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INTRODUCTION 
!n the present paper we shall prove that the zeroes of the real polynomials 

(1) f0(x) = Q, fjx) = s, fj(x) = xt fn+i(x) = xfn(x) + fn-i(x), n = 2, 3, -
with $ / 0- and n > 2 are simple, of the form -2/ cos 0, where i2 = -1. and \\2i cos Bj ,js I ••*, n are the zeroes 
of fn+i (x), then the points cos dj , j = 1, — , n are divided by cos 0; ,j= 1, —, n- /and for every interval be-
tween two successive points -[cos Qjn+1\ cos QJ+)- ] one and only one of the following three possibilities holds: 

(a) The interval contains one of cos 6jk+l, 1 <k <n- 1,j= 7, - , n - k. 
(b) It contains one of cos (jn/k), j= 1, —, k - 7 or 
(c) One of the boundary points of it coincides with one of cos 0jk+1, and cos (jir/k) simultaneously. 
When s = Q, then fn (x) becomes 

fjx) = 0, fn(x) = xun-i(x), n = I ••, 
where un (x) are derived from (1) for s = I un (x) are Fibonacci polynomials. 

1. ON THE ZEROES OF FIBONACCI POLYNOMIALS 
From the well known formula: 

[n/2] 

H (n'kk) 2"~2kzk = ((1+^F71^1 -u-y/^nn+1)/2y/rrT 
k=0 * 

and [2] it follows that: 

(2) un(x) = (2hy/kr+4r U(x + s/Pr^4)n -(x- yfiF+iFh n = 0, 1, 2,~. 

Then forx = 21 cos 6 we get: 

(3) un(2i cos6) = -tin+1 sin n6)Mn 6 . 

So, the numbers 2i cos (jir/nt, where/ is an integer and sin (jir/n) f 0, are zeroes of un(x), n > 2. But only n - 1 of 
them are distinct. Indeed, if/ gets values j\ and// and/j -y2 is a multiple of 2n then 

cos (j\ n/n) = cos (j2 ir/n). 
Otherwise 

cos ((n +jh/n) = cos ((n - jfa/n) for 0 < / < /?. 
Therefore the numbers 2/ cos 0'ir/n), j = 1, —., n - 1 are n - 1 different zeroes of (2). Since un(x) is a polynomial of 
the /? — / f degree they are all its zeroes. 
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2. DISTRIBUTION OF THE ZEROES OF f„M,/? =2, •-, WHEN s^0 
By induction it may be proved that: 

(4) fn(x) = un(x) + (s- 1)un„2(xh n > 2. 

Owing to (3) and (4) we have: 

fn(2icos6) = in~7(($\nn6/$md)-(s- 1)(sm (n-2)d)/$md) . 

Functions 
Qn(co$6) - sin/?#/sin0, n = 7,—, 

are Tchebishev's polynomials of second class. Let 

O-2(cos0) = - 1 , 0o(cos0) = 0 and P„(cos^) = 0„ (cos 0) - (s - 7)0,7-2 (cos 0), n = / , - . 

Then the following conditions are fulfilled: 

Po(cos0) = s, P2(cosd) = 2cos(9, 

Pn+7(cos6) = 2cosdPn(cosO)-Pn-i(co$6), n = 1,2,-
and the polynomials 

PQ (cos 6), Px (cos 6), - , Pn+1 (cos 6) 

form a Sturm's row. From [1] —the zeroes of Pn+f (cos 0) are real, distinct and the zeroes of Pn (cos 6) divide those 
of Pn+i (cos 6). So, fn+i(x) has n distinct zeroes-

2i cos 6Jn+7), j = 1,2,~,--,n 

too and the points cos0y , / = 1, - , n are divided by cos djn, / - 7, - , n - 7. 
The position of the zeroes of Pn.k(cos 6) in relation to those of Pn(cos 6) can be examined by the help of the 

lemmas: 
Lemma 1. 

(4) PnteosO) = Qk{cosd)Pn-.k{<:osO)- Qk-.iicosO)Pn-k+i{cos6), 

where n and k are positive integers and n > 2, 1 < k < n. 
This is proved by induction over/?. It can be directly verified that it is valid for/? =2, k= /and for/? = 3, k= 7, 2. 

If we assume that (4) is true for some n - 1 > 3, k = 1, 2, —, n - 2 and n,k = 1, —, n - 7, then 

Pn+1{cos0) = 2cos0/3„(cos^)-/?„_y(cos0) = 2cos0/rQAr(cos0)V^(cos0)-^-;(cos0)^„f^/(cos<9)) 
= Qk (cos <9 )/VAT- / (cos e) + Qk~ 1 (cos 0 )Pn-k-2 (cos 6) 

= Qk(co$d)Pn-k+i(co$d)-Qk„i(cosd)Pn„k(co$d) = Qk(zo$d)Pn-.k+i(co$d), 

which is true for k= 1, —., /? - 2. When k = n - 7 and /: = /?, we have 
Pn+i(cQ$6) = 2 cos0Q„(cos 0) -££?„_/(cos 0) 

the validity of which is easily proved by induction over /?. 
Lemma 2. 

Pn-k(cos6JnH}} = Qk^(^Q(
j
n+1))Pn.1(m%d(

j
n+1))l j - 1,2, - , /? . 
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This can be proved by induction over k. 

Owing to Lemma 1 and the results received above,the common zeroes of Pn(co$9land Pn„k (cos9) are zeroes of 
Qk-1 (cos 9). Moreover/^(cos9land G&_/(cos0) have no other common zeroes. 

Let 

(cos^";! co$dfif7)), 1 <j <n-1 

be an interval between two successive zeroes of Pn (cos9) which doesn't contain any zeroes of Qk„i (cos 9). 

Then 

Qk„1(cos9Jn+1))lQk-1(cos9(
jfi

1}) > 0 

Pn„fkosejn+7)),Pn-t(cos6J2f1)) < 0 

and by Lemma 2, we conclude that: 

Pn-k(m%Q(jn+1}), Pn„k(cosQj?t1J) < 0 . 

This shows that Pn„k (cos 9) has an odd number of zeroes in 

If Pn-k (cos 9) has more than one zero in this interval, from Lemma 1 it will follow that Pn (cos 9) has a zero in 

which contradicts our assumption. Therefore every interval 

lcos9(
j
n+1),cos9(

jH+1)\ 

which doesn't contain a zero of Qk^ (cos 9), contains only one zero of Pn„k (cos 9). In a similar way it is proved 
that if in 

[cos 9Jn+1), cos 9$1>] 

there is no zero of Pn„k (cos 9), it contains one zero of Qk~f (cos 9). 

Thus we proved that in every interval between two successive points of 

there is either one and only one of 

zo%ejn+u, j = 1,-,n 

m%9Jn-k+1), j = 1,-,n-k, 

or one and only one of 
cos (jTL/k), j = 7 , - , A r - 1 

or one of the boundary points of this interval coincides with one of 

cos 9\n"k+1K j = 1, .», n-k and of cos (jll/k), j * 1, - , k - 7. 
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