3 , 7*11 ,15 , . . . 
(d) S u b s c r i p t s 4 , 8 , 1 2 , 1 6 , . . . 

H i n t : L o o k f o r p r o d u c t s o r s q u a r e s o r n e a r - p r o d u c t s o r 
n e a r - s q u a r e s of F i b o n a c c i n u m b e r s a s t h e r e s u l t . 

3 . If w e t a k e e v e r y t h i r d F i b o n a c c i n u m b e r a n d a d d , t h r e e 
s e r i e s a r e p o s s i b l e : 

(a) S u b s c r i p t s 1, 4 , 7*10 , . . . 
(b) S u b s c r i p t s 2 , 5 , 8 , 1 1 , . . . 
(c) S u b s c r i p t s 3 , 6 , 9 * 1 2 , . . . 

H i n t : D o u b l e t h e s u m a n d s e e w h e t h e r y o u a r e n e a r a 
F i b o n a c c i n u m b e r , 

U n t i l n e x t i s s u e , g o o d h u n t i n g ! 

R E S E A R C H P R O J E C T : F I B O N A C C I N I M 

C o n s i d e r a g a m e i n v o l v i n g t w o p l a y e r s i n w h i c h 
i n i t i a l l y t h e r e i s a g r o u p of 100 o r l e s s o b j e c t s . T h e f i r s t 
p l a y e r m a y r e d u c e t h e p i l e b y a n y F I B O N A C C I N U M B E R 
( m e m b e r of t h e s e r i e s 1 , 1 , 2 , 3 , 5 , 8,1"3, 2 1 , . . . ) . T h e s e c o n d 
p l a y e r d o e s l i k e w i s e , T h e p l a y e r w h o m a k e s t h e l a s t m o v e 
w i n s t h e g a m e . 

(1) I s i t a l w a y s p o s s i b l e f o r t h e f i r s t p l a y e r t o w i n t h e < g a m e ? 
(2) If n o t , u n d e r w h a t c o n d i t i o n s c a n he be s u r e of w i n n i n g ? 


