
SUMS OF COMBINATION PRODUCTS 

IVIYRONTEPPER 
195 Dogwood, Park Forest, Illinois 60466 

INTRODUCTION 
The combinations of the integers 1, 2, 3, 4 can be represented by the following diagram: 

^2.2—-#-1.2-3.4 
. ^ 1 - 2 ^ * 1 - 2 - 4 

^ 2 . 3 — ^ 2 . 3 4 
-24 

3»—*-#»r3.4 
4 

We will be interested in developing methods for evaluating sums of the form 
1.2 + 1.3 + 1.4 + 2.3 + 24 + 3.4 and 1.2.3 + 1.24 + 1.3.4 + 2.3.4. 

We let 

£ ) (xt.X2--.-Xr) 
K1<r<xr 

denote the sum of all products of the form xj 9X2" — mxr, where 
*1 < x2 < "' < xrt XVX2> '"*xr ^ | 1, 2, - ,n\, and n > r > 2. 

For example, 

5 2 * i * * = 1-2+1-3+ 1 4 + 2-3+ 2 4 + 34 and ^ xix* = 1-2+1-3 + 2.3. 

We define 
n 

An
r = Ys (X1°X2 Xr}< t>2' m] * 7 " 2 3 ' -

Mn 

In this paper we develop formulas for A^ A3, A4. We also provide a general approach for finding >4̂  when/7 > r>5. 

A. We now develop a formula for A%. Consider 

( n \ I n \ n n n 

£ ' E/ -EE^-E^E'-2-
/=/ l \ M J ',=1 M W /•/ 

Thus, 
265 
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Now, 

Mn 

Thus, 
1)(2n + 1) 

Thus, we have 

Theorem 1. Say n > 2. Then 

/</ \ / = / / /=/ 

For example, with /7 = 3, 

2(1.2 + 1.3+2.3) = 3 ' 3 4 - 3 2 j t13 f 3 3 - 3>. 
We could also find 

/</ 

by using the method of undetermined coefficients. We begin by assuming that 

Y^ (*1 xr) 
x1<"<xr 

Mn 

is a polynomial of degree 2r in n (we assume that the coefficient of n° is zero): 

2 ^ T / / = An4 +Bn3 + Cn2 +Dn. 

i<j 

Now, £ / / = 1-2 = 2, £ / / = 1-2+L3 + 2.3 = 11, 

M2 M, 

Y^ii = 1-2+1.3+1.4+2.3+2.4+3.4 = 35, 

J2 U = 1-2+1.3 + 1.4+1.5 + 2.3 + 2.4 + 2.5 + 3.4+3.5+4.5 = 85. 
/</ 

[OCT. 
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Thus, 
2(2) = A-2« +B.2*+C-22+D>2, 2(11) = A-24 + BWl+ C-V + D>1, 
2(35) = /f»44 -/-£-43 +C-V+D-1, 2(85) = A-B4 +B-& + C-§2 +D-S. 

Solving this system forA,B,C,D should provide the required answer. Generalizing Theorem 1, we have 
Theorem 2. Say a,-, aj e I ai, a2, - , an I and n > 2. Then 

I n y n 
2 

267 

For example, letting a,- = i2 

Similarly, letting a/- ///; 

*E^-(E'-VX> 

For example, 

*£ ,HEf -£,4-
2 ( J L + - L + J _ \ = ( 1 + l + l V f i + l + L ) : 

\ 1-2 1-3 2-3 / I 2 3 / \ 4 9 / 
Now, say x3 + Bx2 + Cx + D = 0. Then, by Theorem 2, letting a-, equal the / root of the above equation, 

2C = B*-(a\+a\+a%). 

Say B = C = 0. Then a\+a2+a2 = 0. Thus, we have 
Theorem 3. Say ru r2, - , rn are the roots of xn = -Df and n > 3. Then r2+r2

2+ - * r£ = 0. 
B. We now develop a formula for A^ . Consider: 

(i'Yt/Y t»W£')'-£££*• 
We consider 

n n n 

E E E ** 
/«/ /= ; *= / 

to be a sum of products having three factors. Hence, 

E E X > - E «*+ E «** E vk. 
i=1 j=1 k-t all factors all factors two factors 

. , .r , , A - « A • A!_ equal different equal 
Now, if the product 1 -2-4 appears in the sum 

n n n 

E E E VK 
i=l j=1 k=1 

the following products also appear: 
1-4-2, 2-1-4, 2-4-1, 4-1-2, 4-2-1 . 

These may be considered as rearrangements of 1 -2-4. We note that the number of permutations of three distinct ob-
jects taken three at a time is six. 

lithe product 1-1-4 appears in the sum 
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n n n 

E £ £ ^ 
M ri k=i 

the following products also appear: 
1*4-1, 4 - M . 

We note that the number of permutations of three objects, two of which are of one kind, is three. Thus, 
n n n n I n \ / n \ 

E E E 'ik = H i3+6 E 'Jk+[3E i2'-3-i3 r J E n-3-2* 
i=i j=i k=t i=i i<j<k \ 1=1 / \ /»/ / 

Mn 

( n \ n n 

5 E n2i-3n* \ = lLi3+6 E iik + 3Y^i(12+22+'''-hn2}-3(P+2*+--- + nz) 
i=1 j M i<j<k i=1 

i=1 i<j<k \ i=1 j \ i=1 ) i=1 
Mn 

Thus, we have 

Theorem 4. Say n > 3. Then 

Mn 
For example, with n= 4, 

6(1.2.3+1.2.4+1.3.4+2.34) -( Yl # ] +2^ / 3 - ( jr n)( E / ) -

We now give an alternate derivation of the formula for £^ ijk 
i<j<k 
Mn 

Consider: 3(1-2) + 4(1-2 + 1 -3 + 2-3) + 5(1 -2 + 1 -3 + 1 -4 + 2-3 + 2-4 + 3-4) = (1 -2-3) + (1-2-4 + 1-3-4 + 2-3-4) 
+ (1 -2-5 + 1 -3-5 + 1 -4-5 + 2-3-5 + 2-4-5 + 3-4-5). This suggests that 

E '7*-5E'>**E ii+~'+n E v • 
i<s<k j<j i<j /< / 
Mn 

Thus, we conjecture, 

(2) 

Thus, by Theorem 1, we conjecture 

E Uk-
i<j<k 
Mn and we have 

M2 M3 Mf 

n-1 

£ #*= E Av+tf £ />'• 
i<j<k w=2 Kj 

Mn Mw 

w=2 

Theorem 5. Say n > 3. Then 
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24
 1L1 ijk = Y\ (3i5 +5/4 - /3 - Si2 - 2 i ) -3ns - 5n4 +n3 + 5n2 +2n. 

i<j<k • f 

Mn 

We can prove Theorem 5 by using Theorem 4 and the following formulas: 
n n n 

2 Y^'= "2 +n' 3 Y 1 p = n* + ^j + j * 4 J2 /B = n* +2n*+n2' 
i=i i=i 1=1 

i=1 1=1 

C. We now develop a formula for A%. Consider: 

4(1 -2-3) + 5(1 -2-3 + 1-2-4 + 1 -3-4 + 2-3-4) = (1-2-3-4)+ (1-2-3-5 + 1-2-4-5 + 1-3-4-5 +2-3-4-5) 
This suggests that 

^ ijkz =4 J2 '*k + 5 Yl ijk + ~ + n ^ ijk . 
i<j<k<z Kj<k j<j<k i<J<k 

Mn M3 M4 Mn-1 
Thus, we conjecture, 

n-1 

(3) ]£ ^ = I] (w+1> £ ft-
t<J<k<Z w=3 i<j<k 

Mn Mw 

Thus, by Theorem 4, we conjecture, 
n-1 

w6 w5 3w* , w3 ,t/u2 

y ~ y ~ y~ y w 

/</<*<£ w=3 
Mn 

E //*« - i <*&• ( 

and we have 
Conjecture 1. Say A? > 4. Then 

E '̂  = E ( f -""5-'4 + ¥ + / 1 ) - r ^"s+"4-f3 -"2 24 
/</<*<« i=1 

Mn 

Comparing (2) and (3) we have 

Conjecture 2. S a y n > r > 3 . Then 
n-1 r_1 

E £ */- E ^ E ,?, */ 
x 1 < - < x r w=r-1 Xj<-<xr-/ 

'w 
Thus, we have 

Conjecture J . Conjecture 2 and Theorem 1 provide a recursive method for determining A^, A%, An
5, - . 

D . Theorem 6. Say n > 2. Then 

(n - i)i = nn'1 + £ (-li'A?-1,!"-0*1*. 
i=1 
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Proof. 
(n - 1)! = (n - 1)(n -2)- [n - (n ~ 1)] = nn~1 + (~1)1 Anf1 nn~2 + (-V2 A n

2"
1 n n~2 

+ (-1)3An
3"

1nn"4 + .« + (-1)n'1An
nZ1

1n
n^ . 

E. Theorem 7. The A" can be solved for by Cramer's rule. Also, 
n 

E A? = (n + 1)!-1. 

Proof. LetfM = (x+ 1)(x+2)-(x+n) = <x + n)!/xl. TnmfM=xn+ An
1x

n~1+ An
2x

n'2+ -+An
n_1x+An

n. 

T h U S' An
1l"-i + An

21
n-2+- + An

n_1 1
1 + An

n = f(D- 1" 

Ap"-1 + A2
12n~2+ ••• + A^_j21 + An

n = f(2)-2n 

Ar\n
n-1 + An

2n
n-2+~ + An

n_in
1+An

n = f(n)-nn, 

where the A" can be solved for by Cramer's rule. 

F. Theorem 8. Sayn>r> 7 and f(x) = (x + n)!/x!. Then 

, » _ f[n-rl(Q) 

fnrl ' (n-f)l ' 
where r J (0) denotes the n - r derivative avaluated at zero. 

Proof. Say f(x) = (x + Dfx + 2) •• (x + n) = (x + n)!/xL Then f(x) = xn+An
7x

n~1 + - + An
n_ ; x - M £ . Now f(x) 

is a polynomial of degree n. Thus, by Taylor's formula, 

f(x) - HOlH^fOk* f[2l<°>x2 + •••+ f--@£ . 
/l n! 

Thus, comparing the coefficients of the above two equations, the theorem is proved. 
G. A Curiosity. Let 

Q Q X j ~ ; 
(4) 

xx-1 x2-1 

where 

^ - - E v E ' . E *>-£** E x> E 
xx=1 xx=2 x2=1 xi~3 x2=2 xz~1 

Q xt-1 x2~1 x3-1 

£ *i E ** £ ** £ ^-•••^w^, 
x 3=2 x 4 -7 x*=3 

Q 

V(V,Q) = (-n¥ Y* x 

x,=v 

X j - 7 x , , -7 

* 2 

Thus, 
(5) 

(6) 

(7) 

£ *> £ *•"£ *> 
x2=v-1 xz=v-2 x^f 

Q Q 

:. TQ = -J2 *i * £ W(V<Q>-
xt=1 v=*2 

Tx = -[1] 

T2 = -[1+2] +[2(1)] I 2 - —l I -r d.J T L*\ l/J 

Tz =-[1+2 + 3] + [2(1)+ 3(1+2)] - { 3[2(1)]\ = -[1 + 2 + 3] + [(2-1) + (3-1) + (3-2)] - [(3-2-1)]. 

This suggests 
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Conjecture 4. 
n xx~~1 n xt-1 x2-1 

A"2 - E *. E *- AS - E *. E *. E *• 
xx=2 x2 = 7 x ^ J x2=2 x3 = 7 

fl X j - / x 2 - 7 *n-2"1 

••A"-i= E *« E ** E x* E x"-? 
xx=n-1 x2=n-2 x 3=11-3 Xn-I^l and 

Conjecture 5. 

We note that from Conjecture 4, 
? /? 

^ = E *. 
x,-2 

x , -7 
E *> 

x2=7 

n 

r„ = E '-"W • 
/ / 

n i—1 n 

-zz^z i=2 j=1 i=2 

= 1 J\n(n+1) f n(n + 1)(2n + 1)\ 
~2\l 2 \ ~ 6 } 

which agrees with Theorem 1. 
Similarly, 

n xl-1 x2-1 n i-1 j—1 

xt=3 x2=2 x3 = 1 i=3 j=2 k=1 

We note that T3 = T2 -3 + 3[1 + 2] - 3[2(1)1 = T2-3-3T2 and T4 = T3 -4+4[1 + 2 + 3] - 4[2(1) + 3(1 +2)] 
+ 4 | 3[2(D] \= T3-4-4T3. Thus, T3 = -2T2 - 3 and F4 = -3T3 - 4. This suggests 

Theorem 9. Say Q > 1. Then 
(8) TQ = -(Q-DTQ^-Q. 

We leave the proof to the reader. 
We might hope that the TQ represent a new species of number. Let's see; i.e., from (5), (6), (7) we have 

Ti = - I T2=-3 + 2=-l T3 =-6+11-6 = -1. 
This suggests 

Theorem 10. Say Q > 1. Then TQ = - 1 . 
Proof (induction). By (5) we know that Tt = - 1 . Say k is a fixed integer greater than or equal to two and 

7V./ = - 1 . Then, by (8), T^ = - 1 and the theorem is proved. 
Hence, from Conjecture 5 and the above theorem, we have 
Conjecture 6. 

n 

E (-D'AP = - / . 


