
30 O P E R A T I O N A L R E C U R R E N C E S INVOLVING 
FIBONACCI NUMBERS 

H . W . Gould 
Wes t V i r g i n i a U n i v e r s i t y , Morgan town* W* Va . 

The F i b o n a c c i n u m b e r s m a y be def ined by the l in-
e a r r e c u r r e n c e r e l a t i o n 

v n-f 1 n n«l 

t o g e t h e r wi th the i n i t i a l v a l u e s F = 09 F . = 18 

T h e r e a r e s o m e u n o r t h o d o x ways of m a k i n g up se 
q u e n c e s which involve F i b o n a c c i n u m b e r s , and we should 
l ike to m e n t i o n a few of t he se* F o r want of a b e t t e r n a m e , 
we sha l l c a l l the r e c u r r e n c e s be low ' o p e r a t i o n a l r e c u r r e n -
c e s . ' 

I n s t e a d of t ak ing the nex t t e r m in a s e q u e n c e a s 
the s u m of the two p r e c e d i n g t e r m s 3 l e t u s suppose the 
t e r m s of a s e q u e n c e a r e funct ions of x # and define 

(2) u ,(x) = D (u u .) , 
x ' n + 1 x x n n-r * 

x w h e r e D = d / d x . As an e x a m p l e , t ake u = l f n = e . x 0 1 
Then we find 

u = D( e ) = e 

^ , 2x% ^ 2x 
u 3 = D ( e } = 2 e 

u 4 = D ( 2 e 3 x ) .= (2)(3) e 3 x 

u 5 = (1)(1)(2)(3)(5) e 5 x 

and we c a n e a s i l y show by induc t ion tha t 
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(3) u n = ( F l F 2 F 3 F n ) e F n X , (uQ = 1, ^ = e X ) . 

Of c o u r s e g the add i t ion of e x p o n e n t s l e d to the a p p e a r a n c e 
of the F i b o n a c c i n u m b e r s in th i s c a s e a 

A n o t h e r o p e r a t i o n wh ich we m a y u s e i s d i f fe ren-
t i a t i o n fol lowed by m u l t i p l i c a t i o n wi th x0 We define 

(4) u . = (xD ) (u u A 
x ' n-hl x n n - r 

F o r an i n t e r e s t i n g e x a m p l e t l e t u s t ake 
F o F i 

u ^ x = 1, u- = x = x . Then we 

c l a i m that 
F n F 

(5) u = x n fi F. n + 1 " \ n > 1. 
k = l k 

Taking x = 1 we obtain the fol lowing table of 
va lues as a sain pie: 

n u (1) 
n ' 

1 l 1 = 1 

I 1 ! 1
 = 1 

2 1 1 
3 1 1 Zl = 2 

4 I 3 I 2 21 31 , 6 

5 I 5 I 3 2 2 31 51 = 60 

6 l 8 l 5 2 3 3 2 51 81 = 2880 

7 l 1 3 I 8 2 5 3 3 5 2 81 331 = 2 , 2 4 6 , 4 0 0 
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For the sake of completeness we give the induct-
ive proof of formula (5). Suppose that 

F . n-1 F , 
u . = x n'1 n F . n " k 

n-1 k = l k 

Then 
u = xD fu t u ) n x n-1 n -2 ' 

F t F . n-1 F , n-2 Fn~l~j 
= X D { X n ~ ! x n " 2 n F 1

 n ~ k n F . } 
k=l k j = l J 

F F . n«2 F . + F t 1 
= x D { x n ) F \ 0 F v

n ~ k n~Uk 

F F . n~2 F _ n _ 1 _ ^ n+ l«k = F x F t II F , n n - 1 . . k 
k= 1 

F t F F_ n-2 F 
^ 1 n ^ 2 « ^ n+l«k 

= F x F t II F . 
n n-1 , , k 

k= 1 
F n F 

= x n
 n F w

n + 1 " k 

k = i k 

The only ' t r i cky 'par t is to reca l l that 1 = F . and F- = F so 
that the factors may be put together at the las t step in the 
des i red form, 

Suppose that the function u^(x) has a power s e r i e s 
representa t ion of the form 

CO 

(6) un(x) = £ a (n) x . 
k= 0 

n 
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Imposing the operational recurrence (4) we find readily that 
the coefficients in (6) must obey the convolution recurrence 

k 
(7) a (n) = k L a (n-2) aR (n~l) . 

j = 0 J "J 

Conversely, if (7) holds then u (x) satisfies (4). 

As a slight variation of (4) let us next define 

(8) u = x^ D (u u ) , v ' n+1 x n n-1' 

and take u = 1, u.. = x. Then it is easi ly shown by induc-

tion that 
F -1 n + 2 F -k 

(9) u = x n + n (F , -2 ) n , for n > 2. 
n k=4 k 

The r eade r may find it in teres t ing to derive a 
formula for the sequence defined by u = u (x) with 

^ J n ns ' 
(10) u , t = xPD (u u } , u n = l , u. = x , p = 3 , 4 , 5 . . . v ' n+1 x* n n-l#* o i ^ 

As a final example, let us define a sequence by 
(4) with u = 1 , 1 1 , = e x

e 

Then the f i r s t few values of the function sequence a r e : 

x u 2 = x e , 

/ 0 2 . 2x 
u = (2x + x) e 3 

X4 
,/ 4 3 „ 2, 3x 

u = (6x + 9x + 2x } e 

u 5 = (60x7 + 192 x + 1 8 5 x 5 + 6 2 x 4 +6x3) e 5 x 

F x 
and it is evident that u (x) equals _ % n 

nx ' H P(x) e , where P(x) 
is a polynomial of degree F «1 in x . 

^ 7 ° n+ 1 


