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it is well known that the nth Fibonacci number, an 

(a0 = a1 = I an = an-i +an„2, n > 2) 

can be explicitly written in the form 

\n+1 _ \n+l 
(1) an = Ai ^ -, n = 0,1,2,-. 

where 

The purpose of this note is to derive Binet's formula (1) from the spectral decomposition of the matrix A, where 

First, note that for n = 2, 3, 4, •••, we have 

O) A" IBn an"1 \ 
U) A = \ 3n~1 an-2 ) • 

Second, note that since A is a symmetric matrix, there is an orthogonal matrix, P(P P = I), such that 

(3) r'AP.D-(} I) ; 
i.e., D is the diagonal matrix whose diagonal elements are the eigenvalues of A These are the zeros of the character-
istic equation X2 - X - 1 = 0, of A A short calcualtion reveals that 

r = 1 I1 Xl 

where d > 0, and 

d \ - \ 1 I 

d2 = 1 + X2 = y/5\ ; 

i.e., 

d 

Raising the expression in (3) to the nth power yields 

± [ 1 - \ \ ( i 1YI1 K \ -
d 2 \ \ i j \ i o ) \ - \ 1 ; °-
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(P~1AP)n = P'1AnP = Dn, 

and, solving for An, we have 

(4) An = PDnP~r
t n > 2, 

Equating the values in the upper left-hand corners of the two expressions in (4) gives formula (1) when n > 2. A sim-
ple check shows that (1) holds in fact, for all n > 0. 

The above method for ohtainingthe explicit formula (1) is quite general; it can be used to obtain explicit formulae 
for terms in other linear recurrences. Unfortunately, it is not directly applicable to arithmetic sequences in prime 
number theory. In the case of thesummiatory function of A(k) (A(pr) = log/? for any primep, and 

A(k) = 0 

otherwise), 

^(X)= Y^A(k), 
k<x 

what seems to be needed is an operator, T, whose eigenvalues, Pk, are the zeros of the Riemann zeta-function. Then, 
given x > 1, we would have, on the one hand 

and, on the other 

Trace ( ^ ) = £ ^ / * (Trace T)H . 
j-o 

An arithmetic interpretation of the right side of the last formula should yield an expression close t o * - "$?(x). 
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