
A FIBONACCI ARRAY* 

L . CARLITZ, DUKE U N I V E R S I T Y , DURHAM, N. C. 

We take u0 = 0, u1 = 1, 

u ,., = u + u ., (n > 1) , 
n+1 n n-1 ; ' 

and define 

(1) u n = u (n = 0, 1, 2, 
' 0}n n ' 

as the 0-th row of the a r ray F. We next put 

(2) u l j n = u n + 2 (n = 0, 1, 2, 

the f i rs t row of F. For r ^ 2 we define u by means of 
r , n J 

(3) u = u 1 + u 0 (n = 0, 1, 2, 
r , n r - l , n r - 2 , n 

Thus u is defined for all r , n ^ 0. It follows from the definition that 
r , n 

(4) u = u i + u rt (n > 21 
v ; r , n r , n - l r , n - 2 l ~ ' ' 

Indeed, assuming the truth of (4), we get 

u , _, = u + u ., r + l , n r , n r - l , n 

u , + u „ + u 1 , + u . , 
r 5 n - i r , n - 2 r - l , n - l r - l , n - 2 

r + l , n - l r + l , n - 2 

14Supported in pa r t by National Science Foundation Grant G16485. 
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The following table is easily computed 

r \ n ° 
°  
1 

2 

1 3 
1 4 
1 5 1 
1 6 
7 

[j3 

f o 

1 

1 

2 

3 

5 

1 8 
13 

21 

1 

2 

3 

5 

8 

13 

21 

34 

55 

1 

3 

4 

7 

11 

18 

29 

47 

76 

2 

5 

7 

12 

19 

31 

50 

81 

131 

3 

8 

11 

19 

30 

49 

79 

128 

207 

5 

13 

18 

31 

49 

80 

129 

209 

338 

8 

21 

29 

50 

79 

129 

208 

337 

545 

13 

34 

47 

81 

128 

209 

337 

546 

883 

211 

55 1 

76 

131 

207 

338 

545 

883 

1428 

(5) 

The symmetry proper ty 

r , n n , r 

i s easily proved by making use of (3) and (4). 

We now put 

(6) fr(x) V n 
> U X 

Z_i r > n 

n=0 

(r = 0, 1, 2, . . . ) 

In par t i cu la r , it follows from (1) and (2) that 

(?) f o ( x ) = i - x - x2 ' f l ( x ) = T 
1 + X 

* 2 > 

and by (3) we have also 

(8) Vx> = fr-l ( x ) + W X ) (r " 2) 
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Using (7) and (8), we prove readily that 

u + u 1 x 

Thus (6) yields 

(10) u = u u , _. + u , . u 
r , n r n+1 r+1 n 

which again implies the truth of (5). 
If we put 

CO CO 

V V r n 
f(X'y) = L Z, Ur,nX y 

r=0 n=0 

then by (9) 

^ U r + u r + l y r 1 f x , y_ 
f(x,y) - ^ l - y - y 2 X " l - y - y 2 [ l - x - x 2 + l - x - x 2 i 

r=0 

so that 

( i i ) f(X, y) = x + y 
[ >Y) ( l - x - X 2 ) ( l - y - y 2 ) 

We r e m a r k that (10) is equivalent to 

(I2) u = u u + u 
r , n r n r+n 9 

as is easily proved, 

It appears from the table that 

(13) u ^ n - u = ( - l ) r (r > 1) 
v ; r + l , r - l r 3 r v ; v — ; 
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Indeed (13) holds for r = 1. Then 

V2,r - Vl .ru = (Ur+l,r + Urr) " ( V l . r " V l , r - l ) 

. . r + 1 

r , r V l , r -
u . . - u _ r _ x = (-1) 

Also the relat ion 

(14) V 2 , r - 2 - V r = ^ r + 1 <rs2> 

is suggested; the proof of (14) is s imi la r to the proof of (13). 

In the next place we have 

(15) V 3 , r - 3 - U r , r = ^ 4 <r ̂  3) 

The general formula of which (13), (14), and (15) a re special cases is 

(16) u M - u = ( - l ) r S + 1 u2 (r > s) 
r + s , r - s r , r s 

Indeed it follows from (12) that 

r + s , r - s ~r,..r .. .. r+s " r - s r 

and (16) is an easy consequence. 

For a la ter purpose we shall require the formula 

n " 1 fo *> 
V"1 hsu- (n even) 

(17) > u = < 
Z j r , r | 2 u n + 1 u n _ 1 (n odd) . 
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This is equivalent to 

n - l , n - l ^ 

2(u2 - u u 0) == 2u u -. n n n - 2 ; n n-1 

2(u ^ u 1 - uL _.) = 2u u 1 n+1 n-1 n-1 n n-1 

(n even) 

(n odd) 9 

which i s in agreement with (10). 
In connection with (17) we note that 

(18) I 
r=0 

u x = r , r (1 + x)(l - 3x + x-) 

Formulas of this kind a re perhaps most easily proved by using the 
representa t ion 

n _n 
a - 13 n a - (3 

where 

i + \H 1 - *sf5 

To i l lus t ra te we shall evaluate 

<-—, r 
\ u x 
L> n+r?r 

r=0 
Since by (12) 

* [ > ~ l o , n+2r+l _,n+2r+l\ , , r n ,n u , = u , u + u , n = - 2 b + 8 - (-1) [a + (3 
n + r , r n+r r n+2r 5 ' > '• / v M >J 
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we get 

u , x = 
_, , 0 n+1 n n n + l n 0n 

T 11 2a 2/3 _ a + (3 
n+r, r 5\ l-a2x l - /32x 1 + x 

r=0 

n / 2 (v , - - v .. x) v 
1 n+1 n-1 ' n 5 1 - 3x + x2 " l + x 

where 

n ^n (19) v n = a + (3 

It follows that 

T22! i (v _L1 + v JC l - x2) + 5v x 
\ r - i n+1 n - l ; ' n 

(2°) Z^ Un+r, r X " 5 (1 + x)(l - 3x + x2) 
r=0 

When n = 0. (20) reduces to (18). When n = 1, 2 we get 

\~" r 1 + x - x2 

(21) 2 , U r ? r + l X = (l + x)(l - 3 x + x * ) > 
r=0 

'v"1 r 1 + 3x - x 
(22> Xi U r , r + 2 X = (1 + x)(l - 3x+ x2) ' 

r=0 

respect ively. 
Returning to (11), we replace x, y by xt, yt, respect ively , so that 

"sT* ji \* r n - r (x + y ) t 
(23) 2 , t ZVn-rXy = ( 1 - x t - x 2 t 2 ) ( l - y t - y 2 t 2 ) 

n=0 r=0 
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Since the right member of (23) is equal to 

x + y 
(x-y)(x"+3xy + y«) 

x + y 
(x-y)(x2+3xy+y2 

xy + x-(x-ry)t _ xy-t-y*(x + y)t 
I - X t - X 2 ^ " l - y t - y 2 t 2 

OO 

> U , -, X t xy + x" (x + y)t 

xy + y2 (x + y)t "X-1 n , n i 

Z Viy 

it follows that 

V"1
 r n r xy(x + y)(x -v )u - (x -y ) - (x - y )u 

r=0 

The polynomials 

D = D (x,y) 
n n ' J ' 

r n - r u x y 
r 5 n - r J 

r - 0 

correspond to the secondary diagonals in the Fibonacci a r ray . For example, we 

have 

D0 = 03 Dj + x + y , D2 =-- ( x - y r r 

D3 - 2(x-. y)3 - 3 x y ( x - y ) , 

D4 - 3(x -r y)4 - 7xy(x ~ y)2 . 

Since 

n-rl n-1 
x - y 

x - y 
/ -̂D 1 r l(xy) (x - y) n-2r 
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we find, after a little manipulation, that (24) implies 

(25) D n ( X ' y ) - - - E [ t > n - ( r > n + l ] ^ + ^ 
-2r+2 

(x + y ) 2 r - (~l) r (xy)r 

(x + y)2 + xy 

In par t icu la r , if we take 

x = a = 
1 + -s/5 

Y = 0 
i - 4s 

(25) reduces to 

(26) Dn( >̂ = H O * n+1 \ r / "n 

However, it is s impler to make use of (11). It is easily verified that 

OO CO 

n=0 n=0 

so that 

(27) Dn(*,|3) - ]T ("1 ) r ( r + 1)U2n-2r 
r=0 

It is not obvious that (26) and (27) are identical. As an instance of (27), we have 

D4(a, (3) = u8 - 2u6 + 3u4 - 4u2 + 5u0 = 21 - 16 + 9 - 4 = 10. 
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In the next place we evaluate the determinant 

A (r, s; m , n) 
u u 

r , m r ? n 

u u 
s , m s s n 

Using (10) we get 

A (r, s; m ,n ) = (u u , . - u , n u )(u , ., u - u u n) . 
' ' 7 r s+1 r+1 s7 m+1 n m n+17 

Since, for n — m, 

U , -.U - U U , - = - ( U U -, - U - U ) = ( - 1 ) ( U H U - U„U -, ) 
m+1 n m n+1 m n-1 m - 1 n7 ' 1 n - m ° n - m + 1 ' 

i t follows that 

(28) A ( r , s ; m , n ) = ( _ i ) m + r + 1
u u ( n > m , s > r ) . 

7 n-m s-r ' ' 

In par t icu la r , when m = r , n = s, (28) becomes 

(29) A ( r 5 s ; r , s ) = - u2
g_r (s => r) . 

Consider the symmet r ic mat r ix of order n: 

(30) M = (u ) 
n r , s 7 

( r , s = 0, 1, . . . , n-1) 

Clearly the rank of M < 2 and indeed is equal to 2 for n > 2. The character-

is t ic polynomial of M is given by 

n-1 
P (x) = x n 

n V n-1 
- > u x :..(r, s; r , s )x ' n-2 

r=0 o < r < s < n 
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n -1 The coefficient of x can be found by means of (1.7). As for the coefficient of 
n-2 x , i t follows from (29) that 

n-2 n -1 

V * r , B ; r . * ) = - Y] U - r = - £ £ U s - r 
< r<s<n o < r < s < n r=0 s=r+l 

n-2 n - r - 1 n -1 n - r - 1 

= - v v ^ = - y y «». r=0 s=l r=0 s=0 

But 

n -1 n -1 
5 z us= z, r ? " ( } J" ̂ ^~ rf*"" 

s=0 s=0 

= 1 - v„ 0 + v„ - 2e , 2n-2 2n n ' 

where as above v = a + (3 and 

p (n even) 
(3D € ={ 

1 (n odd) . 

Then 

n-1 n - r - 1 n-1 

r=0 s=0 r=0 
5 E 2 Us = E U ' V 2n-2r -2 + V2n-2r " 2 V r » 

[|(n+l|] = n - 2 + V 2 n " 2 2 ( n + 1 ) = V 2 n - 2 - V 

so that 

n 
<32) /> A ( r , s ; r , s ) - - | (v0 - 2 - e ) 

/ i 5 2 n n7 

o < r < s < n 
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Therefore , using (17) and (32), we find that the charac te r i s t i c polynomial of 
M is given by 

(33) 
x11 - 2U2 x11"1 - U2 x n ~ 2 

Pn(x) = + 
(n even) 

l** ~ 2un+lun-lxn_1 " K - i ) ^ " 2 <n odd, n >1). 

For example, we have 

p2(x) = x2 - 2x - 1 , p3(x) = x3 - 6x2 - 3x , 

as can be verified direct ly. 

By means of (33) we can compute the charac te r i s t i c values of M . In addition 
to n - 2 ze ros we have 

(34) 

u2 ± u J u 2 + 1 n n v n (n even) 

u , - u 1 ± / u2 , - u2
 1 + u2 - 1 (n odd) 

I n+1 n - 1 v n+1 n -1 n v ; 

NOTICE TO ALL SUBSCRIBERS!!! 

P lease notify the Managing Editor AT ONCE of any address change. The Pos t Office 
Department , r a the r than forwarding magazines mailed third c l a s s , sends them 
directly to the dead- le t te r office. Unless the addressee specifically reques ts the 
Fibonacci Quarter ly be forwarded at f i rs t c lass ra tes to the new address , he will not 
rece ive it. (This will usually cost about 30 cents for f i rs t c lass postage.) If poss ib le , 
p lease notify us AT LEAST THREE WEEKS PRIOR to publication dates: February 15, 
April 15, October 15, and December 15. 
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S0 L„ Basin , 'Fibonacci N u m b e r s / presented to the Cupertino High School Mathe-
mat ics Club, Cupertino, Calif,, February 11 , 1963. 

Brother U, Alfred, 'Fibonacci Discovery , ' p resented to the California Mathematics 
Council, Northern Section, at St. Mary ' s College, Calif., March 30, 1963. 

Verner E. Hoggatt, J r . 9 'Fibonacci N u m b e r s , ' p resented to the California Mathe-
mat ics Council, Northern Section, at St. Mary ' s College, Calif. , March 30, 1963. 

D. W. Robinson, 'The Fibonacci Matrix Modulo m , ' p resen ted to the Mathematical 
Association of Amer ica , March 9, 1963. 

H. W. Gould and T. A. Chapman, 'Solution of Functional Equations Involving Turan 
E x p r e s s i o n s , ' p r e s e n t e d to the West Virginia Academy of Science, April 26, 1963. 

H0 W. Gould, TA b - p a r a m e t e r Ser ies Transform with Novel Applications to Besse l 
and Legendre polynomia ls , ' p resented to the American Mathematical Association, 
May 4, 1963. 

N. J . F ine , 'An Elementary Ari thmetic M e a s u r e , ' p resented to Allegheny Mountain 
Section of the Amer ican Mathematical Associat ion, May 4, 1963. 

FIBONACCI RELATED MASTER'S THESES 

1. John E. Vinson, 'Modulo m proper t i e s of the Fibonacci Sequence, ' Oregon State 

Universi ty, 1961, Advisor: Prof. Robert Stalley. 

2. Charles H. King, 'Some P rope r t i e s of the Fibonacci Sequence, ' San Jose State 

College, 1960, Advisor: Prof. Verner E. Hoggatt, J r . 

3. Richard A. Hayes , 'Fibonacci and Lucas Po lynomia l s , ' San Jose State College, 

Advisor: Prof. Verner E. Hoggatt, J r . (Not yet completed.) 

4. Sis ter Mary de Sales McNabb, 'Fibonacci Numbers : Some Prope r t i e s and Gene-

ra l iza t ions ' Catholic University of Amer ica , Advisor: Prof. Raymond W. 

Moller. (Not yet completed.) 

FIBONACCI ARTICLES SOON TO APPEAR 

5. L. Basin, An Application of Continuants as a Link Between Chebyshev and 

Fibonacci , Mathematics Magazine. 
D. Zeit l in, On Identities for Fibonacci Numbers , Classroom Notes, American 

Mathematical Monthly. 
A. F , Horadam, On Khazanov's Formulae , Mathematics Magazine. 
D. E. Thoro, Regula Fals i and the Fibonacci Numbers , The American Mathe-

matical Monthly. 


