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1. INTRODUCTION 

Let N ^ 2 be a fixed integer. We wish to discuss various properties 
of sequences {v } (n = 09 ±1, ±29 -•-) of complex numbers satisfying the 
recurrence 

{1A) Vn+N = V-N-l + • • • + v n + l + v n (n = °> * > ±2> * ' " > 

We let IT be the set of sequences satisfying (1.1) and we let B) be the set 
of all sequences 5 (n = 0, ±1, ±2% • . .) which are non-zero on only a fin-
ite number of coordinates. For 5 G B and v G W we define 

6(v) =E8 n v n . 

We will call 5 6 B canonical if 

(1.2) 8. t 0 =£> 8. = 1 (i = 0, ±1, •••) 

and 

(1.3) S.5i+1 • • • 5 i + N- l = ° a = 0 ,±1 , •••) • 

We will say € and €? G D are equivalent (€ = €!) if €(v) = €'(v) for all 
v GR. 

We shall also have occasion to use the translation operator T on se -
quences from W or W defined by 

(1.4) (Tv)n = v n + 1 (v G D or V) . 

* Supported in part by NSF Grant GP-17031. 
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The main theorem of the present paper is the following. 
Theorem A. Let € E J© have integral coordinates. Then either € or 

-€ is equivalent to a canonical element of H. 
We use this theorem first to generalize a result of Kl&rner's [4] for 

Fibonacci numbers to N order Fibonacci numbers P = {P } defined by 

(i) P E W 

W) P - ( N -2 ) = ••• = Po = 0, Pi = 1 . 

Theorem B. Let Kls K2, ••• , KN be positive integers. Then there 
The generalization is as follows: 
Theorem B. Let Kj, K2, • • • , I 

is a unique canonical 5 E II such that 

(1.5) K. = SCT1?) <i = 1, 2, . . . , N) 

If y is a root of 

/i r\ N N - l - A 
(1.6) x - x - • • • - . x - 1 = 0 

we let 7 De t n e sequence in W defined by 

(1.7) (7)n = 7 n • 

We let a be the largest positive root of (1.6). Note that a > 1. 
As a corollary to the main theorem we get 
Theorem C. A positive real number x is of the form 5(£) for some 

canonical 5 E H> if and only if, for some positive k and some integers Ql9 

Q2> • " » QN
 w e h a v e 

(1.8) akx = Qt + Q2<̂  + . . . +Q a N _ 1 . 

In Section 4, we assume that N = 3 and verify some conjectures of 
Hoggatt concerning certain functions introduced and discussed i n [ l ] , [2] and 



1972] FIBONACCI REPEESENTATIONS OF HIGHER ORDER — II 73 

[ 3 ] , The authors believe that the r e su l t s obtained in Section 4 for the case 
N = 3 a r e s t rongly indicative of those that might hold for l a r g e r values of 
N. 

2. PROPERTIES OF CANONICAL ELEMENTS 

T h e o r e m 1. Suppose 6 and € G H a r e canonical . Then e i the r 

6 - € o r € - 5 is equivalent to y G U . 

Proof. The non-ze ro coord ina tes of rj = 5 - € a r e l ' s and - l ' s . 

Suppose the f i r s t non-ze ro coordinate of Tj {starting from the left) i s - 1 , 

and le t 77. = 1 be the f i r s t 1. Now change rj to 0 and add 1 to each of 

^ k - 1 5 ^k -2 3 ° 8 ' 5 ^k-N* T ^ e r e s u ^ m S sequence is equivalent to 77, and 

since 6 and € a r e canonical , i t can be seen that not al l of ? ? k _ 1 + 1, •• • » 

77, _N + 1 a r e 0. Pe r fo rming this "change" repeatedly , we finally come to 

a sequence 7f equivalent to 77 all of whose non-zero coordinates a r e e i the r 

1 o r - 1 . This of cou r se impl ies that e i the r 77 o r -77 i s equivalent to a 

canonical e lement of D . 

T h e o r e m 2. Let € G H have integral coord ina tes . Then e i the r c o r 

-€ is equivalent to a canonical e lement of B . If the coordinates of € a r e 

non-negat ive then € i s equivalent to a canonical e lement of D . 

Proof. We se t € = € - e". The previous theorem shows that the 

f i r s t s ta tement of the p re sen t theorem follows from the second; so we a s s u m e 
+ 

€ = € . 

Now a s imple induction shows that i t i s enough to prove the following 

s ta tement : If € i s canonical , then € + x. is equivalent to a canonical e l e -

ment , where x- i s defined by 

(2.1) X.(V) = v. v G V . 

Note that € +Xi = € - X i _ 1 - • •• - X ^ ^ + X i + 1 = 7X
 + X i + 1 w h e r e , by 

T h e o r e m 1 e i the r yt o r -yt Is canonical . If -yt i s canonical , then again 
by T h e o r e m 1, 7- + X- -1 i s equivalent to a canonical e lement . Hence we 
m a y suppose y± i s canonical . Then we get 

* i ^ 1 + X i + 1
 s Y2 + * i + 2 

J 
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with yl9 y2j • • • canonical. But this is impossible for, if so, we would have 

(2.2) [€ + *.](£) > X.+n(£) = a1+Ii (n = 1, 2, • -•) . 

This completes the proof. 
Let P E f be the sequence defined by the initial conditions 

( 2 - 3 ) P-CN-2) = ••• = Po = 0; Pt = 1 . 

Theorem 3. Let K be a positive integer. Then there is a unique can-
onical 5 E II such that, for all n, 

(2.4) P K = V 6 . P . ± . 
n " I l+n 

i 

Proof. Let € E H be the sequence 
(2 5) € = / K n = ° 
^ n \ 0 otherwise 

Then by Theorem 2 there is a unique canonical 5 G B satisfying 

(2.6) c(v) = 6(v), v E ¥ . 

Letting v be translates of P we get (2.4) immediately since c(v) = v0K 
for any v E V. 

The uniqueness of 8 will follow if we can show that any y E W is de-
termined by its value on translates of P. We state this as a separate 
theorem. 

Theorem 4. W is N-dimensional as a complex vector space. It is 
N- l spanned by P, TP, • • • , T P. Moreover, the NXN matrix 

A. = |(TjP)nj (j = 0, 1, . . . , N - l ) 
(n = 0, i + 1, ••• , i + N - 1) 
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has determinant 

a+i 

75 

IM - f ^ T • 
Proof. The fact that V is N-dimensional is well-known, so the cal-

culation of the determinant will complete the proof: we have 

P. 
i 

p
i + i 

P i+n-1 

P i+1 

• i+2 

P i+n- l 

' l+n 

Pi+2n-2 

Adding the last N - 1 columns to the first, using the recurrence and inter-
changing columns we get 

(2.7) \ \ \ = <-i>N + 1!*1 + 1l '• 

But 

-(N-2) 

0 

0 

0 

1 

0 
0 
1 

1 

0 
0 

• 
. 

0 
1 

1 
1 

so that 

A-(N-2)I = <-*> 
N+l 

Hence 

IA .i • (<-»NT 
Theorem 5. Let v E V. Then 
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(2.8) v = v0TP + (Vi - v0)P + (v2 - vt - v 0 )T - 1 + . . . 

+ ( v ^ + . . . - vj - v0)T-( N"2 )P . 

Proof. Let 0 s j < N - 1, The j coordinate of the right side is 

v0Pj + 1 + (vt + v 0 ) P j + ••• + (v N - 1 Vl - V o J P . ^ ^ 

= v 0 ( P j + 1 - P . P._( N_2 )) 

+ v l ( P . - P ^ P._( N_2 )) 

+ \ ( P J + l - k PHN-2)) 

+ VN-2(Pj-(N-2)+l " P j - (N-2) ) 

+ VN-l(Pj-CN-2)) 

The coefficient of v. is non-zero only when j + 1 - k = 1, i. e. , only when 
k = j . In this case it is 1. 

We can generalize a theorem proved by Klarner for the Fibonacci num-
bers as follows. 

Theorem 6. Let Kl9 K2, K3, • • • , KN be positive integers. Then 
there is a unique canonical 6 such that 

(2.10) K. = 8(TjiP) (i = 1, 2, ••••, N) . 

Proof. It will be enough to find a canonical 8 satisfying 

(2.11) K. = S jT 1 " 0 ^" 1 ^ ] (i = 1, 2, • • • , N) 

because then a translate of 8 will satisfy (2.10). Let y be one of the N 
N N- l roots o f x - x - • • • - x - l = 0, and let 

(2.12) v = y . 

Then by the previous theorem, if 8 exists and satisfies (2.11) it must also 
satisfy 
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S(y) = K N + (y - D K ^ + • • • + ( r N _ 1 - y N " 2 - . 

(2.13) 

N - l N-2 
1 + y + . . . + y 1 + y + . . . +y" 

yN ^ N y N - l 

= K . T y - N + (KXT + K . T 1 ) y - ( N " 1 ) + . . . + ( K M + e B e + K 1 ) r - 1
9 N N A N - l ' N 

Hence we should define 6 to be the unique canonical form in D equivalent 

to |3 E D where j3 i s given by 

(2.14) h = 
K N + . . . + K. ( - N < i < - 1 ) 

0 (otherwise) 

Now 

/ \ N 

YTi-(N-l)p\ = £( (2.15) p [ T ^ - ^ P ) = > J (KN + • • • + K. J P . ^ . ^ D 

N / t 

- 2X Ep. 
t=l Vi=l 

•j+i-(N-l) I " K i 

3. FURTHER APPLICATIONS OF THE MAIN THEOREM 

We reca l l that a i s the l a r g e s t posi t ive root of 

N N - l x - x x - 1 = 0 

and 

a = ( . . . , a , 1, a, • • • ) 

Theo rem 7. Le t K be any posit ive in teger . Then there ex i s t s a 

unique canonical 5 E 11 such that 
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K = 5(£) . 

Moreover, 

K = 8<(P) . 

Proof. Choose 5 as In Theorem 3. Then 

8(£) = €(£) = K . 

Theorem 8. A positive real number x is of the form £>(a) for some 
canonical 6 E W if and only if, for some positive k and some integers Ql9 

Q2> ••• > QN we have 

(3.1) akx = Qi + Q2 a + • • • + Q cF'1 . 

Proof. Suppose first that x is of the form 8(a): 

(3.2) x = S €j^ 
j=-k 

Then 

k \ ^ . i+k 
a x ~ ~~ 

N-l and powers of a higher than, a can be successively reduced to lower 
powers eventually giving (3.1). 

Now suppose (3.1) holds. Let € E M be defined by 

Q . , - k < n < N - k - l 
(3.3) € =< n t k + 1

 f. . 
n I 0 otherwise 
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Then e i the r € o r -6 i s equivalent to a canonical e lement 5 E 1 , But 

€(a) = x > 0 . 

Hence we mus t have € = 8* 

4 . 

F o r the notation used in the r e m a i n d e r of the paper we r e f e r the r e a d e r 

to [3] . 

Let v (M) denote the number of number s n E C, such that n ^ M. 

T h e o r e m 9. If M $ C2 then 

(4.1) v2(M) = M - f(M) . 

More gene ra l ly 5 if 

M $ C2 U C3 U ••• U C r 

then 

(4.2) i>r(M) = f r" 2 (M) - f ^ M ) (r = 2, 3 , 4 , • • • ) . 

Proof. Le t 

K r = {K(^K $ C2 U C3 U . . . U C r } , r > 2 

r - 1 and let Kt = W. Then c l ea r ly f i s 1 - 1, onto and monotone from K r 

to 1» In part icular . , 

(4.3) c a r d J K J K E K ^ K ^ M} = f r" 1 (M) (r = 1, 2, • • •) . 

Hence 

v (M) = c a r d { K | K E C ; K < M} = ca rd { K ( K E K r _ 1 ? K < M} 

- ca rd {K|K E F ., K < M} = fr-2(M) - f r _ 1 ( M ) . 
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The following theorem is an immediate corollary. 
Theorem 10. We have 

(4.4) P2(G ) = G - G 1 = G Q + G Q (n > 3) 
^ n n n-1 n-2 n-3 

More generally 

(4.5) v (G ) = G ^ - G ^ = G + G , (n s> r + 1) . r n n-r+2 n-r+1 n- r n - r -1 

Theorem 11. Let k and r be fixed integers, k ^ 1, r ^ 2. Then 

(4.6) v (kG ) = k(G + G - ) 
r ' n n - r n - r -1 

for n sufficiently large. 
Proof. Using Theorem 3, we let 6 E 11 be canonical such that 

(4.7) kG = YlS.G.^ , (n = 0, 1, 2, •••) . 
n x - ' i i+n ' ' ' 

Hence for n sufficiently large we will have 

kG n S C2 U . . . U C r , 

so 

v (kG ) = fr"2(kG ) - fr""1(kG ) r n n n 

= S 5 i G
i + n _ ( r _ 2 ) ~ ^ 5 i G i + n - ( r - l ) 

= k G n - ( r -2 ) ~ k G n - ( r - l ) 
= k(G + G - ) . n - r n - r -1 

The last three theorems were conjectured by Hoggatt. 
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