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E d i t e d by D m i t r i T h o r o 
San J o s e S ta te Col lege 

DIVISIBILITY I 

M a n y of the m o s t i n t e r e s t i n g p r o p e r t i e s of the 
f a m o u s F i b o n a c c i n u m b e r s ( F . = F ^ = 1, F „ = 2 . F „ = 3 . 

V I 2 3 ? 4 
F = 5 , F , = 8 f . . # , F . = F . + F . . , . . . . ) depend on 5 6 i + 1 i i« l ' ^ 
the no t ion of d iv i s ib i l i ty* 

1. Def in i t ions # "We say tha t the F i b o n a c c i n u m b e r 8 i s 
e x a c t l y d iv i s ib l e by 4 s ince 8 ss 4x2* (Usua l ly the w o r d 
" e x a c t l y " i s omit ted , , ) Note tha t the fol lowing s t a t e m e n t s 
a r e equ iva l en t : 

(i) 8 i s d iv i s i b l e by 4 
(ii) 8 i s a m u l t i p l e of 4 

(iii) 4 i s a f ac to r of 8 
(iv) 4 i s a d i v i s o r of 8 
(v) 4 d i v i d e s 8 ( a b b r e v i a t e d : 4 | 8 ) . 

R e c a l l i n g tha t an i n t e g e r i s m e r e l y a whole n u m -
b e r ( 0 i nc luded! )^ we m a y now say tha t a pos i t i ve i n t e g e r 
g r e a t e r t han one i s a p r i m e if and only if it h a s e x a c t l y two 
d i v i s o r s * Thus F , F , and F a r e p r i m e s , but F , = 8 is 
c o m p o s i t e s ince it ha s l ou r f a c t o r s : 1^2^4,8* Note tha t 2 
i s the s m a l l e s t p r i m e - - a n d the only e v e n one , In the i n t e r -
e s t of c o n c i s e s t a t e m e n t s , 1 i s n o r m a l l y not c o n s i d e r e d a 
p r i m e (a l though it s h a r e s the p r o p e r t y of "be ing d iv i s i b l e 
only by 1 and i t s e l f " ) . I . e . , if we c a l l e d 1 a p r i m e 9 m a n y 
t h e o r e m s in e l e m e n t a r y n u m b e r t h e o r y would have to be r e -
worded* 

D i g r e s s i n g a m o m e n t we m i g h t o b s e r v e tha t the 
fol lowing i s an u n s o l v e d p r o b l e m * 

Is t h e r e a c o m p o s i t e F i b o n a c c i 
n u m b e r with e x a c t l y t h r e e d i v i s o r s ? 
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If t h e r e w e r e , t hen it would have to be the s q u a r e of a 
p r i m e - - b u t 1 and 144 a r e the only known s q u a r e F i b o n a c c i 
n u m b e r s . In T o m o r r o w ' s M a t h , C . S . Ogilvy r e p o r t s 
tha t one i n v e s t i g a t o r is c l o s e to a so lu t ion of th i s p r o b l e m , 

2. T e s t s for D i v i s i b i l i t y . In o r d e r to p rove t h a t , s a y , 
the F i b o n a c c i n u m b e r 987 is c o m p o s i t e , it suff ices to find 
a s ingle d i v i s o r n s u c h tha t 1 < n < 987. Now c e r t a i n l y 
987 is not d iv i s ib l e by 2 s ince it d o e s n ' t end in an even d i g -
it ( 0 , 2 , 4 , 6 , 8 ) . But we see tha t 3 d iv ides 987. P e r h a p s 
you w e r e able to r e a c h t h i s c o n c l u s i o n m e n t a l l y by not ing 
tha t 9 + 8 + 7 = 24 = a m u l t i p l e of 3 . Th i s p r o c e d u r e , 
c o m m o n l y c a l l e d c a s t i n g out 3 ' s , is one of s e v e r a l s i m p l e 
t e s t s for d i v i s i b i l i t y . F o r conven ience we l i s t s o m e of the 
s i m p l e r t e s t s for d i v i s i b i l i t y . 

N is d iv i s ib l e by 2 if and only if it ends in 
an even d ig i t . 

N is d iv i s ib l e by 3 if and only if the s u m of the 
d ig i t s of N i s a m u l t i p l e of 3 . 

N is d iv i s ib l e by 4 if and only if the n u m b e r c o n -
s i s t i n g of the l a s t two d ig i t s of N i s a m u l t i p l e 
of 4 . 

N is d iv i s ib l e by 5 if and only if N ends in " 0 " 
or " 5 " . " 

N is d iv i s ib l e by 6 if and only if N i s a m u l t i p l e 
of both 2 and 3 . 

N is d iv i s ib l e by 8 if and only if the n u m b e r c o n -
s i s t i n g of the l a s t t h r e e d ig i t s of N i s a m u l t i -
ple of 8. 

N is d iv i s ib l e by 9 if and only if the s u m of the 
d ig i t s of N is a ' m u l t i p l e of 9. 

Many o the r t e s t s a r e e a s y to f o r m u l a t e : N is 
a m u l t i p l e of 10 if and only if N ends in " 0 " ; N i s a m u l t i -
ple of 12 if and only if both 3 and 4 a r e f a c t o r s of N. Some 
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c a u t i o n , h o w e v e r , is d e s i r a b l e . A n u m b e r can be d iv i s ib l e 
by bo th 3 and 6, and ye t not be d iv i s ib l e by 18. (F ind an e x -
a m p l e . ) 

3 . P r i m e or C o m p o s i t e ? Suppose tha t you a r e c o n -
f ron ted wi th the p r o b l e m of d e t e r m i n i n g w h e t h e r or not 
F = 233 is a p r i m e , How m u c h w o r k i s i nvo lved? A s s u m e 
tha t you m a y u s e any of the p r e v i o u s l y m e n t i o n e d t e s t s 
" f r ee of c h a r g e " . How m a n y add i t iona l q u e s t i o n s of the 
f o r m "Is Z33 d iv i s ib l e by s o - a n d - s o ? " ! m u s t you a s k ? 

Of c o u r s e t h e r e is no need to c h e c k for d i v i s i b i l -
i ty by 6 (or any o the r c o m p o s i t e n u m b e r ) for if 233 is not 
i t se l f a p r i m e , it wil l have to have a p r i m e f ac to r l e s s 
t han 233* F o r t u n a t e l y we n e e d not t r y e a c h of the 50 p r i m e s 
l e s s t han 233* The s i m p l e but r e m a r k a b l e fact i s t ha t we 
can get by with no m o r e than t h r e e " q u e s t i o n s " ( a s s u m i n g 
tha t we t e s t for d iv i s ib i l i t y by 2 , 3 , and 5 m e n t a l l y ) : Is 233 
d iv i s ib l e by 7 ? 11? 13? 

In the c a s e of 233 , it t u r n s out tha t the a n s w e r to 
e a c h of t h e s e q u e s t i o n s i s " n o " , L e t u s s e e why t h i s m e a n s 
t h a t 233 m u s t be a p r i m e . If 233 w e r e c o m p o s i t e , it would 
have to have a p r i m e f ac to r p > 13, T h u s q = 2 3 3 / p 
would be an i n t e g e r , g r e a t e r than 1 but l e s s t h a n 17; i . e . - , 
q, and hence 233 , would have to be d iv i s ib l e by at l e a s t one 
of 2 , 3 , 5 , 7 , 1 1 or 13«-a c o n t r a d i c t i o n . 

4 . P r o b l e m s . So lu t ions to t h e s e p r o b l e m s m a y be 
found on page 64„ 

1.1. What do you no t i ce about e v e r y t h i r d F i b -
o n a c c i n u m b e r ? E v e r y f o u r t h ? E v e r y fifth? 

1. 2„ T r y to g u e s s a g e n e r a l i z a t i o n , of p r o b l e m l . L 

1 .3 , It is d e s i r a b l e to be ab le to def ine the g r e a t -
e s t c o m m o n d i v i s o r d of two i n t e g e r s (not bo th ze ro ) w i t h -
out u s i n g the w o r d " g r e a t e s t " . Do t h i s , u s i n g only the fo l -
lowing w o r d s and s y m b o l s : d , a , b , k , | , and , if, t h e n . 
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L 4 . Us ing 987 as an e x a m p l e , exp l a in why the 
t e s t for d iv i s i b i l i t y by 9 w o r k s , 

1. 5. What i s the m i n i m u m n u m b e r of q u e s t i o n s 
tha t you need to a s k in o r d e r to d e t e r m i n e wh e th e r or not 
F = 4181 is a p r i m e ? 

1. 6. L e t S be the fol lowing se t of n u m b e r s : 
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P r o v e tha t (a) if N is in S, t hen 2N +1 is c o m p o s i t e and 

(b) if N i s not in S, t hen 2N + 1 is a p r i m e . A s s u m e tha t 

the n u m b e r s in e a c h r o w f o r m an a r i t h m e t i c p r o g r e s s i o n 

and tha t the f i r s t c o l u m n is the s a m e as the f i r s t r o w , 

R E Q U E S T 

The F i b o n a c c i B i b l i o g r a p h i c a l R e s e a r c h C e n t e r d e s i r e s 
tha t any r e a d e r f inding a F i b o n a c c i r e f e r e n c e send a c a r d 
giving the r e f e r e n c e and a b r i e f d e s c r i p t i o n of the c o n t e n t s . 
P l e a s e f o r w a r d al l s u c h i n f o r m a t i o n to : 

F i b o n a c c i B ib l iog raph ica l . R e s e a r c h C e n t e r , 
M a t h e m a t i c s D e p a r t m e n t , 
San J o s e Sta te C o l l e g e , 
San J o s e , Calif . 


