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A recursion formula for p(n), the number of partitions of n, is given by the Euler 
identity 

p(n) = p(n - 1) + p(n - 2) - p(n - 5) - p(n - 7) 

+ p(n - 12) + ptn - 15) - - + + . . . 
(1) 

= ^ ( - D i + 1 p ( n - ^ (3i2 + i)) , 

where the sum extends over all integers i, except i = 0, for which the arguments of the 
partition function are nonnegative (see [ l ] ) . 

This paper presents a recursion type formula for q(n), the number of partitions of n 
into distinct pa r t s , in terms of p(k) for certain k < n. In addition a recursion type formula 
is presented for q (a ,m,n) , the number of partitions of n into distinct par ts congruent to 
+ a (mod m) , in te rms of p(k) for certain k < n. 

Theorem 1. If n > 0, and q(n) is the number of partitions of n into distinct pa r t s , 
then 

(2) q(n) = 2 3 t-^Pfo - {3i2 + i]) • 

where the sum extends over all integers i for which the arguments of the partition function 
a re nonnegative. 

Proof. We have 

oo oo °o 

£ q ( n ) x n ^ ( 1 + x 1 ) = J J ( l - x J ) " 

n=0 i=0 j=0 

•jj{(i - x*)u -.-x1)} = ( x > ) x j ) • iT( i -(x2)i> 
i=0 \ j = 0 / i=0 

3i2+i 

j = 0 / \ i=-oc / \ j=0 
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e resul t follows by equating < 
Corollary. If n ̂  0 , then 

and the resul t follows by equating coefficients of x on both sides of this equation, 

q(n) = p(n) + ^ ( - 1 ) ^ - (3i2 - i)) + p(n - (3i2 + i))} 
i=l 

= p(n) - p(n - 2) - p(n - 4) + p(n - 10) + p(n - 14) - p(n - 24) 

- p(n - 30) + + - - • • • . 

Proof. This follows from Eq. (2) by rearranging the right-hand side. 
Theorem 2. If m ^ 3, 1 -* a < m / 2 , n > 0 and q(a,m,n) is the number of par t i -

tions of n into distinct par ts congruent to ±a (mod m), then 

(3) q(a,m,n) = £ p f^ -^ l f 1 ) 
L|(n+aj) 

Proof. We have 

n=0 i=0 
E , , n I I r , - , im+a w - , im+m-av\ 

q(a ,m,n)x = | | ( ( 1 + x )(1 + x )} 
i=0 

oo oo n /- im+m " T T / / i im+m W l , im+a W l , im+m-av\ (1 - x ) • {(1 - x )(1 + x )(1 + x )> 
i=0 i=0 

/ °° \ -A 
I \ ~ ^ /-\ im I T T / / 1 r m \ / i , n n + a - m W l _, r m - a ^ = I > p ( i ) x J • I M (1 - x )(1 + x )(1 + x )) . 

J=0 / r= l 

By JacobiTs identity, 
oo oo 

]"[{(! - q2r)(l + zq^V + rV'"1)} = 2 z J q j 2 

r=l 

with 

m m 
IT a"T 

q = x and z = x 

we find 
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f]{(l - x r m ) ( l + x r m + a - m ) ( l + x r m - a ) } = J2 x 1 1 1 ^ " ^ . 
r= l j=^o 

Therefore, 

n=0 \ i=0 / \j=-oo 

Since p(i) = 0 for i < 0S we have 

2 ^ q ( a , m , n ) x n = I £^ p(i)xiXXX J J J^M x 
n=0 \ i=-°o / \ j=_. 

Thus, 

q(a,m,n) =/]) 
fn -(m(iJj^) - aj] \ 

where the sum extends over all integral values of j for which 

n - y m ( i l±J J . aj J 
m 

is an integer. Clearly, this is an integer if and only if m|(n + aj). Therefore, 

q(a9m'n) = 2 p(!H^-j-fj) • 
m|(n+aj) X 7 

as required. 
Corollary. Let m ^ 3, 1 < a < m / 2 , and n ^ 0. Let 

a' = T575) ^ mi = Taflj • 
If (a,m) I n, then q(a,m,n) = 0. If (a,m) | n and j 0 is some solution of the congruence 

aij = -J5JE) (mod mi) ' 
then 
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E / / n + aj0 jjj + j 0 \ (m\ . mx * y 

pl I ~ m 2~) \~ \ 3 ° m i + T - ai/ki 

Proof. If (a,m) | n, then there a re no values of j for which m (n + aj), There-
fore, the sum in Theorem 2 is empty and q(a,m,n) = 0. 

Suppose (a,m) | n and 

a i j » 5 "ra (mod mi)-
Then for any integer j , m I (n + aj), if and only if j = j 0 (mod mt). By Theorem 2, 

00 / \ 

q(a,m,n) = £ p(-Lai_ji_U) 
jEJoCmodmi) ^ ' 

« / n + a(j0 + kmj) (j0 + k m ^ 2 + (j0 + knij) \ 
= L H - " ^ s / 

k=-oo N ' 

* / / n + aj0 ]J + j 0 \ / m? / m.! anij 
Jom! + — - _ k] 

But 

* _ _a_ m _ a 
m m (a,m) (a,m) ai 

so the proof is complete. 
Example. Let m = 3 and a = 1. Then (a,m) = 1 , aA = 1, and mt = 3. The con-

gruence for j 0 is jo == -n (mod 3). 
If n = 0 (mod 3), let j 0 = 0. Then 

q( l ,3 ,n) £'(*-(*'+*k|-(s)*||'(*-(* "-*")) 
(i-(}*•* '•)) I-»(*)•»(*-«) •»(§-•) + P 

+ P 
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If n = 1 (mod 3) , let j 0 = - 1 . Then 

q( l ,3 ,n) 2 ^ - f k l 

l*+i^ 

» ( ^ - - ) + P ( ^ - 3 3 ) + P ( ^ - 4 8 ) + p 

If n = 2 (mod 3) , let j 0 = 1. Then 

q(l ,3 ,n) J>(->^)) 
(n ) 0O 

k=l 

• » ( H 1 - » ) * > > ( J I T 1 - » ) + > ' ( H 2 - « ) -
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