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1. INTRODUCTION 

In this pape r , we se t out to es tabl i sh some r e s u l t s about t h i r d - o r d e r r e -

c u r r e n c e r e l a t i ons , using a va r i e ty of techniques. 

Consider a t h i r d - o r d e r r e c u r r e n c e re la t ion 

(1.1) S = PS , + QS . + RS Q (n 2s 4), S0 = 0S n n - 1 ^ n - 2 n - 3 u 

where P , Q, and R a r e a r b i t r a r y in t ege r s . 

Suppose we get the sequence 

(1.2) { J ' } i when ^ = 0, S2 = 1, and S3 = P s 

and the sequence 

(1.3) {K } 5 when S* « 1, S2 = 0, and S3 = Q , 

and the sequence 

(1.4) { L } , when St = 0f S2 = 0, and S3 = R 

It follows that 

Kt = J2 - J i , K2 = J 3 - PJ 2 

and for n ^ 3, 

* P a r t of the substance of a thes i s submit ted in 1968 to the Univers i ty of New 
England for the degree of Bache lor of L e t t e r s . 
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(1.5) K = QJ - + RJ 0 , 
n ^ n - 1 n -2 ' 

and 

(1.6) L Q = B J ^ . 

These sequences a r e genera l iza t ions of those d i scussed b y F e i n b e r g [ 2 ] , [3 ] 

and Waddill and Sacks [ 6 ] . 

2. GENERAL TERMS 

If the auxi l iary equation 

x3 - Px2 - Qx - R = 0 

has th ree dis t inct r ea l roots3( suppose that they a r e given by # , j3 ,y . 

Accord: 

r e sen ted by 

According to the general theory of r e c u r r e n c e r e l a t ions , J can be r e p -

(2.1) J n = Ac/1"1 + BJ311"1 + Cy11"1 

where 

~ (|3 - a)(y - aT> B ~ (y - P){a - fi) ' 

and 

C = (a - y)(j3 - y) 

(A, B and C a r e de te rmined by J j , J 2 , and J 3 . ) 

The f i r s t few t e r m s of { J } a r e 
L nJ 

(Ji) = 0, 1, P , P 2 + Q, P 3 + 2PQ + R, P 4 + 3P2Q + 2PR + Q2 . 
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These t e r m s can be de te rmined by the use of the formula 

[n/3] [n/2] 

* » ' « . - E E' E «».) pn~31~2)«' • 
i=0 j=0 

where a .. sa t i s f ies the pa r t i a l difference equation 

(2.3) a .. = a - . . + a 0 . . - + a „ • i • 
mj n - l , i , j n - 2 5 i ? j - l n - 3 , i - l , j 

with init ial conditions 

a . noj 

and 

a . 
nio 

F o r example , 

J 5 = a 3 0 0 P 3 + a 3 0 1 PQ + a310R 

= T>3 = Pd + 2PQ + R . 

F o r m u l a (2.2) can be proved by induction. In outl ine, the proof uses the 

bas ic r e c u r r e n c e re la t ion (1.1) and then the par t ia l difference equation (2.3). 

The r e su l t follows because 

[ (n - l ) / 3 ] [ (n - l ) / 2 ] 

»„•!- E »' E VM,,^-3'-2^ • 
i=0 j=0 

[(n-2) /3] [n/2] 

i=0 j= l 
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[n/3] [(n-3)/2] 

n-1 Z ^ L^j n - 3 , i - l , j 
i=l j=0 

By using the techniques developed for second-order recurrence rela-
tions, it can be shown that 

(2.4) (P + Q + R - 1) ^ J r = J n + 3 + (1 - P ) J n + 2 + (1 - P - Q)Jn + 1 - l . 
r=l 

It can also be readily confirmed that the generating function for { j } is 

oo 

(2.5) 2 J n x I 1 = x2(1 " P x ~ Qx2 " R x 3 ) ' 1 • 
n=0 

3. THE OPERATOR E 

We define an operator E, such that 

(3.1) E J
n
 = J n + l ' 

and suppose, as before, that there exist 3 distinct real roots, a, fi9y of the 
auxiliary equation 

x3 - Px2 - Qx - R = 0 . 

This can be written as 

(x - a)(x - j3)(x - y) = (x2 - px + q)(x - y) = 0 , 

where 

p ~ # + j 3 = P - y , 
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and q = aft . 

The r e c u r r e n c e re la t ion 

J = P J 1 + Q J 0 + R J 0 n n - 1 ^ n - 2 n - 3 

can then be expres sed a s 

(E3 - P E 2 - QE - R ) J = 0 (replacing n by n + 3) 

o r 

(3.2) (E2 - pE + q)(E - 7) J n = 0 , 

which becomes 

(3.3) (E2 - pE + q ) u n = 0 

o r 

n+2 ^ n+1 ^ n 

if we l e t 

( E - r ) j n = u n , 

where {u T is defined by 

(3.4) u n + 2 = p u n + 1 - qu n , (n > 0), u0 = 0, i^ = 1 

In o the r w o r d s , 

(3.5) u n = J n + 1 - y j n 

and the extensive p r o p e r t i e s developed for {u } can be uti l ized for { j }• 
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In pa r t i cu l a r ? 

(3.6) u2 - u . • u ,_, = q 
n n - 1 n+1 H 

becomes 

This gives us 

<3'7> <Jn+l " J n J n + 2 > + V n " Wn-1> + ^K " W n - 1 > = ^ • 

Another identity for { j } analogous to (3.6) is developed below a s (4.4). 
Since 

J = u - + y J -
n n - 1 r n - 1 

= u - + y(u 0 + J n ) 
n - 1 fV n-2 n -2 

= u i + y u 0 + y2(u 0 + J 0 ) n - 1 ' n -2 ' n - 3 n - 3 

then 

n 

(3.8) Jn = X ^ " V l • 
r = l 

which may be a m o r e useful form of the genera l t e r m than those exp res sed 

in (2.1) and (2.2). 

4. USE O F MATRICES 

Mat r i ces can be used to develop some of the p r o p e r t i e s of these sequences . 

In gene ra l , we have 
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P Q R' 

1 0 0 

0 1 0 

p 

1 

0 

Q 

0 

i 

R" 

0 

0 

2 "Ssl 

s2 

_SJ 
and so , by finite induction; 

(4.1) 
r s 

n s , 
n~l 

s n [_ n-2 

= 

P 

1 

0 

Q 

0 

1 

R" 

0 

0 

fn-3 
'S3] 

s2 

SiJ 

A gain j s ince 

p 

1 

0 

Q 

0 

1 

R 

0 

0 

j 

= 

P 2 + Q PQ + R PR 

P Q R 

1 0 0 

J 4 K4 RJ3 

J 5 K3 RJ 2 

J2 K2 RJi 

we can show by induction that 

(4.2) sn = 

p 

1 

0 

Q 

0 

l 

R" 

0 

0 

n | 

= 

J n+2 K n+2 R J n + l 

J n + 1 K n + 1 

J K 

The cor responding de te rminan t s give 

RJ 

RJ n - 1 

(4.3) ( d e t S ) n = R n 

n+2 

Tn-f-l 

J n 

K. n+2 RJ 

K n+1 
K 

n 

n+1 

RJ. 
n 

RJ. n - 1 

By the repeated use of (1.5), we can show that 
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and 

(4.4) 

n+2 

Jn+1 
J 

n 

K 'n+2 RJ 

K n+1 

K 
n 

n+1 

RJ 
n 

RJ 

n+2 

Tn+1 

J n 

which i s analogous to 

(4.5) 

n - 1 

n - 1 

n-2 

R2 

n+1 

Fn+1 

J n 

n - 1 

n+1 

J n 

T n -1 

R n-2 

u* - u - • u ,-n n - 1 n+1 
n - 1 

n+1 

J n 

n -2 n - 1 

for the s econd -o rde r sequence {u } defined above, (3.4). In the m o r e gen-

e r a l c a s e , we get 

S = ~ n 

n+3 n+1 n+2 

n+2 n+1 

L n+1 n - 1 

and the cor responding de te rminan t s a r e 

Sn+3 Sn+1 

n+2 n 

n+1 n - 1 

n+2 

n+4 = R n - 1 s 3 sA s 2 

s 2 s 0 S± 

Matrices can also be used to develop expressions for 

E ^n V ^Jl V ^ 

n! ' JLt n! ' Z-J n! 9 n=0 n=0 n=0 
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by adapting and extending a technique used by Baraka t [1] for the Lucas 
polynomials . 

Le t 

X 

all a12 a13 

a21 a22 a23 

a3I a32 a33 

with a t r ace 

and 

F o r example , 

P = a u + a22 + a33, det X = R , 

Q = y a., a.. - a., a.. , (i ^ j) 

i , j= l 

X = 

"a 0 0" 

0 / 3 0 

0 0 y 

sa t i s f ies the conditions. 

The charac te r i s t i c equation of X is 

A3 - PA2 - Q X - R = 0 

and so , by the Cayley-Hamil ton Theo rem [ 4 ] , 

X3 = P X 2 + QX + RI 

Thus 
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X4 = P X 3 + QX2 + R X 

= (P2 + Q)X2 + (PQ + R)X + P R j : 

and so on, until 

(4.6) X n = J X2 + K X + L I 
~~ n ^ n -̂  n ^ 

Now, the exponential of a m a t r i x X of o r d e r 3 i s defined by the infinite s e r i e s 

(4.7) eS = i + ^ , x + A x + .. 

where I is the unit m a t r i x of o r d e r 3. 
Substitution of (4.6) into (4.7) yields 

(4.8) es = x ^ y j i + xy^ + iy ^ 
^ *—4 n! ~ L^j n! ^L^j n! 

n=0 n=0 n=0 

Sylvester1 s m a t r i x interpolat ion formula [5] gives us 

X _ ^ Al (S - A2D(X - A3I) 
(4"9) 6 " 2 - f 6 (At - A2)(Ai - A3) ' 

Ai 5 A2, A3 

where Ai, A2? A3 a r e the eigenvalues of X. 

Simplification of (4.9) yields 

E {eAjL(A3 - A2)X2 + eXl(A| - A | )X + eAlA2A3(A3 - A 2 > l } 
A|,A2,A3 

(4.10) e - = — — _ _ _ _ _ _ -
(Ai - A2)(A2 - A3) (A3 - Ai) 

By compar ing coefficients of X in (4.8) and (4.10), we get 
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Z e A i (A 3 -A 2 ) 

nT = 

n=0 Ai?xJfA« ^ " X*} 

\T^ Ln 

n=0 

S e X l A2A3(A3 - A2) 

TTcxt - A2) 

The authors hope to develop many o the r p rope r t i e s of t h i r d - o r d e r r e c u r -
rence re l a t ions . 
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