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1. INTRODUCTION

Consider the sequences of positive integers (2, ay, -+, a,) that satisfy the following

conditions:

(1.1) 1:a15a25°-°5an
and

(1.2) a, = i 1 =i =mn).

The number of such sequences with an = k, where k is fixed, 1 =k = n, will be denoted
by f(n,k). Thus the total number of sequences satisfying (1.1) and (1.2) is equal to

n

(1.3) E fin,k) .

k=1

The numbers f(n,k) were called two-element lattice permutations by MacMahon [6,
p. 167]. Two-element lattice permutations have n elements of one kind, k of a secondkind
with k =n, and are such that if a, is the number of the first kind in the first r and br
is the corresponding number of the second kind, then a. = br for every r. Another way of
putting it is that the elements of the first kind are thought of as votes for candidate A, those
of the second kind as votes for candidate B; the lattice permutation is then an election re-
turn with final vote (n,k) which is such that all partial returns correctly predict the winner.
Asg still another interpretation, let each element of the firstkind be represented as a unit hor-
izontal line and each of the second kind as a unit vertical line, then the permutation repre-
sents a path from (1,1) to (n,k) which does not cross the line y = k. The illustration atthe
top of the following page shows an admissible path from (1,1) to (7,6).

In the present paper we discuss some of the basic properties of f(n,k) and related

functions. We also discuss briefly some extensions, in particular the g-analog [3]

(1.4) f(n,k,q) = E qAtarte ey

* Supported in part by NSF Grant GP-17031.
531



532 SEQUENCES, PATHS, BALLOT NUMBERS [Nov.

(7,6)

1,1 (2,1) (7,1)

where the summation is over all ay, a5, ***, a,; such that

1=aisaZSco- = a =k
and

furnishes a useful generalization of f(n,k). Many of the properties of f(n,k) carry over to
the general case.

The list of references at the end of the paper is by no means complete. A comprehen-
sive bibliography of Catalan numbers is included in [1].

2. It follows at once from the definition that

k

(2.1) f(n,k) = E fn - 1,j) @ =k=nn=1,
=1

where it is understood that f(n - 1, n) = 0. From (2.1) we get
(2.2) fn,k) = fo, k-1) + f@ - 1, k),

where again 1 = k = n, n = 1.

Making use of either (2.1) or (2.2) we can easily compute the table shown at the top of
the following page.

It is evident from (2.1) that the total number of sequences satisfying (1.1) and (1.2) is

equal to
(2.3) fo +1,n +1) = f(n +1, n) .
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k

\ 1 2 3 4 5 6 7
1 1
2 1 1

fn,k) : 3 1 2 2
4 1 3 5
5 1 4 9 14 14
6 1 5 14 28 42 42
7 1 6 20 48 90 | 132 132
We now define
Kk

(2.4) b(n,k) = E 25T ¢, ) .

j=
Using (2.2) we get

k
bn,k) = sz'j {f@, j - 1) + f@ - 1, )}
j=
k-1 k
= Z 21 5, ) +Z 2V ¢m -1, ),
=1 =1
so that
(2.5) b(n,k) = b, k-1) + b - 1, k) 1 =k <n).
However, for k = n, we get
(2.6) b(n,n) = b(n, n - 1) + 2bn - 1, n - 1) .
It follows from (2.5) that
k
(2.7 bn,k) = Z b@ - 1, j) @ =k = n);
=1
however
n-1
(2.8) b(n,n) = Zb(n -1,3§ +2b(@ -1, n - 1).
=1

The table shown at the top of the following page is easily computed using either (2.4) or
(2.5) and (2.6).

Examination of the table suggests the following formula.

(2.9) b(n,k) = (n ;; l_{ I 1) =%k =n.

It is clear from (2.4) that
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k
\ 1 2 3 4 5 6

1 1
2 1 3
b(n, k) : 3 1 4 10
4 1 5 15 35
5 1 6 21 56 126
6 1 7 | 28 84 210 462
(2.10) b(m,1) = 1 m=1,2,3 ),

in agreement with (2.9). Assume that(2.9)holdsfor n =1, 2, ***, m and 1 < k < n,

by (2.7), for k = m,

k k k
bm + 1, k) = E b(m,j)=§ (m;{‘11>=§ (m‘“lga‘l)
=1 =1 =1
_fm+kY) _[m+k
"\m+1) " \k-1])°
On the other hand, by (2.8),
m
bm +1, m +1) = E b(m,j) + 2b(m,m)
=1
m
_ m+j-1 2m - 1
-E( i )(ml)
=1

(=) ()

This evidently completes the proof of (2.9).
Returning to (2.4), it is evident that

(2.11) f(n,k) = bn,k) - 2b(n, k - 1) 1 =k =n).
Therefore, by (2.9),

_fn+k-1 n+k-2Y _n-k+1fn+k-2 -
win o= (10) o) ek () -

In particular, for k = n,

(2.13) f(n,n) = flf(zr? C 12> .

[Nov.

Then
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Thus, by (2.3), the number of sequences that satisfy (1.1) and (1.2) is equal to the Catalan
number

(2.14) o = - 1 . (fln> .

Making use of (2.12), it is easy to verify that

¢ £, K) f, k +1) | o
(2.15) ltn +1, K £ +1, k + 1)| >0
and
(2.16) fz(n,k) > fn, k - 1)f(n, k + 1) .
3. Put
(3.1) Clx) = z cln) x* .
n=0
Since
s =)
@ - adt = Y (-1)“(‘%)(4@“
n=0

It I
[ [
] 1
4 1
M AL
s —
+‘t—* 5 B
- I
s B o
~—— vx
Y =
=

n=0

it follows from (2.14) and (3.1) that

(3.2) 0k = 5 (0 - NT - &%) .
Thus
(3.9) xC%(x) = Cx) - 1,
which is equivalent to
n
(3.4) cln +1) = ZC(k)C(n - k.
k=0

In a letter to the writer, Dr. Jirg Rétz had inquired about the possibility of proving
(3.4) without the use of generating functions. This can be done in the following way. Put

n
(x+-i )n Ak

x+k °’
k=0

X,
n+l
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where

(a)n =a@a+1)eee(@a+n-1).

()
n+1 1
Ak[x+k] = (E'k)
x=-k

and a little manipulation leads to

Then

Thus we have proved the identity

1
(5.5) /20 x+7), 1 {2\ (e - 2
* Zx;n+1 - x+k\ k n -k *

It is easily verified that

2n -
G +3), @y
TR E+D,

so that (3.5) becomes

In particular, for x = 1, we have
n
1 2k 2n—2k_(2n+1)' (2n+1
k+1 k n -k Tt + 1)t
k=0
It follows that

) <o (2) (222 2 e (2) (522)

k=0 k=0

n
_ n+ 2 2k 2n - 2k} _
B (k+1)(n—k+1)(k)(n-k)_(n+2)§:ckcn-k :

k=0 k=0

S
-1
+ +
Ll V)
SN’
Il
[\
X
b=
+
[y
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This evidently proves (3.4).
4. We now define

haid n

(4.1) F(x,y) = :}: E f(n,k) <2y .
n=1 k=1
Then, by (2.1),
ad n-+1
n_k
FX,y) = xy + X E E fo + 1,k) x vy
n=1 k=1
oo n+l
= Xy + X 2 -(E f(n,j) < yk
n=1 =1 j=1
n+1
= Xy + X E E f(n,J)nyE k]
n=1 j=1 k=j
= xy + y f(n,9) 2 Y -
n=1 j=1

n=1 j=1

Since, by (2.13) and (2.14),
n

Z f(n,j)

=1

fon +1,n +1) = cl),

we get

1 -x - yFEy

n=1
and therefore
(4.2) A - x - YFE,y) = xy - xy2C(xy) .
Now put
00
(4.3) F & = Z f + k, k)= @ =

k=1
Then

F(x,y) = E E fn + k, KK = an_n E fn + k, k) (xy)™

=0 k=1 n=0 k=1

n ]+2

F(x,y) - —y—z Zf(n,;)x y .

xy(l - y) - xy? E cm)xy)"

0) .

537



538 SEQUENCES, PATHS, BALLOT NUMBERS [Nov.

so that
(4.4) F(x,y) = E y‘“Fn(xy) .
n=o0

It follows from (4.2) and (4.4), with x replaced by xy_l, that

a - xy_l -y E y_nFn(x) = x - xyCx),

n=0
or preferably
)
(4.5) 1 -y +xy?) Zyn F &) = xCkx) - xy.
=0
Comparison of coefficients yields
(4.6) S +<$“(’3 o m=2
n n-1 n-2 - :

Thus
Fix) = Fyx) - x = xCx) - x = x2C¥x),
by (3.3). Next
Fox) = Fix) - xFp®) = X Cx)(Cx) - 1) = x* C3(x) .
Generally we have
@.7) F e = 3" ",

as is easily proved by induction, using (4.6).
Clearly (4.7) implies

(4.8) F & = xCERF ;& nh=1.
Since
xC(x) = Z f(n,n)Xn s
n=1
it follows from (4.8) that
k
(4.9) fn +k, k) = E: £fG,)f0 + k - j, k - + 1) n = 1).

i=1

When n = 1, (4.9) reduces to (3.4).

If we define

(4.10) f &) = f(n, k)xk ;
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we have
n
@ - 9 @) = {80,5) - £, k - D} - fa,)x"*
k=1
n-1
= 5 f(n - 1,k)xk - f(n,n)xn-'_1 .
so that
(4.11) a - x)fn(x) = fn——l(x) - f(n,n)xn-"1 .

By iteration of (4.11),

a - X)zfn(x) fn~2(x) - fn -1, n - D - fo,n)x"1 - x),

@ -% 6 = § 6 -f0-20-28" —f-1, n-Dx"A - %) - fou)x @ - 22

and generally
k-1
(4.12) a - X)kfn(x) =f & - E :f(n _ g, n - P _ gkl

J=0

In particular, for k = n -1, Eq. (4.12) becomes

n-2
@ - x)n_lf x) = x - Zf(n —jyn - j)xn_jﬂ(l _ X)n—j-z ,
n J=o
so that
n
(4.13) a-=% & =x- Zf(j, et - it
=1

For example, for n = 3,

1 - x8x +2x% + 2x3) = x - x2 - x5 - x4 + 4x% - 2x8

X - x - %31 - x) - 2xt1 - x)? .
If we put

n

(4.14) G 6 = x - E G, 90 a - i
=

(4.13) becomes
(4.15) a- x)nfn(x) =G, .
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We shall show that (4.15) characterizes the f(n,k) in the following sense. Let

(ai, ay, ag, ces)

be a sequence of numbers such that

n

(4.16) An(x) = x - E aj xjﬂ(l - x)j"1
=1

is divisible by (1 - x)n for n =1, 2, 3, *++. Define gn(x) by means of
_ n

(4.17) AR =Q0Q-x"g&,

so that gn(x) is a polynomial of degree n. We shall show that

(4.18) gn(X) = fn(x) (n =1, 2,3, "') .

For n =1, it follows from (4.16) and (4.17) that a; =1, g(®) = x. For n =2 we
have

x-x2-a,x31 -x) = (1-x2gK,
so that a3 =1, gy(x) =1 +x, For n = 3 we have
x - x2 - x3(1 - %) - a3x¥1 - x)2 = (1 - x)3gx),

which gives

a3 = 2, gyx) =1+ 2x + 2x2,
It follows from (4.16) that
_ n+l1 n-1
A& -A K =2ax "0-x ",

so that, by (4.17),

@-0"tg 0-0-20"g@=2x"a-x

n-1
n-1 )

Thus

(4.19) g, ) - @ - ng @ =a £



1972] SEQUENCES, PATHS, BALLOT NUMBERS 541
On the other hand, by (4.11),

(4.20) fn_l(x) - @1 - x)fn(x) = f(n,n)xn+1 .

Now assume that (4.18) holds for n =1, 2, **+, m - 1, Then by (4.19) and (4.20) we have

a - x)[fm(x) - gm(x)] = [am - f(m,m):lxm-'-1 .
This implies

a = fm,m), fm(x) = gm(X) s

thus completing the proof of (4.18).
In the next place, we have, by (4.13),

n
£ = x@ -0 - E £G, M@ - 9
=1
0 n 0
= x _J(n * E - 1)xk - E f(j’j)xj-‘-1 E (n - f{+ k) =
k=0 j=1 k=0
00 0 n
- x (n+ll:—1)xk_ E ;xkﬂ z ;(n —kZJ_-I:ik) £, ) -
k=0 k=0 j=1
=k
Equating coefficients, we get
k
(4.21)  fo, k +1) = (n YE 1) - 2 : (n _kzj-.;k)f(jsj) © =k =n.
=1
and
n
-2j +k . n+k-1
(4.22) E (“ ko] )f(J,]) =( : ) ( = n).
=1

In particular, for k = n, (4.22) becomes

n
(4.23) Z(zg B ]2J> £G,j) = <22_'11) =

=1

=

<2f) = 1).

Then
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Since

it follows that

E £G,§)

i i
1a - 4x)2 {(1 - 4x)" 2 - 1}
=1

1
-12-{1 - Q- 4x)’2} .

Thus we have obtained another proof of (3.2).

We can also prove (3.2) — or the equivalent formula (3.4) — directly from the definition
of f(n,k). Consider the sequence (aj, ap, *++*, ap41) Wwith

1=a =< a =< ... a4 =1 aisi i=1,2,°+,n).

Let k be the largest integer such that a = k. Clearly k=n and Y = k. Now break

the given sequence into two subsequences

@y s ey )y (@ sttt ).

Put
bj=ak+j—k+1 G =1,2, ¢, n-k+1).
Then
1 =D =< by = - bn_k+1=n—k+1;
by =] G=1,2,+++,0n -k +1).
It follows that
n
(4.24) fo + 1, n) = E fk,kK)fn -k +1, n-k+1).
k=1

Since
cn) = fo +1,n) = fon +1,n + 1),
(4.24) reduces to

n
c(n) = E ck)etn - k).
k=1
More generally consider the sequence (a3, ag, «++, ap4q) with
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As above let k be the greatest integer such that 2, = k. Then k=m =n and iy = k.

Break the given sequence into two pieces:

(als c° ak)’ (ak'l'l’ Ty an+1)
and put
bj=ak+j—k+1 G=1,2,°+,n0-k+1).
Then
1 =b1 sz = s-osbn_k_l_l =m_k+1;
by = ] G =1,2, c¢e,n -k +1).
It follows that
m
(4.25) fn + 1, m) = E fk,k)fn - k +1, m - k + 1).
k=1
Replacing n +1 by r+m, (4.25) becomes
m
(4.26) fr + m, m) = E fk,Kf(r +m -k, m - k +1).
k=1

This furnishes another proof of (4.9).

5., We now consider the following generalization of f£(n,k):

(5.1) f(ﬂ,k, q) = é qai‘l'az'[‘- s .+an ,

where the summation is over all a;, ay, *--, a, that satisfy

(5.2) l=2a =a =- =2a =k
and
(5.3) a, =i i=1,2,°",n).

It is clear that f(n,k,1) = f(n,k).
It follows at once from the definition that

k
(5.4) fn,k,q) = 01k E fm -1, j, o),

=1

where f(n - 1, n, q) = 0. From (5.4) we get
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(5.5) £k, = qfn, k - 1, g) + ¢F - 1, k, o) .

Making use of either (5.4) or (5.5) we can compute the following table.

o klq 2 3 4 5

1 j4q

2 | o

3 | at +¢f o +qf

4 q4 q5+q6+q7 q6+q7+2q8+q9 q7+q8+2q9+q10
To bt 909+ 200 + 28| 0B + o + 2610 + 301 | of 4 gt + 2lt 43012
q' +g° +2q° +2q" + 2 q® +q’+2q0 +3 o’ + + 2q* +3

5 |d*|®+qT+a¥+d? R gm + 3124313 + 314 +3313+3314+ 315

It is evident that

(5-6) f(ns]-,q) = qn (n =1, 2, 3, "')
and
(5.7) fin,n,q) = aof(n, n ~ 1, @ .

Also, by (5.4), the sum
(5.8) f(n,q) = E 218yt tan

vl

where now
(5.9) 1 £ <a; <. =<a, = a, =i,
satisfies
(5.10) fn,q) = g + 1,0, 9 = g M0 +1,n +1, g .

It is also easily verified that

n-1
(5-11) f(n,Z,Q) = qn+1 1T__qT

6. It is convenient to consider the polynomial an(x,q) defined by means of

(6.1) (@), 2,660 = 1 - x E alk, k, 0) (@) (0, »

k=0

n+l

where

(6.2) @, = @ -200- g - T, ®p = 1.
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The definition (6.1) may be compared with (4.13).
For n = 0, (6.1) becomes
1 - xayx,q@) = 1 - xa(0,0,q) ,
so that
a(0,0,q) = 1, ax,g = 1,
For n =1 we have

1 -x0 - ga(x,q) = 1 - xa{0,0,q) - gx*(1 - x)a1,1,q9) ,
which implies
a(l,1,q) = q, (X, =1 +gx .
For n = 2 we have

(1 - x1 - @ - ¢™ay(x,q) = 1 - x - ¢®x*(1 - x) - &3 - X - gx)a(2,2,g).

This yields
a(2,2,9) = 1 + q, ax,q) = 1 + {q + ¢?)x + (® + gf)x®.

We now show that (6.1) uniquely determines a(n,n,q) and an(x,q). Clearly (6.1) implies

&) 4 2,9 = & a &9 - xa@,n, 01)(01X)n(x)][1 :
or

(6.3) @ - qHX)an(x,q) =a 409 - " a(n,n,gx"*1,

For x = g this becomes
(6.4) an,n,q) = q° an_l(q_n, a) -

Substitution from (6.4) in (6.2) shows that an(x, q) is uniquely determined and is of degree n
in x, We may accordingly put
n

(6.5) an(x,q) = E aln,k,g)x" ,
k=0

thus incidentally justifying the notation a(n,n,q) in (6.1).
It now follows from (6.2) that

(6.6) aln,k,q) = q’atn, k - 1, ¢ + an - 1, k, g
. , 0
a(n,n,g) = qam, n -1, g .
Iteration of the first of (6.6) leads to
k
(6.7) aln,k,q) = E qJna(n -1, k-j,d.

=0
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If we put
1
(6.8) a(n,k,q) = q2k(k+1)b(n,k, q »

(6.6) becomes

6.9 bin,k,q) = bn - 1, k, @) + " b, k - 1, @
b@,n,q = b@, n - 1, q .
The following table is easily computed.
k

{n 0 1 2 3 4

0|1

141 1

2 |11 1+q 1+q

3 1| 1+q+¢? 1+2q+q+¢d 1+2q+¢+¢°

9 . 3|1 +2q+2¢ +24 |1 +3q+ 3¢ + 3¢ +2¢* |1 +3q+ 3% + 3¢ + 2¢¢
4 |1j1+q+qg° +q + gt P + P+ b + o+ of

Comparison with the table for f(n,k,q) suggests that

i
(6.10) fn +1, k + 1, g = & D@D =gkl ooy

To prove (6.10), substitute from (6.9) in (5.5). We get

G @)= kD) 1y k) 3kle-1)4 1

b, k - 1, q_ )

1
+ q(k+1)n-ﬂzk(k+1)+k+1b(n _ 1, k, q—l) ,

that is

bk, ) = ¢ b, k - 1, g75) + b - 1, k, g7

).
Replacing q by q_l, this becomes

b(nsk’q) = qn_kb(n, k-1, q) + b(n -1, k, q) 3

which is identical with (6.9). This evidently proves (6.10).
7. It follows from (6.9) that b(n,k,q) is a polynomial of degree k in qn. Put

k
(7.1) b(n,k,q = @_)1_ E 0(k.S)an >
k 5=

where c(k,s) = c(k,s,q) is independent of n. Using (6.9) we get
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k

-Skl‘q ek -1, 8 - 1).

1-g°

clk,s) =

This yields
(7.2) cli,s) = (-1)%5E" k’[ ]c(k s,

where c(k - s) = ¢c(k - s,0) and

[k] _a-dha - & a5
s 1-q-qg)..0-q°

Thus (7.1) becomes
k
1 s s(s-k)| k ns
(7.3) b(n,k,q = (-7 q ck - s)q
a3 L

By (6.9) and (7.3) we have

k-1 .
b,k +1,0) =BG - Lk + 1 9 = g E %I Kot - 9 g >0,

Summing over j gives

_k 1 (k+1)(s+1) (n+1) (s+1)
b k1, @) = G E 0° Kot - 9 -4

1-q
K+1

_ 1 § : s s(s-k-Dfk + 1 ns
= m -7 q [ s ]c(k -8+ 1)g
$=0

K+1

q)k 2:(1)3 s(sl)k-sbl]c(k_s+1).
+1

Comparison with (7.3) yields

K+1

~ 2 : -1)S qs(s—l)[k -S+ 1]c(k s+ 1),
s=1

that is,

k
(7.4) Z (-1)% qS(S—l)[l;]c(k -8 =0 k > 0.
S=0
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The c(k) are uniquely determined by (7.4) and ¢(0) = 1. In particular
c)) =1, c¢@ =1+qg-¢, o3 =1+29+2¢+7 - .

To get a generating function for c(k), put

(7.5) 8 = Z Cof FED g,
=0

Then, by (7.4),

©0

(7.6) Z @t/ = f%a .

n=0

In the next place put

f(xt) _ E : t

(7.7) T llln(x) G)—n— s
n=0
where
n

(7.8) ) = E 1S qs(s_l)[rsl]c(n _axS .

=0
In particular, by (7.3),

S n = L
(7.9) bn +k -1, k, g = (q)k ll!k(q ) bk, k,q) (q)k d’k(q)
Therefore, by (7.7),

zm; k _ fg™t)

(7.10) b + k - 1, k, )t =?qfr (0 > 0.

k=0

While f(t) resembles the familiar series

02\ [~e] _1
n=o0 =0
and
(-] 1 (-]
E : " q-zn(n—l) tn/(q)n - ﬂ(l _ qnt) ’
n=o n=o

its properties seem to be less simple.
It follows from (7.5) that



1972] SEQUENCES, PATHS, BALLOT NUMBERS 549

(7.11) £(t) - f(gt) + tf(g%) = 0.

Repeated application of (7.11) leads to

qlzn(n-l) n,, n+l

(7.12) tf(q- t) = -A ) + B (t)f(qt) =0,

where Ap41(t) = By(qt) and
= s s(s-1)[n - s7,s
(7.13) B () = E ENE e i (o
2s=n
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