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Consideration of this sum was suggested by the following problem proposed by H. W. Gould [1]. Let

wore B e {()- e

0<2k<n
Then
A,2m+1) = Cm+1)A,(2m+1).

It is noted that this result does not hold for even n.

Since
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so that

(1.2) Aln) = (—1)"Afn),

therefore

(1.3) ACm+1) = 0.

However (1.2) gives no information about A(2m). By (1.1) we have
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Thus if we put ’
n+1

Soln) = an 1k (n )3, Siln) = 30 -1/ (1 )2 (v2/).
k=0 k=0
Saln) = :{':7 (-1 (;)(k_", )2,
k=0

itis clear that
(1.4) Afn) = 2S,(n) — 38,(n) +3S,(n).
In the next place, we have

n+1 nt1

S2(n) = Z(‘”k(Z)( ) Z (- ”n-kﬂ( Z+1) (nfk )2
k=0
n+1
- T et m ) ()
k=0
so that
(1.5) Saln) = (~1)"*1S1(n)
and (1.4) becomes
(1.6) Aln) = 2Soln) = 3 {1+ (=1)" }$4(n).
In particular we have )
(1.7) A(2m) = 2S,(2m) — 6S,(2m)

Al2m +1) = 25,(2m + 1)

It is well known (see for example [2, p 131, [3, p. 2431) that 8, (2m + 1) = 0, while
- m (3m}!
(1.8) S,(2m) = (-1) mif
However S, (n) does not seem to be known.
2. In order to evaluate S, (2m) we proceed as follows. We have

g(—j)k<z>2{(n+1 _ } E(_”k Z) (";1)—So(n)
E(—7}k(z)(n+1){(n;1)_(kf1)}—-$‘o(n)

S1(n)

k=0
so that
(2.1) S.(n) = Tyln) =T, (n)—S,(n),
where
Toln) = Z (—I)k(”) ("+7)2 Ti(n) = g (—Hk( n )("+1) ( n )
Poer] k = k k k—1

Now
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n+1

_ -k+1 +1
771”)‘;(:)"”" (n——kn+1)(n-’—1k+7> ("fk)
n+1
- +17 k +
e Bl ) )
k=0
that is,
(2.2) Tiln) = (=1)"1T1(n).
Therefore 77(2m) = 0 and (2.1) yields
(2.3) $.(2m) = Tof2m)— Sy(2m).

In the next place

n

o = 35 (3] (74) = B (2 ) (227

k=0 k=0

e 3 e (2) (52) - e 3 e (7) (e ){() - (1)

k=0
aad Z () () () +r—v"k_z_"; ok ()27 ) {(223) - ()}
= —(-1" é‘a O () (Rar)(ET) e é{:} -0 (R ) (44 )2
e S e () ({1 - (1)}

s e (1) () (53] e 3 e (2) (70

k=0 k=0

n ; 2
s 3 -0 (1) (7037

k=0
so that
(2.4) {141} Totm) = —26-1)" 2”“, (~1)k (Z) (",’:’) (z:;)
k=0
s> (—1/"(',;)(;:2,’)2.
k=0

For n = 2m + 1, (2.4) gives no information about 7,(2m + 1); indeed eachsum on the right vanishes. Forn =2m,
however, (2.4) becomes ~
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2m

o+ 5 () (57) (257)

2m 2A
k [ 2m 2m + 2
+Z(_7)<k>(k+1)
k=0
Itis known [3, p. 243] that

(2.6) L -0 (2 ) ( am 1) (2 ) -y _(ame 1

| mimi(m + 1)

and

(2.7) Z (_”k (Zm ) (2m+2 )2 = (=7)m 2(3m +2)!

k+1 mimifm + 1)1(2m + 1)

Substituting from (2.6) and (2.7) in (2.5), we get

—qgm _(Bm+ 1)
(2.8) Tolzm) = (=1)7 ¢ om +7)

Therefore by (2.3) and (1.8)

’ _ m (3m)!
29) Salem) = (= i = 1ilzm +7)
Finally, by (1.6) and (2.9),

- m  (3m)(m - 1)
(2.10) Al2m) = =2(~1) ImiP (m 1] -

This completes the evaluation of the sum A(Zm). Note that we have not evaluated S, (2m + 7).

3. Forcompleteness we give a simple proof of (1.8), (2.6) and (2.7). We assume Saalschiitz’s thearem [2, p. 9] :

2?’.‘ (-n)ilaiblie _ (c— alylc — b)),
o

@1 2 “Hieeldl (ol —a= bl,
where

(a)i = ala+1)--fat+k—1), falg=1
and
(3.2) c+d = —n+a+h+1.

We rewrite (3.1) in the following way:

{3.3)

i) latillb+c—a+ 1), _(a—blla~—c);
X Tt B ile + 7);

r=

the condition (3.2) is automatically satisfied. Multiplying both sides of (3.3) by (a),'xj//'! and summing over j, it fol-
lows that

(el j S~ (=ililatililb+c—a+1),

= (ifa— o~ ch -
2 7'/7b“17,‘rcTn‘L EDI- s b+ e+ 17,

=0 =0 r=

rlalafb+c—a+ 7}, - rlalob+c—a+1), , —a-2r
Z( 1) b T, ;z ,:Ea( 1) Tl x'(1-x) .
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Now take @ = —n and we get
- (=n)j(=n = blj(=n —c); ; _ - r (—n)oplb+c+n—1), , n-2r
(3.4) » e Zg 1 e, KT

Forn=2m and x = 1, (3.4) reduces to

o

(3.5) S (=2mi(=2m — b)j(=2m ~c)j _ . m (2m)!fb +c+ 2m + L
' pr b+ T)jfe +1); M+ T (e + 1
/=0

Now let 4,¢ be non-negative integers. Then (3.5) yieids
2m
m{ 2m 2m +b +c 2m+h +¢
(3.6) %(—7} (2 (s J(2mrere)
=

= (ym _{2m)l(3m +b +c)l(2m + b +c)f
mi(m + b)(m + cJI{2m + bJi(2m +c)!

Forb=c=0we get (1.8); for b =0, ¢ = 7 we get (2.6); for b =c = 7 we get (2.7).
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[Continued from Page 214.]
1 1og 1225
X log >
as n — . Since this limiting value is an irrational number, the sequence v,/ is u.d. mod 1.
REMARK. Let p and ¢ be non-negative integers. Then the sequence

p, 9 p+q, p+2q Z2p+3q,
or(Hp), n=1,2 - with

Ho= gFp-1+pFp-2 (n=>3), Hy =p, Ha=gq
possesses the property shown in Theorem 1. Forifv, = log Hn’/k, we have

Vptl—Vp — /% log H}S&

asn—oo.
Theorem 2. Letp, g, p*and g* be non-negative integers. Let (H,,) be the sequence
P g ptg pt2q 2p+3g -
and (H,;) the sequence
P g% prrgr, pT+2q%, Zp*+3q%

[Continued on Page 276.]



