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H-252 Proposed by !/.£ Hoggatt, Jr., San Jose State College, San Jose, California. 

Let/l^Xrt bean/7 x n lower semi-matrix andBnXn, CnXn
 De matrices such thatAnXnBnXn = CnXn- Let Akxk, 

Bkx*/ Ckxk be the k x k upper left submatrices of AnXn, BnXn, and CnXn. Show AkxkBkxk = Ckxk for k = 1, 
2, »., n 

H-253 Proposed by L Carlitz, Duke University, Durham, North Carolina. 

Show that 

£t»-i>n+t+, ) £ V - * - ' ) ^ - ' ^ W ( i ) 
t=0 j=0 m=0 

n+m-t-j-1 

r=0 

where j3 is an arbitrary complex number and n and k are positive integers, k < n. 
This identity, in the case ]3 = 2, arose in solving a certain combinatorial problem in two different ways. 

H-254 Proposed by R. Whitney, Lock Haven State College, Lock Haven, Pennsylvania. 

Consider the Fibonacci-Pascal Type Triangle given below. 

F1 

f , F, 
F1 F2 Fx 

Fl F3 F3 Ft 

F% F< F6 FA Fi 

Find a formula for the row sums of this array. 
SOLUTIONS 

ENUMERATION 

H-226 Proposed by L. Carlitz and R. Scoville, Duke University, Durham, North Carolina. 

(i) Let k be a fixed positive integer. Find the number of sequences of integers (au a2, —. an) such that 

0 < a/ < k (i = 1,2, •..,/?/ 

and if a, > 0 then a\ $ a/_7 for / = 2, —., n. 
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(ii) Let k be a fixed positive integer. Find the number of sequences of integers (at, a2, •», an) such that 

0 < a; < k (i = 1, 2, - , n) 

and if a; > 0 then a,-1 a/_; for / = 2, —, n; moreover a; = 0 for exactly r values of i. 

Solution by the Proposers. 

Part (i). 
Let fj(n) denote the number of such sequences with an =j. Then clearly 

fjn) = . - = fk(n) 
and 

f0(n + 1) = fQ(n) + kfJn) 

fjn + 1) = fQ(n) + (k-1)fJn). 
It follows that 

f0(n+2) = kfjn+1) + f0(n) 

fJn+2) = kfJn+D + fJn) . 
Also 

f0(1) = I f0(2) = k+ 1, fJ1) = 7, fj2) - k. 
It is convenient to take 

fQ(0) = 0, fJO) = 1; 
then (*) holds for all n >0. 

We now take 

{ 

n=0 

so that 

Similarly 

which yields 

FoM = E f o ^ " = 1+x+x2 Y, (Mjn + i) + fjn))x 
o 

oo 

= 1-(k-1)x + (kx +x2) ] T f0 (n)xn, 

1 - kx-x2 

FtM = E f>)xn = X+T, (kfjn + 1) + ft(n))xn, 
n=0 0 

FJx) = 
1-kx-x2 

Let S(n) = f0 (n) +kfx (n) denote the total number of sequences satisfying the stated conditions. Then 

£ S(n)xn = i I** % 
Q 1-kx-x2 

Since 
oo oo /- oo 

1-kx-x2 

r=0 r=0 j=0 n=0 2j<n 

it follows that 
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S(n) = E (7')*"^+£ ("-/-' ) ^ 2 H 

2/<n 2j<n 
Part (ii) 

Let fj(n,r) denote the number of such sequence with an = j. Then clearly 

fx(n,r) = »• = fk(n,r) 
and 

where f;(n, -1) = 0. 
Clearly 

Put 

f0(n + 1,r) = fQ(n,r- 1) + kfx(n,r- 1) I f0(n + 1,r) = fjn,r-

\ fjn + 1,r) = f0(n,r) + (k-1)fjn,r) 
(n > 1, r > 0), 

Then 

Thus 

'*u'n \o (otherwise) 

f (1 r) = i 1 (r=1}
 t 

1 ' / , , / ( 0 (otherwise). 

oo n 

Fi(z<x> = E E fi(n,r)znxr (i = 12). 
n=1 r=0 

oo n+1 

F0 (z,x) = zx + Y £ (fo in> r ~ 1 ) + kfi (n* r ~ U)zn+1xr = zx + zxFQ (z,x) + kzxFx (z,x), 
n=1 r=1 

o- n 

Fi {z<K) = z f E I (fo in>r} + (k~ 1)f* farM*"*1*' = z + zFo (z<x> + (k - VzFt (z,xl 
n=1 r=0 

(1 - zx)FQ (z,x) - kzxF% (z,x) = zx 

~zF0 (z,x) + (1-(k- 1)z)Fx (z,x) = z. 
It follows that 

F0 (z,x) zx + z2x 
1-(x+k- 1)z-z2x 

FJz,x) = 
1 - (x + k - 1 )z - z2x 

We have 

^zj+2s T-r—T—^ r-= E ^(x + k-i+zx)" = Ts(
J'ts) (x + k-i)lx*. 

1 -(x + k-1)z-z2x ~ .'-'A s I 
n=0 j.s-0 

oo 

n=0 2s<n 

Y fjn + u)xr= Y {n;s)xs(*+k~tr2§ - E ( 7 * ) * * E ( 7 * )fe-//H2*v 
2s<n 2s<n t^O 

ixr£(n7S){nr-2sS)<k-1>n-r'S > 

Hence 
n+1 

r=0 

r=0 s=0 
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so that 

«» +i.r>-£(";') (",2? )»-ir 
s=0 

It is evident from (*)that 
fQ(n + 1,r+1) = fJn + lrl + fJ^r-D. 

Thus 

fjn + i,r+i) = J2(n7s)[n
r-

2ss)<k-1>"-r-s+!Z (n~',~1)(T-*-! )<k-irr-s. 
s=0 s-0 

Let S(n,r) = f0 (n/r)+kf1 (n,r) denote the total number of sequences satisfying the stated conditions. Then 

—n s-0 

E("-r/)(v4s--2
,)^-/^"s+/-

s=0 s=0 

r-2 

+ 

s=0 

We remark that if we sum over r we get 
n+1 

£ S{n + 1,r) = k £ ("J'jk^+Y, ("7S )k"'2S+H (»-°s-l}k"-2s-1 
—n 2s<n 2s<n 2s<n 

_ y ^ / n-s + l \ ^n-2s+1 + V ^ / n -s \ ^n-2s 

2s<n+1 * I 2s<n * ' 

Editorial Note: G. Wulczyn solved H-221 (previous issue). 


