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S.L* B a s i n and V , E . H o g g a t t , J r s 

1. INTRODUCTION,, 

The p r o o f s of F i b o n a c c i i d e n t i t i e s s e r v e as v e r y 
su i t ab l e e x a m p l e s of c e r t a i n t e c h n i q u e s e n c o u n t e r e d in a 
f i r s t c o u r s e in a l g e b r a . With th i s in m i n d , it i s the i n t e n -
t ion of th i s s e r i e s of a r t i c l e s to i n t r o d u c e the b e g i n n e r to a 
few t e c h n i q u e s in p r o v i n g s o m e n u m b e r t h e o r e t i c i d e n t i t i e s 
a s wel l a s f u r n i s h i n g e x a m p l e s of w e l l - k n o w n m e t h o d s of 
proof such as m a t h e m a t i c a l induction,, The c o l l e c t i o n of 
p r o o f s tha t wi l l be given in th i s s e r i e s m a y s e r v e a s a 
s o u r c e of e l e m e n t a r y e x a m p l e s for c l a s s r o o m u s e , 

The u s e of m a t r i x a l g e b r a in p r o v i n g m a n y t h e o r -
e m s wil l be deve loped f r o m b a s i c p r i n c i p l e s in the next 
i s s u e , 

2 . SOME SIMPLE P R O P E R T I E S OF THE FIBONACCI 
S E Q U E N C E . 

By o b s e r v a t i o n of the s e q u e n c e { 1, 1, 2 , 3 , 5 , 8 , . . * } r 

it i s e a s i l y s e e n tha t e a c h t e r m is the s u m of the two p r e -
ced ing t e r m s . In m a t h e m a t i c a l l anguage , we define t h i s 
s e q u e n c e by l e t t i ng 

F = 1, F = 1, and , for a l l i n t e g r a l n , 

Def in i t ion (A) F L ^ = F % + F holds* 
' n + 2 n-j-1 n 

The f i r s t few F i b o n a c c i n u m b e r s a r e : 

1 , 1 , 2 , 3 , 5 , 8 , 1 3 , 2 1 , 3 4 , 5 5 , 8 9 , 1 4 4 , 2 3 3 , 3 7 7 , 6 1 0 , 
The L u c a s N u m b e r s , L , sa t i s fy the s a m e r e c u r r e n c e r e -
l a t i o n but have d i f fe ren t s t a r t i n g v a l u e s , n a m e l y , 

L = 1, L = 3 , and 

Def in i t ion (B) L , 0 = L - + L h o l d s . 
v ' n+ 2 n+1 n 
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The f i r s t few L u c a s N u m b e r s a r e : 

1 , 3 , 4 , 7 , 1 1 , 1 8 , 2 9 , 4 7 , 7 6 , 1 2 3 , 1 9 9 , . . . . . 

The fol lowing a r e some s i m p l e f o r m u l a s which a r e 
ca l l ed F i b o n a c c i N u m b e r I d e n t i t i e s or L u c a s N u m b e r Iden t i -
;ie s for n > 1. 

I . F . + F^ + F_ + . . . . . . + F = F ^ - 1 
1 2 3 n n+ 2 

I I . L, + L 0 + L Q + . + L = L , ~ 3 
1 2 3 n n+ 2 

I I I . F , F , - F 2 = ( - l ) n 

n + 1 n-1 n x ' 

IV. L , L , - L 2 • 5 ( « l ) n , f l 

n + 1 n -1 n ' 

V. L = F + F . 
n n+ 1 n-1 

VI. F 9 . = F + F 
2n+ 1 n + 1 n 

VII. F 9 = F - F 
2n n+ 1 n-1 

VIII . F 0 = F L 
2n n n 

IX. F = F , , F , + F F 
n+ p + 1 n+ 1 p+ 1 n p 

* • ^ + F2
2 + FZ

n = F n F n + 1 

2 Z n 
XI . L - 5 F = 4(- l ) 

n n 
XII . F = (-1) n + 1 F 
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XIII . L = (-1) L 

3 . MATHEMATICAL, INDUCTION 

Any p roofs of the fo rego ing i d e n t i t i e s u l t i m a t e l y 
depend upon the p o s t u l a t e of c o m p l e t e m a t h e m a t i c a l i n d u c -
t ion . 

F i r s t one h a s a f o r m u l a involv ing an i n t e g e r ne 

F o r s o m e v a l u e s of n the f o r m u l a h a s b e e n seen to be t rue* 
Th i s m a y be o n e l two # or say^ twen ty t i m e s , Now the e x -
c i t e m e n t s e t s i n 0 . . . Is it t r u e for a l l pos i t i ve n ? One m a y 
p r o v e th i s by appea l ing to m a t h e m a t i c a l induct ion^ whose 
t h r e e p h a s e s a r e : 

Ae S t a t e m e n t P(l) i s t r u e by t r i a l . (If you c a n ' t find a f i r s t 
t r u e c a s e , . . w h y do you th ink i t ! s t r u e for any n l e t a lone 

a l l n ? H e r e you need some t r u e c a s e s to s t a r t w i th . ) 

An e x a m p l e of s t a t e m e n t P(n) i s 

1 + 2 + 3+ . . . . . . +n = n ( n + l ) / 2 . 

I t i s s i m p l e to see P(l) i s t r u e t t ha t i s 

1 = l ( l + . l ) / 2 . 

B* The t r u t h of s t a t e m e n t P(k) l o g i c a l l y i m p l i e s the t r u t h 
of s t a t e m e n t P(k + 1 ) . In o the r w o r d s : If P(k) i s t r u e ^ then 
P (k -1-1) i s t rue* Th i s s t ep i s c o m m o n l y r e f e r r e d to as the 
induc t ive t r a n s i t i o n , 

The a c t u a l m e t h o d u s e d to p r o v e th i s i m p l i c a t i o n m a y v a r y 
f r o m s i m p l e algebra, to v e r y profound theory* 

C* The s t a t e m e n t tha t ! T h e proof is c o m p l e t e by m a t h e m a -
t i c a l i nduc t ion . ! 
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4 . S O M E E L E M E N T A R Y F I B O N A C C I P R O O F S . 

L e t u s p r o v e i d e n t i t y I . 
R e c a l l f r o m (A) t h a t F , = 1, F , = 1, F n = F , + F 

1 2 n + 2 n + 1 n 

S t a t e m e n t P ( n ) i s 

F . + F _ + F . + + F = F , . - 1 
1 2 3 n n + 2 

A . P ( l ) i s t r u e , s i n c e F = 1, F = 1, F = 2 , s o t h a t 

F l = 1 = 2 - 1 = F 3 - 1. 

B . A s s u m e P ( k ) i s t r u e , t h a t i s 

1 2 k k + 2 

F r o m t h i s we w i l l s h o w t h a t t h e t r u t h of P ( k ) d e m a n d s t h e 
t r u t h of P ( k + 1) , w h i c h i s 

( F l + F 2 + + F k > + F k + 1 = F k + 3 - L 

S i n c e we a s s u m e P ( k ) i s t r u e , we m a y t h e r e f o r e a s s u m e 
t h a t , i n P ( k + 1) , we m a y r e p l a c e (F - + F + c . . . . + F ) b y 

X. LA J K 

( F . - 1). T h a t i s , P ( k + 1) m a y b e r e w r i t t e n e q u i v a l e n t l y 
k-f* 2 

a S ( F K + 2 - 1 > + F k + 1 = < F k + 2 + F k + l) - 1 = F k + 3 " L 

T h i s i s n o w c l e a r l y t r u e f r o m (A) ? w h i c h f o r n = k + 1 b e -
c o m e s F = F + F 

k + 3 kH- 2 k + 1 

C . T h e p r o o f i s c o m p l e t e b y m a t h e m a t i c a l i n d u c t i o n . 

5 . A B I T O F T H E O R Y ( C r a m e r ' s R u l e ) 

G i v e n a s e c o n d o r d e r d e t e r m i n a n t , 
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D = a b 

c d 
= ad - b e 

we have f 

T H E O R E M I , 

Proof : By def in i t ion 

I ax b 

I ex d 

ax b 

ex d 
= X D j - 0 0 < X < 00 

= (ax) d - b(cx) 5= x (ad -bc ) = xD 

T H E O R E M II . 

| ax + by b 

lex 4- dv d 

a x 

| ex 
= x D , 

< y < 
-9© < X < €© 

Proof : Th i s i s a s i m p l e e x e r c i s e in a l g e b r a , 

Suppose a s y s t e m of two s i m u l t a n e o u s equa t ions p o s s 
a unique so lu t ion (x f Yn)> tha t i s 

ax 4= by = e 
ex 4- dy s f 

i s sa t i s f ied^ if and only if, x = x , y = y . 

T h i s i s spec i f i ed by say ing 

(C) axQ + byQ . e 

cxQ + dyQ = £ 

a r e t r u e s t a t e m e n t s ^ wi th D £ 0e 

F r o m our definit ion^ 
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D = a b 

c d 

and f r o m T h e o r e m I , for x s x , we m a y wr i t e 

x Q D = 
axQ b 

c x 0 d 

and f r o m T h e o r e m I I , for y = y , x s x , 

x Q D = 
axQ + b y 0 b 

| c x 0 + dyQ d 

But f r o m (C) t h i s m a y be r e w r i t t e n 

e b ' 
x Q D = 

f d 

T h u s , 

x^ = 

Yr, = 

je b 

If d 
D 

la e 

F f | 
D 

= 

i e 

f 
a 

c 

a 

c 
a 

c 

b 

d 
b 

d 

e 

f , 
b 

d 

which is C r a m e r ' s R u l e , 

We see t h i s i s t r u e p r o v i d e d D 4 0. 
D e t e r m i n a n t D = 0 if the two l i n e a r e q u a t i o n s a r e i n c o n -
s i s t e n t , ( G r a p h s a r e d i s t i n c t p a r a l l e l lines.) or r e d u n d a n t 
( G r a p h s a r e the s a m e line.). So tha t if the g r a p h s ( l ines) 
a r e not p a r a l l e l or c o i n c i d e n t , t h e n the c o m m o n poin t of in-
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t e r s e c t i o n h a s the unique v a l u e s of x and y as g iven by 
C r a m e r ' s R u l e . 

6. A C L E V E R DEVICE IN ACHIEVING AN INDUCTIVE 
TRANSITION 

' r o m Defini t ion (A) F . = 1, F = 1 and 

F = F + F 
n+ 2 n + 1 n 

Suppose we w r i t e two e x a m p l e s of th i s (for n = k and 
n = k-1) . 

F = F + F 
k+ 2 k + 1 T k 

F = F 
k + 1 k 

+ F k - 1 

L e t u s t r y to solve the p a i r of s i m u l t a n e o u s l i n e a r equa-
t i o n s . 

P) 
F k + 2 = x F k + l + ^ F k 

F . . = x F . 
k + 1 k 

+ y F k -1 . 

T h i s i s s i l l y b e c a u s e we know the a n s w e r i s x = 1 and 
y = 1,. but u s ing C r a m e r ' s Rule we note ; 

(E) y Q - l = 

F k + 1 

lFk 
lFk+l 

1 k 

F k + 2 | 

F. 1 
k+l j 

Fk 1 
F k - l | 

F - F F 
k + 1 k k + 2 

xp rp XT 
k + 1 k-1 " k 

L e t us now u s e M a t h e m a t i c a l Induct ion to p r o v e iden t i t y III 
which i s 

P(n) : F , F , - F 2 = (~l) n 

x J n+ 1 n-1 n x l 
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If we note t ha t F = 0 is v a l i d , t hen 

P( l ) : F 2 F Q - F * = (-1)1 m -1 

i s t r u e . T h u s p a r t A i s d o n e . 

Suppose P(k) i s t r u e . F r o m (E) , 

F - F F 
k+1 k k + 2 

2 
F F F 

k + 1 k-1 k 

so tha t 
P < k + 1>: F k + 2 F k - F k + l " < - 1 > k + 1 

i s i ndeed t r u e ! ! Thus p a r t B i s d o n e . 

The proof i s c o m p l e t e by m a t h e m a t i c a l induc t ion and p a r t 
C i s d o n e . 

S P E C I A L NOTICE 

The F i b o n a c c i A s s o c i a t i o n h a s on hand 22 c o p i e s 
of Dov J a r d e n , R e c u r r e n t S e q u e n c e s , R i v e o n L e m a t e m a t i k a , 
J e r u s a l e m , I s r a e l . T h i s i s a c o l l e c t i o n of p a p e r s on F i b -
o n a c c i and L u c a s n u m b e r s wi th e x t e n s i v e t a b l e s of f a c t o r s 
ex tend ing to the 385th F i b o n a c c i and L u c a s n u m b e r s . The 
vo lume s e l l s for $ 5 . 0 0 and i s an e x c e l l e n t i n v e s t m e n t . 
C h e c k or m o n e y o r d e r should be sen t to V e r n e r Hoggat t at 
San J o s e S ta te C o l l e g e , San J o s e , Calif . 

R E Q U E S T 

M a x e y B r o o k e would l ike any r e f e r e n c e s su i t ab l e 
for a L u c a s b ib l i og raphy* His a d d r e s s i s 912 Old O c e a n 
A v e . y Sweeny , T e x . 


