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Determinants provide an unusual means of discovering identities involv-
ing elements of any Fibonacci sequence. In this paper, a determinant rela-
tionship believed to be new provides the derivation of several series of identi-
ties for Fibonacci sequences. 

1. THE ALTEKNATING LAMBDA NUMBER 

Firs t is displayed the theorem which provides the foundation for what 
follows. Only 3 x 3 determinants are discussed here, but the theorem is 
given in general. 

Theorem. Let A = (a..) and A* = (at.) be n x n matrices such that 

a*. a.. + (~l)i+ jk 

Then 

det A* = det A + k(det C) 

where C = ( c . ) is the (n - 1) x (n - 1) matrix given by 

c . = a.. + a.,- .,- + a.,- . + a. .... . 
i] i] i+l,j-M i+l ,] 1,3+1 

Proof. Successively replace the k column by the sum of the (k-1) 
th and k columns for k = n, n - 1, e e e , 2* Then successively replace the 

k row by the sum of the (k 
The resulting determinant is 
k row by the sum of the (k - 1) and k row for k = n, n - 1, • • *, 2. 

an + k 
a21 + a1A 

a31 + a21 

an + a12 

Gil 

c 21 

at2 + a13 

c i 2 

C22 

147 

= det A + k(det C) 



148 DETERMINANTS AND IDENTITIES [Feb. 

by noting that the de te rminan t on the left can be expressed a s the sum of two 

de te rminan t s by spli t t ing the f i r s t column and then r e v e r s i n g the above s teps 

for the de te rminan t which does not contain k in the upper left c o r n e r . 

Specifically, the theorem says that , for n = 3, 

a + k b - k c + k 

d - k e + k f - k 

g + k h - k i + k 

a 

d 

g 

b 

e 

h 

c 

f 

i 

+ k 
a + b + d + e b + c + e + f 

|d + e + g + h e + I + h + i 

Definition, We agree to cal l det C of the theorem the a l ternat ing 

lambda number of A, denoted by X (A). 

The c losely re la ted lambda number of a m a t r i x a r i s i ng with the addition 

of a constant k to each e lement of a m a t r i x has been d i scussed in [ l ] , [ 2 ] , 

and [3 ] . 

As an i l lus t ra t ion of the t heo rem, evaluate det W for 

wn = 

l~L2 

n 
T 2 

Ln+1 
T 2 

L n+2 

Ln+1 
T 2 
Ln+2 
Ln+3 

T 2 
n+2 

T 2 
n+3 

Ln+4 

where each e lement i s the square of a Lucas number L , us ing the usual 
L i = l , L2 = 3 , L i r = L + L ,.,. The value of the analogous de t W* 1 4 n+2 n n+1 & n 
where W* i s formed from W by replac ing L by the Fibonacci number n n J ^ & n J 

F , defined by 
n J 

F j 1 , n+2 n n+1 

has been given in [4] as 2( - l ) n+1 It is not difficult to calcula te X0(W*): 
a n 

Aa(W*) = 
F 2 + F 2

 0 + 2F2 

n+2 n+1 •n+1 + F 2
 n + 2F 2 

n+3 n+2 
•p2 + F 2 + 2F 2 F 2 + F 2 + 2F2 

^ n+1 * n+3 ** n+2 ^n+2 * n+4 ^ n+3 

L 2n+2 L 2n+3 

L 2n+3 L 2n+4 

= 5 

Since 



1972] INVOLVING FIBONACCI SQUARES 

5F^ = L^ + (~l)n+14 , 

det(5W*) = detW + (-i)n+149A (5W*) n n a n 
53°2(-l)n+1 = de tW n + (-l)n+14e52*5 

detW = (-l)n2»53 

2. DETERMINANTS INVOLVING SQUARES OF ELEMENTS 
OF ANY FIBONACCI SEQUENCE 

Consider the matrix 

149 

(2,1) A = n 

fH2 
n 

H2 
n+1 

n+2 

H 2 -
n+1 

H2 

n+2 

H2 
n+3 

H2 1 n+2 

n+3 

H2 
n+4 J 

where each element is the square of a member of a Fibonacci sequence { H i 
defined by 

Hi = p5 H2 = q9 H . n — H ,- + H n+2 n+1 n 

Since an identity for such Fibonacci sequences is 

H ^ g = 2H^+2 + 2H£+1 - H^ , 

multiplying each element in columns two and three by (-2) and adding to col-
umn one yields the elements ~H2

 3? " H n+4 9 ~Hn+5# C o l u m n exchanges 
show that 

det A = - det A ,., , n n+1 

so increasing the subscript by one in A only changes the sign of det A , 
and jdet A I is independent of n* It is not difficult (just messy) to evaluate 
det A s then, by picking a value for n, calculating members of {H } in 
terms of p and q9 and using elementary algebia* This method of calcula-
tion for 3 x 3 determinants whose elements are squares of Fibonacci num-
bers was given by Fuchs and Erbacher in [4]. 
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The results are 

(2,2) 
de tA n = 2 ( - i ) V - pq - p2) = 2(-l)nD|J 

Xa(An) = 5(q2 - pq - p2)2 = SD^ 

where JD^I is the characteristic number of the sequence (see [5]). If {H } 
= {F }, the Fibonacci sequence, D^ = -1 and det A = 2(- l ) n 

n r n 
The same method will allow the calculations of the values of several 

other determinants which follow. 

(2.3) detC = n 

[2 H2 

n n+1 
[2 H2 
n+3 n+4 

[2 H2 
n+6 n+7 

X (C ) = 
n n 

n+2 

H2
 n n+5 

H2
 Q 

n+8 
160 D2 

H 

= (-l)n64T>s
u 

Continuing since also 

n+4 n+2 

we obtain (2.4) and (2.5) 

H , A H , 0 — 2H ,oH ,- + 2H , <-» H — H . - H - $ 
- n+3 n+1 n+2 n n+1 n-1 

(2.5) 

de tR = n 

W = 

det S = 

H n + l H n - l 

H n + 3 H n + l 

H n+4 H n+2 
5 D ^ 

H n + l H n - l 
H n+4 H n+2 

H n+7 H n+5 

H ± „ H n+2 n 

H n+4 H n+2 

H n+5 H n+3 

H n + 2 H n 
H n+5 H n+3 

Hn+8 Hn+6 

H n+3 H n+l 

H n+5 H n+3 

H n+6 H n+4| 

H n + 3 H n + l 

H n+6 H n+4 

H n+9 H n+7 

Xa(Sn) = 160 Dfj 

( - l ) n + 1 3 D3 
H 

= ( - l ) n + 1 96D| I 

Since 
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H n = H n + l H n - l + ^ n D H ' 

Equations (2,4) and (2.5) can be obtained in a second way with a min imum of 
effort by using the a l ternat ing lambda number theorem,, F o r example , to find 
(2.5) using (2.3), 

d e t C n = d e t S n + ( - i r D H A a ( C n ) 

64( - l ) n D 3
H = d e t S n + (~lfDE(16QD2

E) 

d e t S = ( ~ l ) n + 1 9 6 D 3 
n ri 

Also s notice that 

W a n 

The identity 

H n + 6 = 8 H n + 4 " 8 H n + 2 + H n 

allows one to use the method of Fuchs and E r b a c h e r to find two m o r e values^ 

(2.6) det B = 
n 

K 
H n + 2 

H n + 4 

H2 
n+2 

H2 
n+4 

H2 , n+6 

H2 
"n+4 

H2 

n+6 
H n+8 

= ( - l ) n 1 8 I ^ ; 

X ( B J = 9 D H [ ( - l ) n 8 H 2 + 1 3 D „ ] 
a n ' H HJ 

(2.7) 

H2 
n 

Hn+6 

H2 
n+12 

n+2 

H2 
n+8 

H2 
n+14 

n+4 

H2 
n+10 

H2 
n+16 

= ( - l ) n 2 1 1 3 3 D | H 

Compare (2.6) with the Fibonacci r e s u l t (18) (-1) as given in [ 6 ] , 

and notice that D3 i s a factor in each de te rminan t value found in this sect ion. 
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In (2.6) and (2.7) the alternating lambda numbers are not independent of 
n and hence are not useful in what follows. The alternating lambda number 
for (2.6) is interesting in that it depends upon the center element of B . 

3. IDENTITIES FOR MEMBERS OF ANY FIBONACCI SEQUENCE \E } 

Before we can continue, we must standardize our sequences. For pur-
poses of forming a Fibonacci sequence. Hi = p and H2 = q are arbitrary 
integers. But surprisingly enough, if enough terms are written, each sequence 
has a subsequence of terms which alternate in sign as well as a subsequence 
in which all terms are of the same sign. Since we want a standard way of 
numbering the terms of these sequences in what follows, when we want the 
characteristic number 

D R = H2 - H2Hi - H? 

to be positive, then we take HQ as the first member of the non-alternating 
subsequence, and H* as the second member. When we want D H < 0, we 
take Hi as the first or third member of the non-alternating subsequence. 
Note that D^ = 5 for {H } = {L } , and D„ = -1 for {H } = {F }. Now H L nJ L n J ' H L nJ L nJ 

we are ready to develop several identities which relate two Fibonacci sequences. 
The identity 

L2 + (~l)n + 14 = 5F2 
n n 

suggests that we seek an identity relating two Fibonacci sequences {H } and 
{G }. Returning to (2.1), form matrix A with elements from {H } and 
matrix A* with elements from {G }. If there exist two integers x and k n n 
such that 

H2 + (- l)n + 1x = kG2 
n ' n 

then the alternating lambda number theorem and (2.2) provide 



1972] INVOLVING FIBONACCI SQUARES 153 

detAn + (-l)n+1xAo(kA* ) = det(kA*) n a n n 
2(-l)nD3I + (-l)n+1x(5k2D2

G) = 2 ( - l ) \ 3 D 3
G 

CD»J - k3DQ)(2) 

5k2 D2 

Ur 

If -kD,-, = DTT9 then x = 4DtT / 5 , Since x must be an integer, DTT must 
(jr H Jti H 

be a multiple of 5* A solution is given by k = 5, D^ = 5(-Dp). Since 5 
and multiples of 5 do occur as characteristic numberss we have 

(3.1) H^ + ( - l ) n + 1 | DH = 5 G£ , 

where {H } has the positive characteristic number D„ and {G } has the 
negative characteristic number D = -D„ / 5 . 

An example of a solution is given by the pairs of sequences 

{ H J = { . . . , 13, - 6 , 7, 1, 8, % - . . } 

and 

{Gn} = {. . . , 5, - 1 , 3, 2", 5, 7, ••• 1 

or their conjugates 

{H*} = {••-, 89 . - 1 , 7, 6, 13, •••} 

and 

{G*} = { • • • , 5, - 2 , 3, 1, 4, 5, . . . } . 

Since D = 55 > 0S set H4 = 1 and HJ = 6, but since D0 = -11 < 0S 

take Gi = 3 and GT = 4. Using {H } and { G J - , notice 
* * n n 

(3.2) H^ + ( - l ) n + 1 44 = 5 ( ? . 

that 
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Also note that 

H + H l 0 = 5G J.i n n+2 n-KL 

and 

G + G .rt -- H ,., » n n+2 n+1 

Above§ {H } and {G } were found by simply referring to a table of 
characteristic numbers. (See [5] and [7].) To write a pair of sequences 
{H } and {G } to satisfy (3.1), let p > 0 be an arbitrary integer. Let z 
be an integer such that 

p =? 2z (mod 5) . 

Then Hj = p and H2 = z gives D„ = 5m for some integer m9 and 

n - 2 z " P n - 2P + z 

5 ^ 5 

gives {G } with Bn = -m. The justification is simple, for if p = 2z (mod 
n vj 

5), then 

D = z2 - pz - p2 = (z - p)(z + p) - pz 

= (5k - z)(3z) - 2z2 = 15 kz - 5z2 s 0 (mod 5) 

The other statements follow by elementary algebra. 
Solutions to (3.1) with D = - D R / 5 for Et = 1, 29 • • • , 79 • • • , ps 

e8° follow. In each case u s t = 0, 1, 2, ••• , 
Two more Identities relating the two Fibonacci sequences {H } and 

{G } just described follow, 

The identity 

L L J 0 + ( - l ) n + 1 = 5 F 2 , n n+2 ' n-1 
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D H 

25t(t -

25t2 

25t(t -

25t2 

25t(t -

25t2 

25t(t -

1) + 

- 5 

1) -

- 20 

1) -

- 45 

1) -

5 

5 

25 

55 

{H } 
nJ 

(Hi, H2) 

(1 , - 2 + 5t) 

(2, 1 + 5t) 

(3, - 1 + 5t) 

(4f 2 + 5t) 

(5, 5t) 

(6, 3 + 5t) 

(7, 1 + 5t) 

{G } nJ 

(Gjs G2) 

(2t - 1 , t) 

(2t, 1 + t) 

(2t - 1, 1 + t) 

(2t, 2 + t) 

(2t - 1, 2 + t) 

(2t, 3 + t) 

(2t - 1, 3 + t) 

25t2 - 5u2 (2u, u + 5t) (2t, u + t) 

25t(t - 1) - 5(u2-+ u - 1) (2u + 1, u + 5t - 2) (2t - 1, u + t) 

suggests searching for an identity of the form 

HnHn+2 + ( - 1 ) n + l x = k G n + l 

The alternating lambda number theorem, (2.2) and (2.4) give 

det H + (- l)n + 1x A (kA* ) = det (kA* ) 
n a n n~rx 

3(-l)n + 2Djj + (~l)n+1x(5k2*D2
G) = 2(-l)n+1k»D», 

2k3D^ + 3D3 

Ur JH. 
X = — — — — 

5k2-D^, 
If kD^ = D^j then x = D„ , and we have the known identity 

G H xl 

<3'3> H n H n + 2 + < - « n + l n H = Hn+1 • 
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If kDG = - D J J , then x = D» / 5 . Again let k = 5 since D H must be a 
multiple of 5, yielding 

(3-4) Vn-KJ + ( " 1 ) n + 1 V B " 6tfn+l ' 

where the characteristic number of { G } is »D„ / 5 . 
n H 

A final derivation is suggested by the identity 

L2 + ( - l ) n = 5F ^ F - . n n+1 n-1 

Proceeding as before using (2.2) and (2.4), 

Hn + <-»** = k G n + l G n - l 
detA + (-l)nxA (kR ) = det (kR ) 

n a n n 
2(-l)nD3 + (-l)nx(5k2D2 ) = (_l)n+13k3DS 

JH. Ur Ur 

-3k3D3 - 2D3 

Ur Jti 
X = — — — • 

5k2 D2 

If Du = -kD^, then x = DTT / 5 , and if k = 5, we have 
II Ur H 

(3.5) H^ + ( -Dn D H / 5 = S G ^ G ^ . 

where again D^ = -D„ / 5 . If D„ = kD^, then x = ~DH, and taking k = 
1 gives the known identity 

H2 + ( - l ) n + 1 D„ = H ^-H - , 
n H n+1 n-1 

which is the same as (3.3). 
The possibilities are by no means exhausted by this paper. 
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