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1. DEFi i iT lO iS 

Van der Poorters [6] in a generalization of a result of Shannon and Horadam [8] has shown that On my notation) 
if | w™ X is a linear recursive sequence of orbitrary order / defined by the recurrence relation 

/ 

where the P;j are arbitrary integers, with suitable initial values w$, w^, - , w('Jp then the sequence of pow-
ers ^ w^ J- , for integers r > 1, satisfies a similar recurrence relation of order at most 

In other words, he has established the existence of generating functions 

(1.2) w(
r
nM = £ "n*'*"- <4h - ("ft'*'*-

n=0 
The aim here is to find the recurrence relation for | w^r I and an explicit expression for w]!'(x). We shall con-

cern ourselves with the non-degenerate case only; the degenerate case is no more difficult because the order of the 
recurrence relation for I w'^ \ is then lower than 

r + i-1 

It is worth noting in passing that Marshall Hall [1] looked at the divisibility properites of a third-order sequence 
by a similar approach. From a second-order sequence with auxiliary equation roots a-j ami ag he formed a 

2 2 third-order sequence with auxiliary equation roots aj ,0*2 , &1&2 -

2. RECURREiCE RELATiOi FOR SEQUENCE OF POWERS 

Van der Poorten proved that if the auxiliary equation for | w„ \ is 
/ / 

(2.1) g(x) ^ x'1 - £ Pip1-' = n (x- ajt) - 0 , 
1=1 t=i 

then the sequence j w^r \ satisfies a linear recurrence relation of order 

r + i-1 
r 

with auxiliary equation 
A, \ \. 

(2.2) gr(x) H II fx - an aj2 - aJ) = 0 , 
Ykn=r 

the zeros of which are exactly the zeros of g(x) taken r at a time, 
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We now set 

(2.3) gr(x) =xu-j^ Rujx
u-i, u = (r + [-1) 

M and we seek the RUJ-. 
Macmahon [5, p. Sidelines hj, the homogeneous product sum of weight / of the quantities a-irs as the mm 

of a number of symmetric functions, each of which is denoted by a partition of the number /. He showed that in 
our notation 

h - Y* ®M PXIPX* PKJ 

The first three cases of hj are 
h1 = P;j = 2a/7 

h = Pn+Pi2= Xa2 + Zana/Z 12 -

h3 = Pfi+2P„Pf2 + Pl3 - 2 4 + %aff aj2^anaj2aj3 . 

Now g/x) = 0 is the equation whose zeros are the several terms of hr with ay = 0 for / > i, since from 
its construction its zeros are ay taken r at a time; that is, 

RU1 = hr with ay = 0 for j > i, 

since we have supposed that there are 

''T'H 
distinct zeros of gr(x) = 0. 

Macmahon has proved [5, p. 19] that Hf the homogeneous product sum, / together, of the whole of the 
terms of hr, can be represented in terms of the symmetric functions (denoted by [ ] ) of the roots of 

x1 -hfx
M+h2x

1'-2-- = 0 
by 

(2,4) Hr= V ( 7f
(3^5^+-~! [Il^[2r ]**&]** - . 

Some examples of Hr are (with ay = 0 for / > i) 

R2 = ^2
2l'fa22 +a2ia22 > 

1 
H2 = a4

21 + a4
22 + 2a2

21a2
22 + a3

21 a22 + a2f a2
22 , 

2 

H2 = a6
21 +a6

22 +2a3
21a3

22 +a5
21 *22 + *21o»5

22
 + ^21^22 + 24fa

22 -
3 

H2
2 = H2H2 = a4

21 +a4
22+3c?21 a\2 +^21&22

 + 2*21^22 . 

H2 = a6
27 + a6

22 + 7a3
21 a3

2 + 3a5
21 a22 + 3a2f a5

22 + 6a4
; a2

2 + 6a2
21 a4

2 . 

hm is the homogeneous product sum of weight m of the terms of P,f. Hr is the homogeneous product sum of 
weight m of the terms of Ru / . m 

(~1}i+1 Py is the product sum, / together, of the terms of P,-f. 
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(- 1)J+1 Ruj is the product sum, / together, of the terms of Ru1. It follows directly from Macmahon [5, p. 4] that 

and so 

For example, 

u *-* Xi/Xot - hi m 

Vrikfrj ' * J m=1 

®uj= E M J ^ S \ ™' TIH^ . 
UJ *-* X f / X 2 / - X / / rm 

^nXn=j * J m=1 

R3J = H2 = afy + a§2 + ^2la22 * 
1 

32 = ~ 2 "^ 2 ~ ~' J2f ~^ ^21^22 "^ 21 ®22 
1 2 

+ (1^CL^1 + Y,^a22 + 2a21°22^ 

- —2j&2i &22 ~ ^^21^22 ' 

33 = 2 "^ 2 ~~ 2 2 = ^"21^22 ' 
1 3 2 1 

We can verify these results by utilizing some of the properties of the generalized sequence of numbers | w(2) I 
developed by Horadam [3 ] . 

From Eq. (27) of Horadam's paper we have that 

(2-5) - ' n 2 ' ^ - ^ = ( ^ 2 2 ^ , 
where 0 0 

P-P ,J2),A/2UP W(2) w(2) • 
~ 21 0 1 22 0 ~~ 1 

Thus 0 
J2) J2) J2f - / p \n-3p wn-1wn-3 ~wn-2 " ' " ' 2 2 } e 

and 
(2-6) P22<i)2-P22<»n!A% = (-P22)"-2*-
Subtracting (2.5) from (2.6), we get 

(2.« P22w
(
n
2J2

 + "ft = P22^-1 wi% + ^nM% ' 

But 

and 
42}-p22^% =p2A% 

%J2) p w(2) = p WW 
wn-1 ~F22wn-3 F21wn-2 -

SO o o 

%J2).p2j2f 9p W(2).J2) _ p w(2r 
wn +P22wn-2 ~2 P22wn wn-2 ~ F21wn-1 > 

and 
PZP$ +P

22
wn2-3-2P22^n

2-Wn% = fyzP^t • 
Adding the last two equations we obtain 

Combining this with (2.7) we then have 
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(2.8) *>{f = (P2
21+p22><2Ji +<ph+phr22><2>l+(-py<2£ -

so 
2 2 2 

11 ™ 21 "^ 22 = ®21 ~^~ ^22 ~*~ ^21^22 * 
3 3 2 2 

32 ~ 22 21 22 = —®*21 ®22 — ^21 ®*22 — ^21 ®*22f 

^33 = ~^22 ~ a21a22 > 
as required. 

To obtain an expression for Hr in terms of afy, we now use a result of Macmahon, namely, 
furj = (-f)r(u+1)0u f 

where au denotes the sum of the uth powers of the roots of g/x) = 0. It is sufficient for our purposes to state 
that Macmahon has shown that ou is the homogeneous product sum of order r of the quantities a}}. It is thus 
given by 

°" = 5T na// 
by analogy with s * = r m 

ut 
m 

Zt=r m 
K - £ n <h 

the homogeneous product sum of order r of the quantities a,y. We now define OjU, the homogeneous product 
sum of order r of the quantities a"- such that afj = 0 for / > / : 

/ 
uv; 

and we introduce the term 

We have thus established that for 

Es/=r j=1 

On., = (-1V(U+1)0,. . 

(2.9) 

where 

and 

1=1 

tn\n^j S Z ' m=1 l 

•m 
r 
m 

(a- r¥ 
Mr - J2 (-lf(3^^5^+'"} n (°jur) 

ZnlLn=m v=1 fv°l*v 

and **=* M 

- ( ' * ; - ' ) • 

It is of interest to note that another formula for 0/ur can be given by 
/ 

(2.9) 
,=1 f i>k 
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We prove this by noting that 

°-,u - E n « y - (-nr<u+1)oiur 

and defining 

*;- E "4" 
Si/=r jj=1 

and showing that 

1=1 J>k 

It follows from Macmahon [5# p. 4] that h'r satisfies a linear recurrence relation of order / given by 
7 

/?; = 1, r = o 
h'r = 0, r < 0 ; 

the P-ir and a/r are those of (2.1). We again assume that the a-ir are distinct so that from Jarden [4, p. 107] 
/ 

M 
where D is the Vandermonde of the roots, given by 

/ 
(2J 1 > D = )Ca#1 n (a^ -a^ = n (aU"a^J ° fa/w ~ain} 

1=1 j^n^m j>n j^n^rn 
n<m n<m 

and Dj is the determinant of order / obtained from D on replacing its j t h column by the initial terms of the 
sequence, h'a, h'j, — /?/„./. It thus remains to prove that 

(2.12) D^dfj1 n (aim-aj = D4j!/ n (a,f-aln) 

We use the method of the contrapositive* If 

Dj ± a1;]1 n (aim-ain} , 

then m > r f 

M 
(from (2.10) with n = 0) 

/ 
^XX/^ H (afm-<h'n) 

m>n 
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which contradicts (2.11). This proves (2J 2) and we have established that 
/ / / 

as required. / = / i=1 j=t / j>n 

3. GENERATING FUNCTION FOR SEQUENCE OF POWERS 

Van der Poorten [6] further proved that if ^ 

(3.1) wmM = 2 w'n**" = fM/x'gfx-1), 
n=0 

then there exists a polynomial fr(x) of degree at most u - 1, such that 

(3.2) wf'VxJ = frM/xugr(x-1), u = lr + i
r~

1\ . 

We first seek an expression for fr(x). 

w(
r
nM = w(/ + wfx + wfx2 +.« + w^x"-1 + w(fxu + .« 

-Ru1xw'r»(x) = -Ru1wfx-RulWfx2-----Ru1w^1-Ru1^1
xU--" 

-Ru2x
2w(J>M = -Ru2wfx2 Ru2w<>>!3 x"-1 - Ru2w

1^ x» - -

-Ru^x^w'j'M = -*UrU-1*>tfxU-1-Ku,u-i»>¥xU-" 

-Ruuxu
w«Ux) = -Ruy>fxu--

We then sum both sides of these equations. On the left we have 

wr')M[ ; " E HuJxJ J = w(
r
nMxu I x~u ~J2 Ru/x-(u-J) = w(

r°Mxugr(x-1)t 

as in van der Poorten. 
On the right we obtain 

(3.3) f/x) = J2 Tu/ > 
j=0 where 

since 

TurWf-llRum*>jL< *uO = °> 

w0f„n _ V* a .JDr„n 

Thus we have M 

"P'M - ( E J ™f~ E "um»f!n l A AW I-
\ i=0 f m=1 ) I / 

(3.4) wl _ 
\ j±0 ( m=1 

We now show how (3.4) agrees with Eq. (33) of Horadam [3] when 1 = 2 and r = 2. We first multiply each side 
of the equation by x3g2(x~1). 

The left-hand side of (3.4) is then 
x3g2(x'1)wj2

2)(x) = (-UPl1+P22)x-lPl2+P2lP22^2 + P22x3^ 
= (1 + P22x)(1-(P21 ^2P22)x^P§2x2)w{

2
2)(x) . 

When i = 2, the right-hand side of (3.4) is 
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E j wi2'2 - E »*»•"# I *; - »f+*>f*+"f*2 - "sA21*2 - "3A2,x2 - «32»>fx2 

h° ^ ' = w12? + w<2>2x+P21w
(2>2x2 + P2

2w<2> 2x2 + 2P21P22w<0
2W1

2>x2 

'21W
(^ X-P22W

(^ X-P^wf* X2-P22wf)2X2 

~ P22W02'2*2 ~ P221 P22>»0>2X2 

= (1 + P22x)wo) -(1 + P22
xHp2iw(o> ~ wi2>> x 

- 2X(P2A2)^2> * p&f - »f > £ ^ g 
= (1+P22x)<w^' -x(P21w'0

2)-wfh -2xew'0
2,(-P22x)) 

(since w0(-P22x) = (J + p ^ - 1 K 

This agrees with Horadam's Eq. (33) if we multiply that equation through by (1 + P22X) and note that a21 + a22 

- P21 + 2P22. When r= 1, we get u = i, Rlm = P/m. If we consider the special case of -j wf}*l: 

w^ = 0, n < 0 

w1'1 = h n = 0 

r=1 

then | w*j' \ = \ UH \* t n e fundamental sequence discussed by Shannon [7 ] , and (3.4) becomes 

= Ux!'g(x~7)l where „ = ^ + r-l^ 

which is effectively Eq. (1) of Hoggattand Lind [2]. (Equation (2) of Hoggattand Lind [2] is essentially, the same 
as Eq, (2.4) of Shannon J _ r 

Thus in (2.9) we have found the coefficients in the recurrence relation for | w^ I and in (3.4) an explicit ex-
pression for the generating function for j w^r I . 

Thanks are due to Professor A.F. Horadam of the University of New England for his comments on drafts of this paper. 
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