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In a previous art icle [ l ] , the wri ter has presented properties of certain numbers A 
defined by the generating function 

OO 

(1) f(n) = (1 - u)-'(l + uH = E A « ° • 
n=0 

In addition, Professor H. W. Gould of West Virginia University, in a recently pub-
lished paper [ 2 ] , has indicated several additional identities for the A coefficients. 

We now introduce the generalized numbers A (x) defined by the generating function 

(2) g(u,x) = (1 - u T ^ l + u)X = ] T A n (x)u n , 
n=0 

which is valid for all real or complex x; from this, the following relations are evident: 

(3) f ( u ) . = g (u , - .J ) 

(4) K = A (- \) 

(5) An(x) 
k=0 

where the combinatorial coefficients satisfy the basic relations: 

A useful special result is the identity: 

(1)=H>k(2
k

k) 
225 
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The purpose of this paper is to present some propert ies of the coefficients A (x). 
Gould [2] has demonstrated that most of the identities shown in [l] are old resul t s , citing 
numerous references to substantiate this claim. Likewise, in private communications with 
the wri ter , Gould has indicated that the coefficients A (x) have been studied extensively by 
previous mathematicians. However, Gould [2] indicated that one identity proven in [ l] ap-
peared to be new in the l i tera ture , and restated it in the following form: 

(8) A n " I L r I k)I " I n E l n - k / 2 k + 1 
I k=0 I ' k=0 X / 

Gould, who as well as being a mathematician of the highest order , is an expert in the field of 
information retr ieval , was impressed by the apparent novelty of the relation in (8), and his 
closing remarks in [2 ] stimulated a search for a suitable generalization of (8). This search 
was initiated by the wri ter in an effort to find a single-sum expression for the coefficient 
A2 (x). In this respect , he has failed. However, the wri ter did discover an unexpected gen-
eralization of (8) by empirical methods, and this is expressed in the following elegant form: 

An<x - i)An(-x. i) = | x ; ( V ) l | i : ( ~ x
k ~ ' ) | 

. (k=0 ) I k=0 x ' I 

i/x" A^/-x—1\x--2-n J-*- A A / x - i\x + 1T+ n 
(9) 

k=0 A 2" k=0 

It is easily seen that when x = 0, Eq. (9) reduces to (8). Relation (9) would appear 
to be a new combinatorial identity. 

Before we furnish a proof of (9), we will present a l is t of various identities involving 
the A (x) coefficients, each identity accompanied with a brief indication of the method used 
in i ts derivation. The purpose is to familiarize the reader with some of the known resul ts . 
The A (x)fs satisfy the following second-order recursion: 

(10) (n + l)An + 1(x) - (x + l)An(x) + (x - n J A ^ f c ) = 0 . 

Recursion (10) is easily verified from the definition of A (x) in (5). For x = - \ , it be-
comes recursion (7) in [ 1 ]. 

[n /2 ] / w \ 
(ID An(X) - (-i>» S (-Dk(j)(;\-i) ; 

k=0 

derived by expressing g(u,x) in the form (1 - u)~ ~ x ( l - u2) , and obtaining the convolute. 
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For x = i , (11) becomes formula (11) in [2]. 

(12) w-i-»u(i)i:^(i)Hi ' 
% / k=0 x ' 

derived by expressing g(u,x) in the form 

/i \ x ~ l /-, ^ 2u \ x (l.u) | l + r - j , 

and obtaining the convolute. For x = - | , this becomes formula (12) in [2] , which was p r e -
viously stated in variant form as formula (22) in [ l ] . NOTE: Identity (12) has been sub-
mitted to Advanced Problems Editor as a proposed problem. 

(13) A (x) = r ) , H 2J 

n (*) 
. (x) = f x \yW0k x. n 

x - k 
k=0 ' " * 

derived by obtaining the convolute of the function g(u,x) expressed in the form 

(1 + u) 

For x = - 1 , this becomes formula (13) in [2]. 

U2 A-2X-1 -t2„ ^ u2n ^(- l ) ku2 k - 2 x 

>z I t e dt = x x — 
0 n=0 " "" k=0 

e^ J L e Qt =
 ZJ-^ZSL, k i (2k-2x) 

0 n=0 l n-
(14) 

^ ( - l ) n A n ( x ) u 2 n - 2 X 

" 2^ 7~7 ; 

n=0 (2n - 2x) I * 1 n! 

(using (12) above). For x = —*s this becomes formula (11) in [ l ] , restated by Gould as 
formula (14) in [2] . 

° (0 

(k) 

(-2>n = ( j )S ^>k fj: \ « 
Relations (15) and (16) a re obtained from (12) and (13) by inversion. For x = - j , (15) and 
(16) become (15) and (16), respectively, in [2] , which Gould obtained by the same method. 

W (k) 
(17) 2 — {1 + (-1)" C ] > = V V- f Aol (x) 

(16) i-«i - \ n ,z^ ™ —^ « k w ^ ^ - ^ 
k=0 

^ { i + (-i)n(^)"1}= L 
1 X ; k=0 W * 2 k w x - 2k 
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i ( / \ - i ) L 2 J (2kn+ i ) 

1 w ; k=° ( 2 k +1) 
as) a — u - c - D - m > = > : ^ * A2k+1(x) x _x -kn_ 1 . 
Relations (17) and (18) are obtained by respectively adding and subtracting (15) and (16). 
When x = - -|, (17) is equivalent to (17) in [2]. 

u °° 
i r a i ™—* / -i\n 2n-2x 

( l - u ^ ) — 1 / t"2^1!! - t* ) X d t =£ (-1} U
 / x , 

(19) 
_ " ( - l ) n + 1A (x) ^ 2 n - 2 x 

" ^ ( x - n ) f X V (2 -uV W 
J ? t - 2 x - l * , 1 ) n u 2n-2x ~ ( - l ) n + 1 A (x) u2n-2x 

(20) / 7T7dt = 2-isnrsr = 2J ( x . n )M • ^ - ^ 
0 n=0 n=0 I n J v 

1 
(21) An(x) = (2n - 2x) (*\ f f2x"1 (2t2 - l ) n d t . 

X ' 0 

A proof of (19) is indicated below. Let the left-hand side of (19) = y, i. e. 

k„2k-2x _ 2 n _ 2 x E / . x - l \ , lVn 2 n V / x \ ( - l ) K u Z K " Z x v ^ a ; 

( n ) ( -D u 2 J k ) (2k- 2x) = 2, V 
n=0 X ' k=0 X n=0 

OO OO 

Y ^ / x \ ( - l ) k u 2 k ~ 2 x V-* / - x - l \ , -vii-k : 
y = Z,(k P W ^ x 7 - S ( n - k ) ^ U 

k=0 X ' n=k x ' 

E t .lXn 2n-2x \~"* (-L) U Ls (2k - 2xT 
n=0 k=0 

We will return to the above expression, but first we will direct our efforts toward finding an 
expression for 6 , as defined above. If we differentiate the integral expression for y and 
its ser ies form: 

OO 

y» = (1 - u 2 ) " x " 1 u " 2 x " 1 ( l - u2)X + 2u(x + 1)(1 - u 2 ) " "^ = J2 (2n - 2x) 6 RM2XI''2K"1 . 
n=0 
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/ . (1 - u2)y' = u " 2 ^ 1 + 2u(x + l ) y ; 

converting this differential equation into ser ies form by means of the foregoing relations, we 
obtain a recursion: (n + 1 - x>^n + 1 = (n + D^n(n = 0, 1, 2, • • •); 1= -2x6Q (x ? 0). By an 
easy induction on this las t recursion, we obtain the expression 

>n = ( - l ) n + 1 / 2(x 

this proves the first identity of (19). We may convert such form as follows, by use of (16): 

y 

(-1) Ak(x) n - l / n \ 2n-2x 

£ ^ £ - 2 W 
°0 k OO 

(-1) Afe(x) - n - k - l / n + k \ 2n+2k-2x 

E ^ 5 " 2 (k ) u k=0 

(-1) A (x)2 2k-2x / n , ! r k - l 
y = Z - ^ ^ /x \ U d - i u 2 ) 

k=0 ( x " k ) W 
which reduces to (19). If we return to the double summation expression for y which we first 
obtained, we arr ive at the interesting identity: 

(22) :—-nx = "E » . ( ! ) 
= y M M \ n - k j 

(X - xV lf „ , k = ( ) 

Relation (20) is similarly obtained from (15) being substituted in the first identity of (20), which 
is readily obtained from the integral expression by direct integration of a geometric s e r i e s . 

Relation (21) is derived from (12), and may be verified by expansion of the integrand in 
(21), t e rm-by- te rm integration and comparison with (12). 

E A (x) °° J (u)un 

_ * _ ( i u )
2 n

 = y *L__ 
/__ _\ / x \ „f„f 2 £^ (x - n)n! p̂ n=0 ( x " n ) l n I n=0 
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Relation (23) is obtained by employing the definition of J (u), the ordinary Besael 
function of n order , and relation (12). 

_ 2n-2x 
( 2 4 ) J r ^ a - t ^ d t = £(-!)*(*)«! 2n - 2x 

n=0 

Relation (24) is obtained by expansion of the integrand and te rm-by- te rm integration of 
the result . 

By the substitution of x = - i in (19)-(21), (23) and (24), we obtain Gould* s 'idantttifis 
(18), (19), (21) (in variant form), (28) and (35) in [2] . 

By the substitutions u = iv, t = is in (19), (20) and (24) (and reconverting back to the 
dummy variables u and t) , we derive the following: 

(25) (1 + u2) 2 v - X -
u °° 

2n-2x -1 f t - ^ t t + tffdt = y;—± 
0J n=0 ( 2 n " 2 X ) ft 

A (x) 2n-2x 

^ ( n - x ^ M (2 + u*)n + 1 
n=0 

(26) 

(27) 

U -2x-l J l , „2n-2x J ! , An(x) u2n-2x 

/ ^ * ^ = ^ ~2X=^l ( n - x ) / x \ 0 n=0 n=0 I n J 

2n-2x 
2x 

If, in (19), we make the substitutions 

v 2 , - * - = * 
2 - u2 2 - t2 

(and then reconvert to the dummy variables u and t), we obtain: 

00 A / \ 2n-2x 
x _ _ A (x) u (28) (1 - u ^ - 1 f r 2 * - 1 (1 - t 2 ) dt = y ; (-Dn s. 

1 + t2
 n = Q (2n - 2x) 15 

The ''conjugate" of (28) is the Mlowing: 
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u
 v oo A /~\ „ 2 n - 2 x 

(29) a + u*)-*-1 f r 2 x - 1 ( 1 + t2) dt = y -± 
/ 1 - t2 ^ (2n 0 - " - n=0 ( 2 n - 2 x ) ft' 

Another genus of relations is obtained by considering variations inform of the basic definition 
of g(u,x) in (2), or related functions. For example, since 

(l + u ) x + r ( l + u ) - x + s = (1 + u ) r + s 

we arr ive at 

S(*")(»: ;)-(r-') • 
This is simply a special case of the Vandermonde convolution theorem; its chief point 

of interest here is the invariance of (30) with respect to x. Setting r = 0 and s = - 1 , as 
a special case of (30), we have: 

k=0 

By considering the convolution of the expression 

(1 + u ) X + r ( l + u j r X + S ( l - u ) " 1 = (1 + u ) r + s ( l - u ) " 1 , 

we obtain the following identity: 

(32) V * T I A„(-r 4- s) - A ( r + s> . 
k=0 X ' 

fcV* • 0 / x^v 

Again, the interesting point in (32) is the invariance with respect to x of the right member. 
When r = 0, s = x, we obtain th 
x in (32), we obtain the recursion: 
When r = 0, s = x, we obtain the expression in (5) for A (x). By setting x = 0 and s 

(33) Vx + r) = 2 . ( k J A n - k ( x ) • 
k=0 

Another interesting identity displaying invariance on x is obtained by considering the con-
volution of (l + u ^ d - u ) " 1 - (l + u ) ~ x + s ( l - u ) " 1 = (l + u ) r + s ( l - u ) ~ 2 . 
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n 

(34) ^ A k ( x + r ) A
n - k ( " " x + s ) = ( n + 1 ) A n ( r + s ) ~ ( r + s ) A n - l ( r + s " X) ' 

k=0 

As special cases of (34), for r = 0, s = 0, we obtain: 

n 

(35) ^2 Ak(x) An-k("x) = n + 1 ' 
k=0 

For r = 0, s = - 1 , (34) yields: 

(36) Yl Ak ( x ) An-k(- x - 1) = 1 + [̂ ] 
k=0 

By considering the sum 

E (l + u ) x + k
 = (1 + u)x ^ (1 + u ) r - 1 

1 - u 1 - u u 
k=0 

we obtain the following recursion: 

r - 1 

k=0 k=0 X / 

For r = 2, we obtain as a special case of (37): 

(38) A (x + 1) = A (x) + A , (x) . 
n nv n -1 

We may also derive (38) by letting r = 1 in (33). As should otherwise be evident, this is 
the same recursion satisfied by the binomial coefficients, i. e. , if j I is substituted for 
A (x). nv 

The l is t of identities in (10)-(38) is by no means exhaustive, and indeed it should have 
by now become evident to the reader that the variety of derivable identities stemming from 
the basic definition in (2) is virtually unlimited. As previously intimated, Gould [2] has ob-
served that far more general resul ts a re available in the existing l i tera ture , and it is p r i -
mari ly for this reason that (10)-(38) have been offered with a minimum of explanation. The 
real purpose of this paper is to give a proof of (9), and the other identities have been pre sen ted 
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solely for the sake of exposition. The proof of (9), which follows, depends on differential 
equations and the method of equating coefficients. The wri ter was unable to obtain a more 
direct proof, and this is left as a project for the interested reader. 

We begin by adopting the following definitions, in the interest of simplicity of expression: 

(39) C n = A n ( x - | ) ; C n = A n ( - x - ^ ) 

(40) Qn = cncrn 

(41) Rn = Q n - Q n _ 1 

(42) -̂(':<)• ^-M 
(43) K = J J 

' n n n 
(44) q = Kt = \ - * 

Some useful relations a re indicated below, which a re evident from the definitions given 
in (39)-(44): 

(45) C = C 1 + J ; ( T = C " 1 + J 
v ' n n -1 n n n -1 n 

(46) • C 1 - 1 ) , i; J -r ''•> , 
n I n I n -1 ' n I n I n -1 
n \ 

n 

^ n 

\({-n)>. 

j n2 

^ n . 

- x 2 J 
(47) K„ = { - I K , = q + » ( " - l > K 

I n 2 1 

Our aim is to first obtain a recursion for the coefficients Q , then to show that the 
same recursion, with the same initial conditions, is satisfied by the expression in the right 
member of (9). The following development makes free use of the relations and definitions in 
(39)-(47): 

R = C C " - C 1 C * , = C C " - ( C - J ) ( C " _ J ) , n n n n -1 n-1 n n n n7 n n 

or 

(48) R = J C " + J C - K . v ' n n n n n n 

If we increase the subscript in (48) by unity, multiply by (n + 1), and apply (45)-(47), 

we obtain: 
(n + l ) R n + 1 = (n + l ) J n + 1 ( C n + J n + 1 ) + (n + 1 ) 3 ^ + J n + 1 ) - (n + D K n + 1 . 

or 
(49) (n + 1)R ^ = (x - i - n)J C" + (-x - J. - n) J C + (n + 1)K a.1 . 

n+1 2 n n 2 n n n+1 

If we decrease the subscript in (48) by unity, and again use relations (45)-(47), we 
obtain: 
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E - = C" - J - + C n J , - K , = (C -1)1 2 ) J 
n -1 n-1 n -1 n-1 n-1 n -1 n n 1 , 1 I n 

\ x + L - n / 

a " J a ) U 4 - 0 T n " ( q + n ^ " ^ ' + (c. 

Multiplying the above throughout by 

. i 
2 

(x + i - n ) ( - x + i - n) 
llJ^LzJL, (q + n f a - D ) = ( . x + i n ) ( c _ J ) j 

n n n -1 2 n n n 
+ (x + SL _n)(C - J )J - nK , or , ^ v 2 n n n n ' 

(50) I 2. + n - 1 J R _, = (-x + J- - n)J C* + (x + I - n)J C + (n - 1)K 
1 « i - i 2 nn * nn n (i* »-')»»-! = 

If we now multiply (48) throughout by 2n and add this result to the sum of (49) and (50), 
we obtain the following recursion: 

(51) (n + 1)R ^ + 2nR + ( ^ + n - l ) R ., = (n + 1)(K n - K ) v n+1 n I n I n -1 v ^ n+1 n 

If, in (51), we substitute for R the expression Q - Q - from (41), and similarly 
for the other subscripts , we obtain a th i rd-order recursion involving the Q f s : 

(n + l ) Q n + 1 + (n - l )Q n + ^ _ n _ X J Q ^ . ^ + n . ^ Q ^ 

This, then, is the recursion which we now seek to demonstrate is also satisfied by the 
expression in the right member of (9). 

We begin by introducing some additional definitions, again for the sake of brevity: 

n 1 n , i , 
^ - x - \: " n _ _ ^ x + i + n 

(53) P = J > J J . ; P = J > J . — — 
n n Z-> n-k t , ' n n Z^r n-k t , 

k = 0
 x - 2 ~ K k=0 x + 2 + R 

(54) h = w(u,x) = -(1 + u)"A" 2 J i . dt ; h = w(u, -x) . 
0 X " l 

The statement of identity (9) may then be condensed to the simple form: 

(55) Q n ^ P n + Pn*-

Since 

n=0 ^ / 
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and 
u 1 °° 1 

-x~J „-x+j-+n 

235 

ff^--z^ 0 n=0 x " 2 " n 

°° n / l \ °° n — 

n=0 k=0 X / x - f - k n = Q k = ( ) x - - - k 

Comparing the la t ter expression with the f irs t definition in (53), we have: 

P u " x + ^ + n P u
+ x + T + n 

(56) h = ^2— ; s imilarly, h = ^ — 
n = 0 (x - \ - n)Jn n = ( ) (-x - \ - n)Jn 

By differentiating h, we obtain the expressions: 

(57) h' = V — 2 ± i — = - P 0 i T X - ^ + Y\ — 
n+1 „ (x - i - n)J 

n=- l n=0 * n 

T o/o " (n + 2)P n + 9 u _ x + -2- + n 

h» = (x + ^ ) P 0 u - x - 3 / 2 + V 22 

( 5 8 ) » -x+i+n 
x 3/2 x i V - ( n + 1 ) ( n + 2 ) P n + 2 U 2 

= (x + ^ ) P 0 u _ X _ 3 / 2 + PlU-X"-2 + J^ ~ — 
„ (x - -I - n ) J 

n=0 2 n 

On the other hand, if we differentiate h, as defined in (54), we obtain: 

h' = -(1 + u r x " 2 V x " - 2 ( l - u ) " 1 + (x + 4)(1 + U ) - X _ 3 / 2 / \—4 dt 
0 

= -(1 + u ) - x - 2 u " x _ i ( l - u ) " 1 - (x + i ) ( l + u ) _ 1 h , 
or: 
(59) (1 - u2)h' + (x + ^)(1 - u)h + (1 + u)"X +^ u - * ^ = 0 . 
By a second differentiation, / x -i- - x - -= i 

(1 - u2)h" - 2uh' + (x + <f)(l - u)h' - (x + i ) h = \ — ^ + T T r 4 ! ( 1 + u)" x + ^u" x ~2 (X + I x-i) 

{^F2 + rr i i}i ( 1 - u2>h* + <x + W - UM ' 
or after simplification: 

(60) (u + u2 - u3 - u4)h" + | (x + | ) + (3x + | ) u - (x + 5/2)u2 - (3x + 5/2)u3}hf 

2 
+ {(x + i ) 2 + (x + -j)(x - 3/2)u - 2(x + i ) u2}h = 0 . 
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By means of the se r i es form for h in (56), for h! in (57), and the identity: 

(i + u) ^u ^ = 2 ^ 1 n ) u 2 ^ u ^+2w "irrr Jnu 2 

n=0 X ' n=0 

we may convert (59) entirely into se r ies form, with certain manipulations based on proper-
ties of the binomial coefficients, designed to maintain the exponent of u in the various ex-
pressions the same (-x + \ + n, in our development), and to contain the factor J in the 

^ n 
denominator of each expression, which may subsequently be cancelled. If we do so, we ob-
tain the following: 

" -(n + 1)P , u - * ^ " * 1 J ^ (x + -L - n ) P u - * * * 4 * V ^ v ; n+1 ; V* VA 2 ll) n -1 £ n=0 (*^-^n ~ ^ 

n = 0 ^x " ? - n ) J
n n=l n n=0 

= 0 . 

If we now equate the coefficients of s imilar powers of u in the above expression and 
simplify by multiplying throughout by (x - |- - n) J , we obtain: 

K 
PA = q + 2 x ; -(n + l ) P n + 1 - (x - \ - n ) P n ^ + (x + \)V^ = (x - fr)(x - J. - n) j i L - , 

o r 

(61) (n + l)(P ^ - P , ) - (x + i ) ( P - P n ) = < - 4 - T + x - i > K (n = l , 2 , - - - ) 
7 n+1 n -1 2 / v n n - 1 ) n + 1 2 1 n 

P0 = 1, Pi = q + 2x . 

By a s imilar , though more complicated manipulation of the ser ies in (56)-(58), we may ex-
p ress (60) in se r i es form, yielding another recursion for the P ' s . The development is 
omitted he re , since it is somewhat lengthy. The interested reader may, with a little elbow 
grease , verify that the following form of the recursion is first obtained: 

(n + D2
 r + 

i ^ n+1 x " t - n 

( x(n + 2 ) + q + n2 + - | n ) ( x n - q - n 2 - i n ) 

* ^ + t ~ n P n - 2 = ° ' (n = 2, 3 , 4, • • • ) 
with 

Pi = q + 2x, P0 = 1, P2 = (^q - l ) z + X Q . 
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By multiplying the lat ter expression throughout by n(x - I - n), simplifying the result , and 
shifting the t e rms around, as the reader may verify, the following form of the recursion is 
obtained: 

( 6 2 ) " n ( n + 1 ) 2 ( P n + l - p n - i > + n ( * + n U + * » ( P n "" Pn-2> 

+ ( | q - n(n + f ) ) ( P n - 1 - P n _ 2 ) +{n(n + 2)(Pn - P ^ ) - (q + n(n - D ) ( P n - 1 - P n _ 2 ) } x 

= 0 

(for n = 2, 3, • • •); with P0 = 1, P t = q + 2x, P2 - ( i q _ 1)2 + x q . 
We may further simplify (61) and (62), if we introduce another symbol: 

(63) V = P - P - , 
n n n -1 

which also yields: 
V + V = P - P v n n+1 *n+l n -1 

By substituting the appropriate expressions in (61) and (62), we obtain: 

(64) (n + 1)(V ... - K , - ) = (x - J- - n)(V + K ) v n+1 n+1 2 n n 
(making use of the relation 

q 
n T I K n - ( n + 1 ) K n+ l " n K n • 

a variant of (47)), and 
-n(n + l)2(Vn + V n + 1 ) + n(q + n(n + J|))(V x + V n ) + (-Jq - n(n + ^ ) ) V n - 1 

(65) 
+ n(n + 2 ) x V n - ( q + n ( n - l ) ) x V _ 1 = 0 . 

Rearranging the te rms in (64), we obtain an expression for xV„ : 

(66) x V n = - x K n + (n + i ) ( V n + Kn> + (n + l ) ( V n + 1 - K n + 1 ) . 

If we substitute the expression in (66) and the corresponding expression with the subscript 
reduced by unity in (65), again use (47) in variant form, and simplify, (65) is transformed to 
the following form: 

(67) (n + l ) V n + 1 + 2nVn + ( j + n - 1 j V n _ 1 = (n + l){Kn + 1 - \ ) + 2xKn . 

The reader may verify the simplification to the above form, using the indicated proce-
d u r e If we now replace the V f s in (67) by the corresponding P n

f s , in accordance with 
(63), we readily obtain the following recursion involving the P f s : 

(n + 1)P ,- + (n - 1)P + [ i - n ~ l J P n - [ S L + n - l \ p 0 n+1 n i n I n -1 I n I n-2 

( 6 8 ) = fo + D(Kn + 1 - K ) +-2xK . 
n+1 n n 
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If we replace x by -x in (68), observing that q and the K f s are even functions of x, we 
obtain the "conjugate" of (68): 

(69) 
(n + 1)P A1 + (n - 1)P + | S L - n - l | P n - | 2 + n - l | P 

n+1 n I n I n -1 I n / n-

fc + wSfru-V-5"* • 
If we add (68) and (69) and divide by 2, we obtain the following recursion involving i (P + P ), 

&. n n 

the te rms involving x cancelling: 

(70) 

(n + l ) , i ( P n + 1 + P^) + ( n - l ) i ( P n + P n ) + ^ - n _ l ^ P ^ + P ^ 

2 + P n _ 2 ) = (n + l ) ( K n + 1 - K n ) . 

Comparing (52) with (70), we see that i (P '•+P" ) satisfies the same recursion as Q . We 
need to demonstrate only that Q = | ( P +P* ) for n = 0, 1, and 2, to complete the proof 
of (55), i. e. , (9). We have already demonstrated that 

P0 = 1, Pi = q + 2x, P 2 = ( i q - l ) 2 + qx . 
Therefore, 

i ( P 0 + P0) = 1 ; ^ (Pi + Pi ) = ^(q + 2x + q - 2x) = q ; 4 (P2 + P2) 

= -*{( |q - D2 + q x + ( i q - l)2 - qx } = (^q - l)2 . 
We may verify that 

C0 = 1, Ci = i + x, C2 = i x 2 + 7/8 = 1 - i q , 

from (5), substituting x - i for x. Then 

Q0 = 1, Qi = ( i + x)( l - x) = q, Q2 = (1 - i q ) 2 . 
This completes the proof of (9). 

The l imits of convergence of the power ser ies in this paper have been ignored, since we 
have treated these ser ies as formal generating functions of the coefficients under investigation. 

It was initially remarked that this study was originally motivated by a desire to find an 
expression for A2 (x) in single-summation form, and that this effort was unsuccessful. How-
ever, certain resul ts were obtained which suggest a reas of investigation for the interested 
reader . A recursion for the 
introducing a new definition: 
(71) 
By using the property 

reader . A recursion for the A2 (x)fs may be derived in the following manner. We begin by 

(71) T = A2 (x) - A2
 n (x) . 

v n nv ' n - l v 

An^ - V l « 
( » ) 

and recursion (38), we may obtain an alternate expression for T : 
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Tn ={An(x) - V j l x j f J A ^ + A ^ W l , 
or 

(72) T = ( X J A (x + 1) 
n I n I n 

Therefore, \ / 

which yields: 

11 n / \ n / \ 

k=i k=ix 7 k = i ^ / 

k=0 V ' 
(73) A* W = > ,( J ]Afc(x + 1) 

Of course, there is the more obvious identity: 

(74) A^(x) 
k=0 X 7 

which is simply (5) multiplied by A (x). 
Neither (73) nor (74), however, are single-summation expressions, since they involve 

the coefficient A. (x) (or A (x)), which is itself a single-summation expression. K n 
The recursion for the A2(x)fs is obtained by substituting 

T n 

0 
for A (x + 1) in: n 

(n + DAn + 1(x + 1) - (x + 2)An(x + 1) + (x + 1 - n J A ^ x + 1) = 0 , 

which is simply (10) with x + 1 replacing x. By eliminating the combinatorial t e r m s , we 
first obtain a second-order recursion involving the T f s : 

(75) n(n + D 2 T n + 1 - n(x + 2)(x - n)TQ + (x - n)(x + 1 - ^R_1 = 0 . 

By substituting the expression in (71) for the T fs in (75), we are led to the required 

recursion: 

n(n + D2A2 (x) + in(x - n) - (x + l ) 2 U n A 2 ( x ) - (x - n)A2 Jx)\ (rjn\ n+x * J i n n—1 " 
- (x - n)(x + 1 - n)2A2 (x) = 0 n—A 

It should be observed that if the substitution x = —| is made in (76), and the substitu-
tion x = 0 is made in (52), the same recursion resul ts in either case , namely: 
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(77) n(n + 1)2A^+ 1 - (n2 + f-n + })(nA£ + (n + \) A 2 ^ ) + (n + *-)(n - £-)2A£_2 = 0 . 

(It is not immediately obvious that (52) reduces to (77) for x = 0, but if we observe 
that, in such case , Q = A2 and q = -|, we may use known relations to show that 

(n + 1)(K x 1 - K ) v /v n+1 n 
may be expressed in the form: 

- ^ - j |(8.n2 + 14n + 6) Q n + 1 - (4n + 3)Qn - (8n2 + lOn + 3)Qn_1} . 

Substituting this expression in (52), we obtain a form free of terms involving K fs which 
reduces to (77).) 

In passing, 
is suggested below by indicating the first few te rms 

In passing, we leave the reader with one possible form of expression for A2 (x), which 

«™ *<* - (2,C){(2X„)H«-^,(2n-.1).(°'-g:?--')(2n-.2), • ] . 

It is not difficult to prove (78) by induction, as far as it goes, but the subsequent te rms 
become increasingly obscure, as the difficulty in obtaining them also increases . The wri ter 
failed to see any pattern in the te rms of (78), but that is not to say that one does not exist. 

The wri ter gratefully acknowledges the impetus provided by Professor Gould for this 
paper, and his invaluable aid in pointing out the known resul ts . 
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