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INTRODUCTION
In the present paper we shall prove that the zeroes of the real polynomials
(1) folx) =0, fi(x) =35, filx)=x for1(x) = xfylx)+fa-1(x), n=23,-

with s # ¢ and n > 2 are simple, ofthe form —2i cos 0, where /2 = —17. and if 2/ cos 0{”+7),/ = {, -, n are the zeroes
of f,+71(x), then the points cos 61 ,j=1, -, nare divided by cos 6 fn) ; ,j=1,n—Tand for every interval be-
tween two successive points —[cos 6/("”) cos 0/"” ] one and only one of the fo!lowmg three possibilities holds:

(a) The interval contains one of cos o/n- k+’) 1<k<n-1,j=1-,n—k

(b) It contains one of cos (jn/k), j=1, -, k— 1or

(c) One of the boundary points of it coincides with one of cos

When s = g, then £, (x) becomes

0/”"‘*”, and cos (jm/k) simultaneously.

flx) =0, fnix) = xup_7(x), n=1, -,
where u,, (x) are derived from (1) for s = 7. u,, (x) are Fibonacci polynomials.

1. ON THE ZEROES OF FIBONACCI POLYNOMIALS

From the well known formula:

[n/2]
X (7o) 2K = 1o mFI - -G 2T
k=0

and [2] it follows that:

(2) uplx) = (2" % 4) Hix +xZ+4) = (x—JxZ+4)"), n=0,1,2

Then for x = 2/ cos 6 we get:
3) Up(2i cos6) = —(i"*" sin n6)/sin 6 .

So, the numbers 2/ cos (jm/n), where  is an integer and sin (jm/n) # 0, are zeroes of u, (x), n > 2. But onlyn — 7 of
them are distinct. Indeed, if / gets valuesj, and j; and j; —/, is a multiple of 2n then

cos (f,/n) = cos (f,m/n).
Otherwise
cos ((n +j)n/n) = cos(ln—jln/n) for 0 <j < n.

Therefore the numbers 2/ cos (jn/n), j = 1, ---, n — T are n — 1 different zeroes of (2). Since u,(x) is a polynomial of
then — 17 degree they are all its zerges.
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2. DISTRIBUTION OF THE ZEROES OF /,(x), n=2, ., WHEN s # 0
By induction it may be proved that:

(4) folx) = uplx)+(s = up-2(x), n = 2.
Owing to (3) and (4) we have:

fo(2icos0) = i ((sin n6 /sin 6) — (s — 7)(sin (n — 2)0)/sin 0) .

Functions

Q,(cosf) = sinnd/sin6, n

]
\N

are Tchebishev's polynomials of second class. Let
0_5(cos) = =1, Q,(cos@) =0 and P,(cosf) = Q,(cosf)— (s~ 7)Qp-2(cos0), n = 1,--.
Then the following conditions are fulfilled:
P,(cosB) = s P, (cos8) = 2cos,

Pp+1(cos8) = 2cos0P,(cos @) — P,-q(cos ), n=12-
and the polynomials

P,(cosB), P, (cosB), -, Phrqlcosh)

form a Sturm's row. From [1] —the zeroes of P,,+7 (cos 0) are real, distinct and the zeroes of P,, (cos 0) divide those
of Pp+7 (cos 0). So, f+7(x) has n distinct zeroes—

ZicosOf T, = 1,2, n

too and the points cos Bj("+2},/= 1, -, n are divided by cos 6/-("}, j=1,,n—1.

The position of the zeroes of P,_x (cos @) in relation to those of P, (cos §) can be examined by the help of the
lemmas:

Lemma 1.
(4) P,(cos0) = O (cos 0Pk (cosO) — Q-1 (cos 0)Pp_+7(cosB),
where n and k are positive integersandn > 2, 1<k <n.

This is proved by induction over n. It can be directly verified thatitisvalid forn=2, k=7and forn=3,k=1, 2
If we assume that (4) is true forsomen—7>3 k=12, --,n—2andn,k=1, -, n— 1, then

Pot1lcos@) = 2cos 6P, (cos 0) — Pp-7(cos 0) = 2 cos 0(Qy (cos )Pk (cos 8) — Q-1 (cos 0)Ps——1 (cos 6))

0y (cos 0 )Ppy_k-1(cos 0) + Qg1 (cos 0)Pp—k-2(cos )

0]

Qy (cos 0)Ppy_k+7(cos 0) — Qk-1 (cos 0)Ppk (cos 0) = Qy (cos 0)Py—g+71(cos @),
which is true for k=17, -, n — 2. When k=n — 17 and k = n, we have

Pp+1lcos@) = 2cos0Q,(cos 0) —sQ,—71(cos 0)

the validity of which is easily proved by induction over n.

Lemma 2.
Pp-k (cos 6]("”}) = Qg-1(cos Gj-("’L”)P,,_;(cos 61-("“)), j=1,2,n.
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This can be proved by induction over 4.

Owing to Lemma 1 and the results received above, the common zeroes of P,, (cosf) and P,,_x (cos 0 ) are zeroes of
Oy-1{cos0). Moreover P, (cos @) and Qg7 (cos @) have no other common zeroes.

Let

glm+1) (n+1))
j ’ 1

(cos cos 07 1<j<n-1

be an interval between two successive zeroes of P, (cos 6 ) which doesn’t contain any zeroes of Qx_7 (cos 0).
Then

Q-1 (cos 0!-{"+1)), Q-1 (cos Bj(,{’f7}) >0
Pn-1(cos 0/ 7)), P, 1 (cos 0/777) < 0
and by Lemma 2, we conclude that:
Pn-k (cos 0/””’ ), Pp-k (cos 0;,’3;‘ "y <.
This shows that £,,_x (cos §) has an odd number of zeroes in
[cos Bj{"+”, cos 0/-(,{7”] .
If P,k (cos 0) has more than one zero in this interval, from Lemma 1 it will follow that P, (cos 0) has a zero in
(cos 0/-("”}, cos 6/;’;”) ,

which contradicts our assumption. Therefore every interval

[cos 6j("+”, cos 0/{,?;”]

which doesn’t contain a zero of Q-7 (cos 8), contains only one zero of P,k (cos ). In asimilar way it is proved
that ifin

(n+1) (n+1)
[cos ;" ", cos 67 "]
there is no zero of £, (cos ), it contains one zero of Qg_7 (cos 0).
Thus we proved that in every interval between two successive points of

cos 6/_(n+ 7),

there is either one and only one of

oS 6](n-k+ 1)'

or one and only one of
cos (11 /k), j=1-, k-1

orone of the boundary points of this interval coincides with one of

ofrH 1) j=fn—k  andof  cosGIU/kL =1, k1.
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