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Let (Fn ) be a Fibonacci-type integer sequence satisfying the recurrence relation Fn = pfn-i
 + yFn-2 

(n > 2) in which p + 4q ¥= 0, and let (Ln) be the corresponding Lucas-type sequence, as described in [2 ] . 
The object of this note is both to generalize Ferns' theorem [1] on the expansion of 

^xi+K2i""+Xn a n ^ ^xj+X2/m"m+xn 

and to simplify the proof. Ferns' theorem was proved for the case when (Fn) and (Ln) were the Fibonacci and 
Lucas sequences, respectively, so in the statement and proof of the theorem the reader may interpret '(Fn) and 
(Ln) as the ordinary Fibonacci and Lucas sequences, if he so desires. 

Let 

k ~ x/y x;2'" Xjk xjj xjn^k 

where the sum ranges over all permutations dp — , /£, jj, — , jn-k ) of (1, — f n) such that 

1 < if < i2 - < Ik < n a n d 1 < jj < J2 < '" < Jn-k < n* 

for 0<k<n. Let a and j3 be the roots of x2-px -g and let A = F 1 - F0fi, B = F1 - F0a. Then 4 *0 and 
B±0 (see [2]) so that 

L1+dF1 

2A • • »* 2B J 
where 

d = sJfTJq . 
Then the generalized version of Ferns' theorem may be stated in the following way. 

Theorem: If 
Ve=So+ d2S%+ d4Sn

4 + - and 2 0 = dS? + d3Sn
3 + d5S§ + -

then 

and 

^xi+x2+""l~xi 
= _1_\(_JL i_\ % + ( JL. + -!—] s f 

'" 2nd\\An-1 B"-1 J ' \An-1 B"-1 J °) 

i » . + ^ - + * „ T \\ ——-, + —T^ ~£>e + 

xi+X2+-+xn 2" ) \ A"-1 B"-1 B \ A"'1 B"-1 

Proof: It is well known that if r is a positive integer 

Fr = Aa^Mf Lr = Aar + Bpr 

Therefore, 
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Therefore 

a 2A ' P 28 

•2^<Lx1+X2+-+xn
+dFx1+x2+-"+xnt 

x1+x2+-+xn 
= a 

±-(Lx1+dFx1)(LX2 + dFX2)~. (LXn + dFXn) 
2nAn 

-— (SS+dSn+d2S$+- +dnS"). 
on An u ' * n 

Similarly 
1 

2R (L*1+X2+-+Xn " dFx1+x2+-+xn> 2B 

= -1— ($n - dSn+ d2S%- .» + <-1)ndnS") . 
2nBn 

The theorem now follows by addition and subtraction. 
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