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Nota t ion 
In th i s a r t i c l e , the no ta t ion f. (ee ) wi l l be u s e d to 

signify 

Given a s e q u e n c e f.(ee) of pos i t i ve i n t e g e r s and 

two a u x i l i a r y s e q u e n c e s k.(ee) of pos i t i ve i n t e g e r s and m.(oo) 

of nonnega t ive i n t e g e r s , we w i sh to c o n s i d e r the p o s s i b i l i t y 
of expand ing an a r b i t r a r y pos i t i ve i n t e g e r n in the f o r m 

M 
n - E a . f . , 

w h e r e M is f inite and e a c h a. i s an i n t e g e r ( z e r o and n e g a -
t ive v a l u e s a l lowed) sa t i s fy ing 

- m . < a . < k. for i = 1, 2, . . . , M . 

T h r o u g h o u t the p a p e r , the conven t ion i s adop ted tha t k.(ee) 

and m.(ee) wi l l a lways denote g iven s e q u e n c e s of pos i t ive 
and nonnega t ive i n t e g e r s , r e s p e c t i v e l y . 

As an a p p l i c a t i o n of the r e s u l t s to be p r o v e d , we 
sha l l show tha t e v e r y pos i t i ve i n t e g e r n ha s an e x p a n s i o n in 
the f o r m 

M 
n = £ a. F P , 

1 X X 

w h e r e p is a fixed i n t e g e r g r e a t e r than or equa l to 2, 
F . (ee) =s { 1 , 1 , 2 , 3 , 5 , . . . . . } i s the u s u a l F i b o n a c c i s e q u e n c e 
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a n d OL. i s a n i n t e g e r s a t i s f y i n g j a . I < 2 f o r e a c h v a l -
u e of i . 

D E F I N I T I O N 1: A s e q u e n c e of p o s i t i v e i n t e g e r s f . (w), i s 
s a i d t o b e q u a s i - c o m p l e t e w i t h r e s p e c t t o t h e s e q u e n c e s 
k.(co) a n d m.(oo) iff (if a n d o n l y if) 

N 
i m p l i e s < n< 1 + 2J 

1 
N 

i = S a .f. 
1 1 X 

m- < a. < 1 — 1 — 

k.f. 
1 1 

wi 

k . 
l 

(1) n ?5 S a .f. w i t h a . i n t e g r a l a n d 
l 

(2) - m - < a. < k . f o r i - 1, Z# . . . e , N . s f 1 — I — I 

T h e p u r p o s e of t h e p r e s e n t p a p e r i s t o o b t a i n a 
c h a r a c t e r i z a t i o n of q u a s i - c o m p l e t e n e s s a n d t o i n v e s t i g a t e 
t h e c o n d i t i o n s u n d e r w h i c h t h e r e p r e s e n t a t i o n i n (1) i s u n i q u e , 
M o r e o v e r , w e w i l l a l s o s h o w t h a t a n y n o n d e c r e a s i n g 
s e q u e n c e of p o s i t i v e i n t e g e r s f.(oo J w h i c h i s e i t h e r c o m p l e t e 
o r s e m i - c o m p l e t e m u s t a l s o b e q u a s i - c o m p l e t e . 

B e f o r e p r o c e e d i n g t o t h e p r o o f of t h e c h a r a c t e r * * 
i z a t i o n t h e o r e m s we r e c a l l s o m e p e r t i n e n t d e f i n i t i o n s a n d 
a l e m m a . 

D E F I N I T I O N 2: ( R e f e r e n c e 1)8 A s e q u e n c e of p o s i t i v e i n t e -
g e r s f.(co) i s c o m p l e t e iff e v e r y p o s i t i v e i n t e g e r n h a s a r e -
p r e s e n t a t i o n i n t h e f o r m 

CO 

(3) n = L c.f. » w h e r e e a c h c . i s e i t h e r z e r o 
1 1 i 

o r one9 

D E F I N I T I O N 3 : ( R e f e r e n c e 2 ) . A s e q u e n c e of p o s i t i v e i n -
t e g e r s f. (co) i s s e m i - c o m p l e t e w i t h r e s p e c t t o t h e s e q u e n c e 
of p o s i t i v e i n t e g e r s k.(co)# iff e v e r y p o s i t i v e i n t e g e r n h a s a 
r e p r e s e n t a t i o n 
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(4) n ~ 2 c.f. , w h e r e e a c h c. i s a nonnega t ive 
' 1 n l & 

i n t e g e r sa t i s fy ing 

(5) 0 < c. < k. . 
— l — i 

L E M M A 1: ( A l d e r , Refe 2, p p . 147-8) . L e t f.(«) be a g iven 
s e q u e n c e of pos i t i ve i n t e g e r s wi th f - 1 and such tha t 

P 
f , , < 1 + Ek . f . for p - 1 , 2 , 3 , . . . . , 
p + i ~ j i i 

w h e r e k.(co) i s a f ixed s e q u e n c e of p o s i t i v e i n t e g e r s . Then 
for any p o s i t i v e i n t e g e r n sa t i s fy ing the i n e q u a l i t y 

N 
0 < n < 1 + S k.f. 

i 1 X * 

t h e r e e x i s t nonnega t ive i n t e g e r s , a. (N) , s u c h tha t 

N 
n = S aS. and 0 ^ a. - k. 

i X 1 x 

for i 1, 2 , . . . . , N. 

The fol lowing t h e o r e m g ives a n e c e s s a r y and 
suff ic ient cond i t ion for q u a s i - c o m p l e t e n e s s . 

T H E O R E M 1: F o r g iven s e q u e n c e s , k.(co) a n d m . ( o o ) , the 
s e q u e n c e of p o s i t i v e i n t e g e r s f.(oo) with f = 1 is q u a s i - c o m -
ple te iff 

P 
(6) f , .< 1 + L (k. + m . ) f. for p = 1 , 2 , 3 . . . 

p + 1 — ' l i ' i 

P R O O F . A s s u m e cond i t ion (6) i s s a t i s f i e d , and le t n be a 
f ixed p o s i t i v e i n t e g e r sa t i s fy ing 
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N 
0 < n < 1 + S k . f . . Then 

1 1 X 

N N 
0 < n + S m . f . < 1 + £ (k. + m . ) f. , 

x xx x x x x 

and L e m m a 1 i m p l i e s 

N N 
(7) n + 2 m.f. S3 D j3. £. s w h e r e e a c h g. i s a non« 

i i ^ i i ' i 

n e g a t i v e i n t e g e r sa t i s fy ing . 0 < jg. < k. + m . for 

e a c h i =s 1, 25 . . . , N. Thus 

N 
(8) n ~= £ (g. - m . ) f. t wi th - m . < g . - m . < k. , x ' ^ V f i i i I ~ r i l — i 

1 
and the iden t i f i ca t ion a. ss j8. « m . for i = 1, 2, . . . , N 

i ' I i 
shows tha t f.(co) i s q u a s i ~ c o m p l e t e s 

C o n v e r s e l y t a s s u m e £.(») i s q u a s i - c o m p l e t e * 
T h e n by Def in i t ion 1, the i nequa l i t y 

N 
0 < n < 1 + Lk . f . i m p l i e s 

1 X 1 

N 
n ~ 2 a. f. wi th - m . < a. < k . , 

i i l — i — i 
1 

and we w i s h to show tha t (6) is sa t i s f ied* 

F o r a proof by con t r ad ic t ion^ a s s u m e (6) does 
not hold; then 5 t h e r e e x i s t s an i n t e g e r r g r e a t e r t han z e r o 
such tha t 

r 
(9) f t > 1 + L (k. 4- m . ) f. . 

' r +1 1 i i 
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H e n c e . 
r r + 1 

0 < f , - S m . f . - l < f - < 1 + S k. f. , 
r + 1 1 1 r + 1 i i * 

a n d b y t h e q u a s i - c o m p l e t e n e s s of f. (°°), 

r r + 1 
(10) f , - £ m . f . -1 = £ a. f. w i t h - m . < a -< k . 

r + 1 • 1 1 1 1 1 1 i 

N o w ? i n t h e r e p r e s e n t a t i o n (10), a > 0S f o r , if n o t , 
t h e n 

r 
f * = a , f . + 1 + £ (a . + m . ) f. 

r + 1 r + l r + 1 1 1 1 1 
r r 

< 1 + E ( a . 4- m . ) f. < 1 + L ( k . + m . ) f. 
— 1 i ' 1 — v 1 1/ 1 

i n v i o l a t i o n of a s s u m p t i o n ( 9 ) . T h u s , f r o m (10) 
r 

(11) - £ ( a . + m . ) f. -1 =* ( a - l ) f > 0 . 
x / 1 -1 1 : L r + 1 r + 1 — 

B u t t h e l e f t h a n d s i d e of (11) i s c l e a r l y < - 1 , g i v i n g t h e d e 
s i r e d c o n t r a d i c t i o n * W e c o n c l u d e t h a t (6) m u s t be s a t i s f i e 
f o r a l l v a l u e s of p >> 1. 

F o r n o n d e c r e a s i n g s e q u e n c e s , q u a s i - c o m p l e t e -
n e s s c a n b e r e p h r a s e d in t e r m s of s e m i - c o m p l e t e n e s s a c -
c o r d i n g t o t h e f o l l o w i n g C o r o l l a r y : 

C O R O L L A R Y 1: A n o n d e c r e a s i n g s e q u e n c e of p o s i t i v e i n -
t e g e r s f.(oo) i s q u a s i - c o m p l e t e w i t h r e s p e c t t o t h e s e q u e n -

k . ( 00) a n d m . ( c© ) 
1 ' 1 

iff f.(co) i s s e m i - c o m p l e t e w i t h r e s p e c t t o t h e s e q u e n c e 

fk. + m. } 
L 1 1 J 
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P R O O F : F r o m [ 2 ] and T h e o r e m 1, the n e c e s s a r y and 
suff ic ient condi t ion for both s t a t e m e n t s is i nequa l i ty (6). 

COROLLARY 2: If a n o n d e c r e a s i n g s e q u e n c e of pos i t i ve in-
t e g e r s f.( o> ) wi th f - 1 i s c o m p l e t e , t hen it i s a l s o q u a s i -
c o m p l e t e wi th r e s p e c t to a r b i t r a r y s e q u e n c e s , k.(oo) and 
m . ( co) 9 

l 

P R O O F : By T h e o r e m 1 of [ 1 ] , 

P P 
f , < 1 + 2 f. < 1 + £ ( k . + m . ) f. for p « 1, 2, . . 
p + 1 — I 1 " " 1 

for a r b i t r a r y s e q u e n c e s k.(a>) andm.(oo) , s ince k. > 1 
and m . > 0 for a l l i > 1. 

COROLLARY 3: If a n o n d e c r e a s i n g s e q u e n c e of pos i t ive 
i n t e g e r s f.(oo) with f = 1 is s e m i - c o m p l e t e wi th r e s p e c t to 
the s e q u e n c e of pos i t i ve i n t e g e r s k.(e»), t h e n it i s a l s o 
q u a s i - c o m p l e t e with r e s p e c t to the s a m e s e q u e n c e k.(oo) 
and any s e q u e n c e m . (oo) of nonnega t ive i n t e g e r s * 

P R O O F : F r o m T h e o r e m 1 of [ 2 ] , 

f , < 1 + S k i . < 1 + £ ( k . + m.) f. , 
p +• 1 — l i — x i r i 

and the C o r o l l a r y i s i m m e d i a t e f r o m the c h a r a c t e r i z a t i o n 
of q u a s i - c o m p l e t e n e s s . A l t e r n a t i v e l y , C o r o l l a r y 1 i m p l i e s 
the r e s u l t s ince s e m i - c o m p l e t e n e s s wi th r e s p e c t toki(oo) 
i m p l i e s s e m i - c o m p l e t e n e s s wi th r e s p e c t to { k. *hm.} . 

B e f o r e d i s c u s s i n g u n i q u e n e s s ^ we note t h a t , for 
g iven s e q u e n c e s k. (oo) and m.(co), q u a s i - c o m p l e t e n e s s i s a 
suff ic ient condi t ion for e v e r y pos i t i ve i n t e g e r to p o s s e s s a 
r e p r e s e n t a t i o n in the f o r m of equa t ion (1). H o w e v e r , if the 
m . a r e not a l l z e r o , t h e n q u a s i - c o m p l e t e n e s s i s not n e c e s -
s a r y for such r e p r e s e n t a t i o n s even in the c a s e of a nonde« 
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creasing sequence f.( co). Fort let k. - m. = 1 for all i > 1, 
and consider the particular sequence 

f (co ) = {1,10,100,101,102,103,104,10 5, . . . } 

Then the inequality 
P 

f % < 1 + 2 E f. is not satisfied for p=l, 28 . ; 
p +1 - x i 

nevertheless^ any positive integer n has a representation in 
the prescribed form: 

n =,(102-101) +(104-103) + . . . + [(100 + 2n)-(100 + 2n-l) ] 

Clearly, the same situation obtains for any se-
quence f. (co) which contains all consecutive integers after 
some fixed index n = n , where n may be arbitrarily 
largeffl This shows that in order to obtain a necessary con-
dition which holds for all members of the sequence, some 
additional constraint must be introduced* The one chosen 
in the above theorem requires that whenever 

N 
n < 1 + T)k.f. , the representation for n can be ^ i i i 

accomplished in terms of the first N members of the se-
quence, Thus, for a quasi-complete sequence, every pos-
itive integer which is 

< r k.f. 
- i x l 

can be represented in the proper form using only the terms 
f , f , f , . , 0 . , . f̂  . B u t t h e l a r g e s t n u m b e r t h a t c a n be r e -
1 2 3 IT / t , i 

p r e s e n t e d m t h e p r o p e r f o r m u s i n g o n l y t h e s e t e r m s i s 
N 
£ k.f. 
1 X 1 

so that, in this sense, the condition is the best possible, 
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In order to discuss uniqueness of the representa*-
tion# we introduce, for given sequences k. (oo) and m.(co)5 

the part icular sequence of positive integers (A.(co), defined 
by 

ca - 1 
(12) p 

Cp . = 1 + S(k. +m.) p . , for p > 1 . 

It is straightforward to show that the t e rms of 
this sequence may also be written in the equivalent form: 

< p 1 - 1 
(13) p 

<o , t =* II (1 + k. + m.) , f o r p > 1 , 
^ p + 1 i i 

i = l 
DEFINITION 4: For given sequences k.(« ) and m. (oo ), a 
sequence of positive integers f.(w ) will be said to possess 
the uniqueness property iff for any N > 09 the equation 

N N 
(14) £ a . f. = EjS.f. , with -m. < a . < k. 

' , 1 1 ' I I * i — i — i 
I 1 

and -m. < /3 . < k. , i =. 1, 2# 9 . . . , N 

implies a . =- jS . for i = 1, 2f . •. . , N. (In other words, ev-
ery integer , positive or negative^ which posse sses a repre 
sentation in the required form has only one such rep resen-
tation in that form,) 

THEOREM 2: Let k. (oo) and m.(oo) be given and let f.(oo) 
be a quasi-complete sequence of positive integers with 
£x « 1. 

Then f.(co) possesses the uniqueness property iff 

(15) f. =(p. for i = 1, 2 , 3 , . . . . , . 

PROOF: Assume f.(co) possesses the uniqueness property 
and that f. ~ o • does not hold for all i > 1. Then there 
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e x i s t s a l e a s t i n t e g e r N > 0 such tha t F 4 (p . (Note tha t 
N > 1). F r o m the q u a s i - c o m p l e t e n e s s ^ we have 

N - l N - l 
0 < L < 1 + E (k. + m . ) f . =1 + S (k. + m. ) <p. = <p,T 

N — i ) i i ^ N 

Since f 4 tp , we m u s t have f < ^ and 

N - l 
0 < f_T < 1 + S (k. + m . ) (p . . 

N . I I ' • i 
1 

By L e m m a 1, f can be w r i t t e n in the f o r m 

N - l N - l 
(16) f =5 L y . ^ . s £ y . f. w h e r e e a c h y . i s a n o n n e g -

1 1 

a t ive i n t e g e r sa t i s fy ing 0 < y . < k. + m . 
— / i — I I 

Hence^ 
N - l N - l • 

(17) f - L m.f. = L ( v. - m . ) f . , w h e r e 1 N i i w i i i 
1 1 

- m . < y . - m . < k. . 
I — / i i — I 

Apply ing the u n i q u e n e s s p r o p e r t y to (17), we find 
tha t y . - m . = ~m. or y . = 0 for i = 1, 2, . . . . . , N - l . 

i i i / I 
Thus^ f r o m (16), f = 0^ a con t r ad i c t ion^ and we conc lude 
that f. = o . for a l l i > 1. 

i ^ i •— 

F o r the c o n v e r s e , we m u s t show tha t (p . ( co ) 
p o s s e s s e s the u n i q u e n e s s p r o p e r t y . The proof is by c o n -
: r a d i c t i o n . If p . ( e© ) does not p o s s e s s the u n i q u e n e s s 
p rope r ty^ then t h e r e is a l e a s t i n t e g e r N > 0 such tha t 
Q/ . (N) and /3 . (N) e x i s t hav ing the p r o p e r t y 

N N 
£ a. p. = £ 
1 * 1 

(18) £ a . (p. - £ J8 . (P . with - m . < a . < k. 
i ^ i , 1 ^ 1 l — i — i 
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and - m. < p . < k. , (i = 1, 2. . . . , N) 
l — i — i ' 

N 
and L | a. - j8. | h 0* 

Clear ly , N > 1, since a-> p.. = /L p -. implies 

&-, = $-* • Moreover,, we a s s e r t that a £ j8 in (18), Fo r 

if « =/3 , then 
N-l N- l 

L a . o • = 2 j 8 . < f l . , with -m. < a . < k. 
1 v l 1 ^ 1 1 — 1 — 1 , 

-m . < 0 . < k. , (i = 1 , 2 , . . . , N-l) 

N- l 
and J | a. • - ft • | £ 0. But this contradicts our 

choice of N as the smal les t upper l imit, affording two d i s -
ssentations 

F r o m (18) 

tinct r ep resen ta t ions . Hence a jL ft , 

N-l 
(^) ^ N - a N ^ N = f K ^ i ^ i . 
and the re fore , 

N-l 
(20) cpN< | £ N - a N l<PN < S | a . ^ . | V i 

N-l 
< £ (k. + m . ) p . = (pN - 1, 

giving a contradict ion. 

EXAMPLES: (a) As our f i rs t example, we consider the s e -
quence of pth powers of the Fibonacci number s , where 
p > Z. It is known [1] that the sequence F.(c©), which is 

defined as { 1,1, 2, 3, 5, . . . . }, is complete; the re fore , 
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every positive integer n has a representat ion in the form 
M 

•Q y* p xp 
~~ i i , where each c. is either 0 or 1. 

To generalize this resul t , we leave it to the reader to ver-
ify the following inequality: 

-1 n 

(21) F * < 1 + 2 TJF. , where p is a fixed integer x ' n+1 — i 1 

greater than or equal to 1. From (21), it is clear that, for 
sequences k.( e® ) and m. ( ce) defined by k. ^ m. , 

l ' l I l 

p-2 m. — 2 f for all i > 1, the sequence 

F (») is quasi-complete . Thus every positive integer n 
has a representation in the form 

OS 

(22) n = S Oi F , where a. is an integer 
i i x 

satisfying | a. | < 2 f for i > 1. 

Moreover, from Theorem 1, if N is chosen so that 
N 

0 < n < 2 2P~ F P , 
1 X 

then n has at least one representat ion in the form (22) 
which uses only the t e rms 

F P F P F P 

N 2 
In par t icular , 0 < n < l + £ F . implies 

- z l ' 
n = J a . F . , where each a . is 

i x x 

either - 1 , 0, or + 1. 
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(b) To i l l u s t r a t e T h e o r e m 2, l e t k.(co) and m . ( « ) 
be def ined by k. ^ m . s 1 for a l l i > 1. T h e n t if a g iven s e -
quence f.(eo) i s q u a s i ^ c o m p l e t e wi th r e s p e c t to k.(oo) and 
m . ( w ) , e v e r y pos i t i ve i n t e g e r n h a s a r e p r e s e n t a t i o n 

e© 

n = E OL. f. » w h e r e e a c h CK . i s e i t h e r - 1 . 0S or + 1 
"7 i i i 

Next , define [ c o m p a r e (13) ] 

(Px = 1 
(23) n n 

^ N + 1 = n (1 + ^ + m i ) = IT 3 = 3 * for n > 1. 

n~l n 

T h e n ( 0 = 3 for a l l n > 1, and since, m *= 1 + 2E 0 . * 
^ n — ^ n + 1 - ^ i 

the s e q u e n c e to.(«) i s q u a s i - c o m p l e t e wi th r e s p e c t to the 
uni ty s e q u e n c e s ^ k.(oo) and m . («).. M o r e o v e r , a c c o r d i n g 
to T h e o r e m Z9 r e p r e s e n t a t i o n s a r e unique in the s e n s e tha t 

M M 
E OL. (p. = E j8 . ^ . with I a. | < 1 and | j8 . | < 1 for 

i > 1, t hen a . .= j8 . for i = 1, Z$ . . # . 5 M 9 

Combin ing T h e o r e m s 1 and 2f we have tha t e v e r y 
i n t e g e r n sa t i s fy ing 

N . , N L l 

0 < n < l + E3 1 " 1 = ^—tJ 

N ( n a m e l y , the i n t e g e r s 1, 2^ 3 , . . . , 3 -1 ) h a s a un ique r e -
2 

p r e s e n t a t i o n in the f o r m 
N 

n = E a . 3 wi th e a c h a . = - l , 0 , o r + l 
1 * 1 

The r e a d e r m a y note tha t t h i s r e s u l t p r o v i d e s a 
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solution to Bachet's weighing problem [ 3 ] . It is also left 
to the reader to interpret the quasi-complete sequence 
(£.(&) of (13) as the solution of a dual-pan weighing problem 
with the constraint that at most k. weights of magnitude (p. 

can be used in the right panf at most m. weights of magni-
tude tp . can be used in the left pant and every integral num-
ber of pounds less than or equal to 

N 
£ k p. 
1 

must be weighable using only the weightst 0 9 tp # „ . . <£ . 
JL La IN 
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