SUMS OF COMBINATION PRODUCTS

MYRON TEPPER
195 Dogwood, Park Forest, llinois 60466

INTRODUCTION
The combinations of the integers 1, 2, 3, 4 can be represented by the following diagram:
10203 momemeip=1.2.3.4

2:4
3 i 3. 4,
4
We will be interested in developing methods for evaluating sums of the form

1.2+1.3+14+2.3+2:4+3:4 and 1.2:3+1:2:4+1.3-4+2-3:4.
We let

E (X7.X20 w0 uxp)
X7<seXp
n
denote the sum of all products of the form x7 x5 - *x,, where

X7 < X2 <« < Xp; X1,X2,,Xp € { 1,2, ---,n}, and n=>r> 2.
For example,

Y xux, = 1:2+41:3+1-442:342:443:4 and D0 xyx, = 1:241:3+2:3.
X, <X, X, <x

M, M,
We define

n
Al = 3 gxgeex, r>2 ad A7=D2 0.
X, < <Xy i=1
MI'I
In this paper we develop formulas for A5, A3, AZ. We also provide a general approach for finding Al whenn >r>5.
A. We now develop a formula for A’Z’. Consider

n n n n n
58 DSVRED 30 > 3 i
i=1 j=1 i=1 j=1 i# =1

Thus,

265
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n 2 n
(1 DIVEL DIV D PN
: i# i=1 =1
Now,
Yij=2 Y i
i# i<j
Mp
Thus,

~.. _[nln+1) 7\ nlpn+1)(2n+1)
2 i[5 ] 6 :
i<f
Mp
Thus, we have

Theorem 1. Sayn > 2. Then

n \? n
23 ii= Z/> -y =3(""-"’4(;)?(”3—”/ .

i<j =1
Mn

i=1

For example, withn =3,
. . q) = 3(3* —32)+2(3° —3)
2(1:2+1.3+2.3) a03) .

We could also find
i
i<j
Mn

by using the method of undetermined coefficients. We begin by assuming that

Z (X7""‘Xr)

X <Xy
Mn
is a polynomial of degree 2rin n (we assume that the coefficient of n° is zero):

2 Zij = An* +Bn® +Cn* +Dn.

i<j
Mn
Now, Eij=1'2=2’ Zij= 1.2+1.3+2.3 = 11,
i<j i<j
M2 M3

Zij =1.2+1.3+1.4+2.3+2-4+3.4 = 35,
i<j

M,

Z if=12+13+14+1.5+2.3+2-4+2.5+3.4+3.5+4.5 = 85.

i<j
MS

[OCT.



1976] SUMS OF COMBINATION PRODUCTS 267

Thus,
22) = A-2¢+B.22 +£-22 +D0-2, 2(11) = A.3* +B-3%+ (.32 +D.3,
2(35) = A-4% +B-43 + (.42 +D.4, 2(85) = A-5% +B-.5% +(-52 +D-5.

Solving this system for A,B8,C, 0 should provide the required answer. Generalizing Theorem 1, we have
Theorem 2. Say 4;, a; € { a, az, -, an } and n > 2. Then

n 2 n
ZZa,-a,-= Za; —Za;z.
i<j =1 =1

For example, letting a; = i?,

U
M-

23" (i)

i<j =1 =1
Similarly, letting a; = 1/j,
7 N &
23 -l 27 -2 5
bes
i<j =1 =1
For example,
1,11, 1_1_)2_( 1_1_)'
2(14*13*23) (1+2+3 rtg -

Now, say x* + Bx* + Cx + 0 = 0. Then, by Theorem 2, letting a; equal the ™ root of the above equation,
2C = B* — (3% +a2 +a2).
Say B=C =0 Thena? +a? +a2 = 0. Thus, we have
Theorem 3. Say ry, I, -, Ip are the roots ofx” = =0, and n > 3. Then ri+r;+trg=0.

B. We now develop a formula for A3 . Consider:
n n

n n 3 n n

PRIV DI =<2:i =YY ik
=1 =1 J\ k=1 i=1 =1 j=1 k=1

We consider

to be asum of products having three factors. Hence,

n n n

R N

i=1 j=1 k=1 all factors aél_fffactorts two facltors
Now, if the product 1-2-4 appears in the sum fiteren equa

M- §
B

Z:m;

1 k=1

i=1 j
the following products also appear:
1-4.2, 2-1-4, 2-4-1, 4.1-2, 4.2-1.

These may be considered as rearrangements of 1-2-4. We note that the number of permutations of three distinct ob-
jects taken three at a time is six.
If:the product 1-1-4 appears in the sum
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) > ik,

3

=1 j=1 k=1
the following products also appear:
1:4-1, 4.1-1.
We note that the number of permutations of three objects, two of which are of one kind, is three. Thus,
n n n n n n
> k=3, P+6 D, ijk+( 3 12i—3-13)+ 32, 22;-3-23)
i=1 j=1 k=1 i=1 i<j<k =1 i=1
Mp
n n n
+ot| 3 E n%i—-3n% | = E *+6 Z ijk+3 Z i(12 +22 4+ tn?) = 3(13 +2° +--+n3)
i=1 =1 i<j<k i=1
Mn
n n [ n 3 n
=S P+6 Y /'jk+3< > /><Z i’)—.’»’ .
=1 i<j<k =1 =1 =1
Mn

Thus, we have
Theorem 4. Sayn >3, Then
n 3
6 2 k=Y i) +2
i<j<k i=1
MI'I
For example, with n =4,

4 4 4 4
61-23+1.2:4+13442.3.4) = D i |+2 P-( || 2 i

n n
- . c\ -n® _n® _ 3n* , n® , n?
.21/32: E/ T 7 8+8+4'

i=1 i=1

i=

We now give an alternate derivation of the formula for Z ijk
i<j<k
Mpn
Consider: 3(1-2)+4(1-2+1.3+2.3)+5(1-2+1-3+1-4+2.3+2-4+3-4)=(1-2-3)+(1-2-4 + 1. 3.4 + 2 3.-4)
+(1.2.5+1-3-5+1.4.5+2.3-5+ 2.4-5+3.4-5). This suggests that

S k=3 ij+4 Y iitetn Y

i<i<k i<j i<j i<<f
Mn M2 M3 Mﬂ-'1
Thus, we conjecture,
n~1
e Wl X3
@ 2 k=2 wrl) i
i<j<k w=2 . i<j
My, My

Thus, by Theorem 1, we conjecture

n—1
3 k= w+ 1) St = w?) + 20w - w)
i<j<k Wgz: [ % :l
Mp

and we have
Theorem 5. Say n > 3. Then
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n
2 20 jk= Y (3% +5i = — 5 = 2i) — 3% — Gn +n® +6n? +2n.
i<j<k i=1
Mp

We can prove Thearem 5 by using Theorem 4 and the following formulas:

n n n
- - 2 .
22/=n2+n, 32/’=n3+‘%— +—7—2", 42/3=n4+2n3+n’,
=1 i=1

=1

n n
4 5n* 5n3 in s 5n* 1n?
5[2;/4—1157‘? +"3——'6—, 6§IS—H6+3I75+7-—7.
= i=

C. We now develop a formula for AZ. Consider:

4(1-2-3) +5(1-2.3+1.2-4 +1.3-4 +2.3.4) = (1-2.3-4) + (1-2.3.5 +1-2-4.5+1-3-4.5+2.3-4.5) .
This suggests that

2 ke =4 > ijk+5 D ifktetn Y k.

iG<k<® i<j<k i<j<k i<i<k
Mn M, M, Mp-1
Thus, we conjecture,
n—~1
(3) D ik =Y w1 Y ik
i<j<k<% w=3 i<j<k
M, My
Thus, by Theorem 4, we conjecture,
n-1
o (w+1) (W6 ws 3wt w? 2 )
Q = wril) (W _ W _ W W
_ 2, ik 7 \z "7 272"
i<j<k<L w=3
Mﬂ
and we have
Comjecture 1. Sayn>4. Then
n
i = ]_’“i_'s_% ‘3_1-1 '2)_’_’_1 5 4_‘27'3_ 2
24”2 ijke Z(z 2% =+ 2 #i AR ARVAES N
i<j<k<q =1
Mﬂ
Comparing (2) and (3) we have
Comnjecture 2. Say n>r> 3. Then
n-1
f Y owen YT o
Xi = .
Z =1 £ =1 '
Xy <o <Xp w=r-1 Xy < <Xpq
Mp w

Thus, we have

Conjecture 3. Conjecture 2 and Theorem 1 provide a recursive method for determining A3, Ay, Ag, .
D. Theorem 6. Sayn = 2. Then
n—1
(ﬂ _ 7}, = nn-7+ Z (__”iA/pﬁnn-(iH)'

=1
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Proof.
(n~1)1="(n~1)n-2)1[n-~(n=-1)] =n"""+(-1)747717""2+(-1)245715""%

F=1)3A8 0" e (1) T A0
E. Theorem 7. The A" can be solved for by Cramer's rule. Also,

n
D AP =(la+1)-1.
=1

Proof. Let flx) = (x + 1)(x +2)(x +n) = (x + n)l/x]. Then flx) =x" + ATx""1 + ABx""2 # ..+ A7_ x + A",
Thus,
ATI 4 %724k AR 1T+ AR = 1) 1"
AT+ A2 24 ok AN 2T+ A = f(2) - 2"

AT T ADn 2 et AT T+ AR = fln) 0",
where the A;” can be solved for by Cramer’s rule.
F. Theorem 8. Sayn=r=1andflx)=(x+n)l/xL. Then

an - 77 ()
Iner] r f(n—r)l *
where -7 (0) denotes the n - r derivative avaluated at zero.
Proof. Say flx)=(x+1){x+2) - (x+n) = (x +n)l/xL Then f(x)=x" + A7x" "+ ..+ A7_.x + A". Now f(x)
is a polynomial of degree n. Thus, by Taylor's formula,

fx) = #0) + 11 (o) + f———[zjg)x g fﬂ%——(lo)"n .

Thus, comparing the coefficients of the above two equations, the theorem is proved.
G. A Curiosity. Let

Q Q x,—1 Q x,~1 x,—1
(4) TQ=—Z:X,+E)(1 ) x2—2x12x22x3
x, =1 X,=2  x,=1 x,=8  x,72  x,=1
Q x,~1 X,=1 Xy=1
DR LA IEAD HERRTTLL )
x;=4  x,=3  x,=2  x,=1
where
Q x,~1 x,-1 Xy1-1
wiv,0) = (-1)” Z X, Z X, }: Xy z Xy
X, =V x,=v-1 Xg=v=-2 xy=1
Q Q
STa==3, X+, wia).
x,=1 v=2
Thus,
(5) T, =-[1]
6) T, = —[1+2] + [2(1)]

() Ty=—[1+2+3]+[20)+3(1+2)] = { 32001 } = ~[1+2+3] + [(2-1)+ (3-1) +(3-2)] ~ [(3-2-1)]..

This suggests
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Conjecture 4.

x,=1 n x, =1 X, =1
Al
DR RIS 2 3 S
x,=2 x,=1 x,=3 X, = x,=1
n x,—1 x,-1 Xp-2-1
Z X, E X, Xy o+ eeee Z Xn-1
x,=n-1 X,=n-2 X5=n-3 xp-1=1
and
Conjecture 5.
n
= (1Al
i=1
We note that from Conjecture 4,
x,—-1 n i~1 n i 1) n
ili — = -
S SN Ik S it DMUELS
x, =2 x,=1 i=2 j=1 =2 =2

_1 (n/n+7)]2__n(n+7)(2n+7)
21L 2 . 6

which agrees with Theorem 1.

Similarly,
) x, =1 x,~1 n =1 j=1
ghlezxz Exs Ezzllk
x, =3 x,=2 x5=1 i=3 j=2 k=1

Wenote that 7, =T, =3 +3[1+2] —=3[2(1)] =T, -3 -3T, and T, =T, —4+4[1+2+3] —4[2(1) +3(1 +2)]
4 {30211’} = T, ~4 - 4T, Thus, T, = =27, = 3 and T, = =37, — 4, This suggests
Theorem 9. Say @ = 1. Then
(8) Ta=—-(Q-1)Tg-1-4Q.
We leave the proof to the reader.
We might hope that the T represent a new species of number. Let's see; i.e., from (5), (6), (7) we have
T,=-1 T,=-3+2=-1, T, =-6+11-6=—1.
This suggests

Theorem 10. Say @ > 1. Then Tg = —1.

Proof (induction). By (5) we know that 7, = —1. Say K is a fixed integer greater than or equal to two and
Tk—1=—1. Then, by (8), T, = —1 and the theorem is proved.
Hence, from Conjecture 5 and the above theorem, we have

Comnjecture 6.

n .
D (~1)Af = -1
i=1



