SOME SUMS OF MULTINOMIAL COEFFICIENTS
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Duke University, Durham, North Carolina 27706

1. Recent interest in some lacunary sums of binomial coefficients (see for example [2], [3]) suggests that it
may be of interest to consider some simple sums of multinomial coefficients.

Put
.. _(i+j+k)!
(i k) = Srhrer
so that
(1.1) (xty+2)" = 9, (ij kix'yiZK

i+j+k=n
Lete,, €, €, =£7 and define

SOOO = SOOO (n} = Z (iljl k)r

i,j,k even

Smo = Smo(n) = z (/,], k), etc.,
i odd
/,k even
where in each case the summation is over all non-negative /, j, k such that /+j+ k =n. Since

S0 = Soto = Soors Sots = Sior = Siio s
it is evident from (1.1) that
(1.2) Sooo *S100(€, + €, +€,) + 85, (6,6 + €€ +€,6)+S,,,€,6,€E = (6, +€ +€)".
Specializing the € we get
(1,7, 1): 8000 #3810 38110 # Sy = 3"
(=1,7,1) = Spoo *S100 = Si10 =811 = 1
(1, =1, —1) : So0o = S1o0 = Si1o *Suuy = (—1)"

(=1, =1, =1): Sgo0 = 38100 # 38110 = S11y = (3P,
Solving for the S, we get

8500 = 3" +3+3(-1)"+(=-3)"

880 = 3"+ 1~ (—1)"—(=3)"
(1.3) 85, =3"—1—(=1)"+(=3)"

88, =3"-3+3(-1)"—(-3)" .

I

Tabulating even and odd values of n separately, (1.3) reduces to
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428 SOME SUMS OF MULTINOMIAL COEFFICIENTS

Soonl2n) = %(3 +3)

S,00l2n) = 0
(1.4)
S,0l2n) = %(3"— 1)
S,.(2n) =0
Swol2n+1) =0
Siool2n+ 1) = K%(32n*1+7)
(1.5)

Siof2n+1)=10
Si(2n+1) = %(3** - 3),

It follows trom (1.4) and (1.5) that
(1.6) Soeol2n) = 8,,5(2n) +1, Swol2n+1) =8, @2n+1)+1.
We also have the generating functions

s - 1 3 1— 7x*
Z{; Sooo(n)xn =% ( 7 —9x2 * 7—x? )= (1 —x2)(1—9x?)

n - 1 3x X _ 71— 3x?
ZO Suoolnx % ( T—oxr T T-x® ) (1 —x*)(1 —9x?)

(1.7) < -

n = 1 7 _ 7 _ 2x?
Z Sis0lnlx A( 71— 9x? 71— x? ) (1 —x*)(1 —9x?)

n=0
_ 3x 3x _ 6x3
Zs‘“(")xn =% ( 1T-9x>  1—-x? ) T (1 —=x*)(1—9x?)
_ =0
2. Letm > 1 and define
(2.1) Sik =S ) = 22 (rs 1),
rts+t=n

where the summation is restricted to non-negative r, s, t such that

r=i s=j t=k{(modm).

i

We may also assume that
O0<i<m 0<j<m 0<k<m.

Clearly Sjjx is symmetric in the three indices /, j, k. Also it is evident from the definition that
(2.2) Sn) = 0 (n #i+j+k (modm)).

Hence in what follows it will suffice to assume that n =/ +j+ k (mod m).

[DEC.

Let ¢ denote a fixed primitivem 7" root of 1. Then it is clear from (1.1) and (2.1), that for arbitrary integers,

abc
m—1 o
(23) (2+gbage) = D5 grRe g = YT fietibrkeglm) gy
rts+t=n i,j,k=0

Since
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m—1

Z fra ={m (r=0)
0 (0<r<m),
a=0
it follows from (2.3) that
(2.4) 157(’7}(”) _ Z (§a+§_b +¢) i.—a/—b/—ck
a,b,c=0
(m)

While this theoretically evaluates S//k (n), itis not really satisfactory. For m = 3 more explicit results are ob-
tainable without a great deal of computation.
By (2.4) we have

2
273{,'%}0 (n) = Z (0 + WP + cuc}'?,
a,b,c=0
where w2+ w+ 1 = 0 This reduces to
27850 (n) = 37 +3(co +2)" + 3(6 + 2)" +3(260 + 1)" + 3(20% + 1)"
+3(2002 + )"+ 32w + w2)" + 6(w? + w + 1) + (3w)" + (302)" .
By (2.2),
S5 =0 (n #0 (mod3)).
For n a multiple of 3 we get, replacing » by 3n,
275830 (3n) = 3577+ 9260 + 1)%"+ 92602 + 13" (n > 0).
This reduces to
sE3)t6n) = 3572 4 2(-1)"3%"1 (n > 0)
(2.5 SE2) (6n +3) = 367 (n > 0).
Check.

53) 36! 360 _ 53 -39_232 gl3) 331 _
S000(6) = gioror * 3raron = 31360 = 63 =37-23% S500(3) = zrpror = %

(3} - 6-9/ 3:91 =37
SEN0) = rdter+ GBI v PO - 5.6.7.8+789+3 = 3.729 = 3

Similarly we have

2
278 0) = Y (@b +w) w0 = 3730w+ 2)"w T +3(w? +2)"w P
a,b,c=0

+3(2w + 1)"w ™2 + 30202 + 7)"co'7 +3(2652 + W) w2 + 3(2w + wz)w'7

+6(w2 +w + 1)+ (30)" + (300%)"
As in the previous case,
;‘3;),(n) =0 (n#0 (mod3),
while
27813 (3n) = 337 + 32002 + 1/ # 320+ 1131 w72 + 3200+ 1) 072 # 3(200° + 1) 77
+3(200+ 1)37w 2 + 302602 + 1)1 + Blw? + w+ 1)°7
_ 33n+7 +9(J°F )3,7(,0_24'.9(—\/3)3”0)—1 +b‘(<u2+w+ 7)3n.
It follows that

(3) _ o6n-2 3n-1
7
26) %) (6n) = 3572~ (~1)"3 (n > 0)

’3’,(5n +3) = 35714 (—1n330t T (> ).
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Check.

3, 267 _ _ _ o4 2 (3)
s06) = ;B = 3665 =90 =3%+3 s303) = 37

s0) = 28 + S8 - 3.89+39.70 = 3%26 = 37 - 3*

=6 =23+3,

We find also that

2.7) st3, (6n) = 3572 _(~1)"33™1 (n > 0)
' $53(6n+3) = 3577 (=135 (0 > 0).
Check.
(3) = = 4 2 (3} 39!  _ 4 = 27,94
SE2h(6) = 55t = 90 = 3% +3 s$hi9) = 23 - 3428 = 37+ 3%,
Note that it follows from (2.6) and (2.7) that
(2.8) 13, 6n) = s53)y(6n)
and from (2.5), (2.6), (2.7),
(2.9) I3 (60 +3)+ S5o(6n +3) = 28550 (6n +3).
3. Since

(s, t)=(r—1st)+(r,s—1t)+(r s t—1)
it follows from (2.1) that

(3.1) simlin) = sfm, o - n+s,‘71’ k= 1)+8T_ (0 1),
where
(n) = S(m)k (n)
when
i=i, j=j, k=k (modm)
In particular
(3.2) sim) (m) (-
. iiiln) = 38;7 4(n—1).

For example, when m = 2, we have
s82)(an) = 352 (20 - 1)
$i2 20+ 1) = 3582 (2n)
12 (o +1) = 882 (2n) + 2512} (2n)
%2 (o) = $2) (20— 1)+ 282 (20 - 1)

in agreement with previous results.
The case m = 3 is more interesting as well as more involved. We have, to begin with,

S8 (3n) = 385330 - 1)
s (3n) = 38, (30 - 1)
s (3n) = 3853, (30 - 1),
It therefore follows from (2.5), (2.6), and (2.7) that
{ Shopl6n +5) = 3673 — 2(—1)n 33141

(3.3)
S8 t6n+2) = 367

(n > 0)
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13 (6n +5) = 3673 4 (g3t
(3.4) fn > 0)
{ S136n +2) = 350+ (—7)73%0
S53) (60 +5) = 35773 4 ()33t
(3.5) n > 0).
{ §516n+2) = 357 — (~1)73%
Check. {3} 5/ 251
J & _ o _ a3
200/5) = 5T0rol + mlg—o—, = 71+20 =21 = 3"-23,
§3) o - 81 2.81 2.81 8!
520018) = groroi * 5izier T FEror * 2733
= 1+112+56+560 = 729 = 35 ;
5 51 251 _ = ap L 23
$11005) = 77731 * Frgior ~ 20710 =30 =37+3,
$03) 2.81 8l 2.81 8!
571008) = 577767 * ararer * 7T4raT T TTI76
§f3) ey Bl _gp_ 33
P29 7 qpariT =0T
ol3) oy _ 28! 8 _ _ a6, 03
$221(8) 572117 * 2r2i4n = 2728 = 37+3°.

In the next place, it follows from
sE063n) = S ian - 1)+ 85030 — 1)+ 85, (30— 1)
that

s t6n) = 830 (60— 1)+ S50 60— 1)+ S5, (60— 1)

It

= 16+70+560+56 = 702 = 35~ 3%

431

- (36’7—3_ (_ 7}[133!7—2) + (36[7—3+2(_ 7}[733’1—2) + (36!1-3__ (_ 7).'73317—.2):36/7—2 (” >0}

1l

S50 6n+3) = SIS (60 +2)+ S5 (6n +2) + S5, (60 + 2)

(36'n+(_”n33n)+36n+(36n_ (_”ngi?n) = 36/l+7 (I'l >0 .

that is,
53 (6n) = 3572 (n > 0)
(3.6) st3) (6n+3) = 3577 (> 0.
Check.
§f3) o) - 6! 6! _ - o4
521016/ 2/7131 * 5riror T zraior 60+6+15 =37,
sf3) -
$57013) = 2,7,0, =3,
sI3) gy - 9! 9! 9! 91 91 9/
$21009) = 377167 *5T1i3r T 2rarar T griior T 5r4ro1 T 207007

= 94.7+9.87+9.7.20+9+972+94 = 9243 = 37.
Next it follows in like manner from
S5 3n+1) = $1,(3n)+ 25535 (3n)
$8) 3n+1) = s (an)+ 2853, (3n)

Sien(an+1) = S5y(3n) + 2555(3n)
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that

(3.7

2(3;)1(6/74' 7} = 36” 7 (_7)[733”'7
(n > 0)

53;}7(511‘*4) _ 36n+2+( 7}n3n+1

(3.) { §8pten +1) = 3571 gzt
5‘3)0(6”1‘4) — 35/]1‘2 (— 7}/733!1"‘7

(3.9) { Stonl6n+1) = 3577 4 -1zt

Si3(6n +4) = 35772
Check.

{3) 217! _ _ _ 25 2 3 _ 4! _ - 22
277(7) = 5, 7171 + 5,—41—7,‘ =42+210 = 252 = 3° +3 , 5277(4) = 2—,m/— =12=23 +3,

(3) _ 10! 210! 10! 2-10!
$21110) = griri7 * 5iari * zrarar * 27011

9.10+9-280+9-350+9-80 = 3%.80 = 3% - 3%,

(3) 2-7! _ a2 5 2
220(7} 2,2131 +512,0, 3<.28 = 3°+3

3
SEhtt) = 5rat= = 6=32-3

(3) _ 10! 2-10! 10! 2-10! 2 8,34
$220(10) = 575761 * 5iziai * 575107 * gizror =9 82 =3°+3

§&) ) 7 2:71 7! 271 _ s 22,95 = 25 _ 522
S100(7) = 7roro1 * aizior * wwarar * wieror - 1170t M0+14 = 3725 = 37237,

(3) (4) = 241

_ _ .2
S100 4/0!01 * jr3i01 ~ 178737,

(3 101 2.101 101 2.100 . 2-101 2.101
$700(10) = 5570701 * 773707 * 773737 * dieior © igror T 716731
= 1+240+4200+420 +20+ 1680 = 3%.

This completes the evaluation of the ten functions Sﬁ)(n)

4, The five functions S,/kQ(n) can be evaluated without much computation. To begin with, we have

222 02n) = (1+1+1+ 12" +4(1+1+1— 1) +6(1+1—1-1)*"

U= 1112 +(~1—1-1-1)%",

which reduces to

(4.1) sBhin) = 2473+ 2271 (n s 0.
Since
SGa00(2n) = 48 Gpo(2n — 1),
we get
(4.2) S ol2n+1) = 2401 4 22m1 (n > 0).
Next, since

120020+ 1) = S8 o(2n) + 382 (2n),
it follows that
(4.3) s on) = 23 (n > 0).

Similarly, from

$@ot2n) = 282 o0 — 1)+ 282, (20 - 1)

we get
(4.4) S12 on+1) = 291 _220-1  (h 5 ).
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Finally, it follows from
Shot2n+1) = Sy (2n) + 352 (2n)
that
(4.5) S () = 2432071 s,
For example

(2) _ 4-61 _ _ 9 5
S,,,,(b‘)—:,T”Tﬁ—MO—Z -27.

Note that it follows from the above results that

(4.8) 55%)00(2”/*5;2;)71(2”} = 23427)00(2”}
and
(*.7) 12 ol2n+1)+8%2 o on+ 1) = 852 (2n).
5. The results of §4 suggest that it would be of interest to evaluate
(5.1) fixtn) = S 0. 0ln),
/

433

where j, k are arbitrary non-negative integers and the right-hand side of (5.1) has the obvious meaning. Clearly

(5.2) fikln) = 0 (n #j (mod2))
To begin with, we have

2Xfokln) = (14 1+41)"+ ( ’; )(7+...+ - n

+(§ )(7+...+7_ ) L <//§ )(_7_ J— e qn

I

Thus
k
(5.3) fouln) = 275 3 (,k >(k—2j)".
j=0
Since
(5.4) foxln) = kfp-1(n—1),

K"+ (’; )(k~2)"+< p )(k—4)"+---+ (

k
k

it follows at once that S 47 can be evaluated explicitly by means of (5.3). Next, since

frh-1n— 1) = fouin —2)+ (k- 1)fg k-2(n—2),

we get
(5.5) klk— 1)fgg-2(n—2) = foxin) = kfgxln—2).
Similarly it follows from

fok-2(n—2) = 2f1 g_1(n — 3) + (k- 2)f3 k-3(n—3)

that

(5.6) kik — 1)k — 2)f3 x-3(n = 3) = fok(n) — (3k — 2)fgkln —2).

We also find that

(5.7) k(k— 1)(k — 2)(k — 3)fq k-aln — 4) = forln)— 2(3k — 4)fg (n — 2) + 3klk — 2)fgk(n — 4),

(5.8) klk— 1)k — 2)(k — 4)f5,4_5(n - 5) = fo(n) = 2(5k — 10)fg k(n —2)

+(15k2 — 50k + 24)fo, i (n — 4).

These results suggest the following general formula:

>Fu%

(5.9) K g itn—j) = D (=1)Ps(k)fgkln =2s) (0 <] < K)|

k=!I :
2s<j

where P; ¢(k) denotes a polynomial in k of degree s. Since
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fik-jln = j) = jfimt,k=jr1(n = j = 1)+ (k = )i 1,k-j-1(n = [ = 1),

(=i S (1P slhlfgln —25) = j W=LE VLS (1ppyy ((Kig kln = 25— 2)
2s<f 2s<j
# (k=) C=L= UL 5™ ()P s (k)fg il — 25)
2s<j+1
Hence we take
(5.10) Pis1,s(k) = Pjslk) +jlk —j+ 1)Pi-q,s-1(k).
Pis (k)
S
\ 0 7 2 3
]
0 7
7 7
2 1 k
1 3 7 3k-2
4 7 6k — 8 3k(k - 2)
5 7 10k — 20 15k2 — 50k + 24
6 7 15k — 40 45k — 210k + 184 15k(k — 2)(k — 4)
7 7 21k - 70 105k2 — 630k + 784 105k° — 840k2 + 1764k — 720

It is evident that

(5.11)

Piolk) = 1 j=0.

Also it follows easily from (5.10) that
Pojjlk) = 1:3:5- - (2j — 1)klk = 2)(k — 4) --- (k - 2j + 2) (j = 0).

(5.12)

Since

we get

This gives
(5.13)

Similarly,

since

Pit1,1(k) = Pj 1(k) +jlk —j + 1) i1
j
Pit1,1(k) = Z tHk—t+1).

=1

Poalk) = Lii—1k=LjG-1)G-21 (> 0).

Pis1,2(k) = Py o(k)+jlk—j+ 1)P; _ 1 1(k) = Pjo(k)+ %j(j — 1) — 2)k? - { %/(/— -2)(-3)
#li- 10G-2) } b+ Liti= 100 - 20630 -4) + jtj = 1) = 2)(j - 3)
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we find that

(6.14)  Pyolk) = 3 ) [ o /)+6‘(j)]k+ [40(f)+24(f)]
= Liti— 1= 206- 302 = L jti = 1)l - 206~ 3)(2] - 5)k?
+9—0 = 1DG=2)G—3)j—4)5 - 7).
For example

Pgolk) = 3- 15k — (20-6 +6-15)k + (40 +24-6) = 45k° — 210k + 184.
We also find that

(5.15) P;,3(k) = 75(1') 3_ Izm(;’ )+90(é; )] K2
+[ 7720( )+924/ j )+720( i )] k- [2240(;>+26‘38(é >+720( ] )]
For example

Py 3(k) = 15-7k% — (210 +90-7)k? + (924 + 120-7) — 720 = 105k” — 840k + 1764k — 720.

We have noted above that P; s(k) is a polynomial in k of degrees. In addition we can assert that P; g(k) |
polynomial in/ of degree 3s. More precisely, if we put

s
(5.16) Pistk) = Y (~1)q, (())kY,
t=0
then ¢, ¢(j) is a polynomial inj of degree 25 + ¢. If we substitute from (4.7) in (4.1) we get

s—1
2 (1) es,olj+ 1) = cs i K0 = jlk—j+1) 3 (~1)esg,eli~ KT
t=0 t=0
This gives
(5.17) Cs,tlf + 1) —cs,¢lf) = jes—1,¢(/— 1) +j(f— Tes—q,6-10—1).

The table of values of £; (k) suggests that

J
3 (~1/Py (k) = 1:3-5 (2 = 1)k — 1){k = 3) = (k ~ 2 + 1)
s=0
(5.18) j
S =1V Pojrg,slk) = 1:3-5(2 = (2 + 1)-(k = 1)k =3) (k=2 + 1)
s=0
These formulas are easily proved by means of (5.10).
The explicit results (5.13), (5.14), (5.15) also suggest that

(5.19) Pistk) = 0 =201, 25—1).
This can be proved inductively using (5.10) in the form
(5.20) Pj,s(k) = Pirq,slk) —jlk—j+ 1Pj_1,5-1(k).

Thus, to begin with,
Pos_1,5lk) = Pag s(k)— (25 — 1)k — 25 + 2)P2s_p 5_1(k) = 0,

by (5.12). In the next place, takingj = 25 — 2, we get
Pos-25(k) = Pog_15(k) — (25 — 2)(k — 25 + 3)P2s_s s 1(k) =

Cuntinuing in this way, we get
Pistk) = 0 (1 <j<2-1).
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Finally, taking/ = 7 and replacing s by s + 7 in (5.10), we have

Pa,s+1lk) = P1s+1(k) + kPos(k),
which gives Pg s (k) = 0.

6. We now put
(6.1) Pitkx) = D (~1)PslkixT2S Py =1,  Py=x
2s<f
and
- Jj
6.2) Flz) = Flk,x,2) = 25 Pifk) & .
=
By (5.10),

Pioalhx) = D (=1)P (k2 tjtk—j+ 1) Y (=1)Piyg o glhXTZFT
2s<f+1 2s<j+1
so that
(6.3) Pis1lhx) = xPilkx) = jlk —j + 1P 1(kx).

It follows from (6.2) and (6.3) that

Flz) = 9, Pieglkx) Z=x 2 Pilkx) 5~z 30 (k= jPilkx) &
j=0 =0 j=0

1}

xF(z) — kzF(z) + 22F"(z).

Hence
Flz) _ x—kz
Flz) ,_,2
which gives
(6.4) Fik, x, 2) = (1+2)%0H) (1 _ 7)%lxk)
It follows from the recurrence (6.3) that the polynomials
(6.5) Pnlkx) n=2012-)

constitute a set of orthogonal polynomials in x. The polynomials have been discussed in [1, § 9] ; in that paper
the relationship with Euler numbers of higher order is stressed. |f we put

7 -% e n
(14212 = 37 Antx) &2,

n=0
so that A,,(x) = P,(0,x), then, by (6.4),
s 7
(6.6) Patkx) = 35 A= ( fk) An-25(x)
2s<n ’

Returning to (5.9) and using (5.3), we have

k
1§ iitn) = 2 0iath-7* 3 ()t 207
2$<j =0
k .
> ( : >’k = 20" Y (~1FPslhlk— 20/,

t=0 2s<f
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so that

k
(6.7) j! ( H )f,-,k_,-(n) =2k ( p ) th = 207y, & — 20 0 <j< ki
t=0

We shall show that (6.7) holds for all j, that is, the right-hand side vanishes indentically forj > k. To prove
this, consider the sum

o . o k k 0o o

-k z! y" k n _ ok k n z!

YELYG <t)(k-2t) Pilk, k-2t) =2 Z< t)Z Lrtk-20" 3 % Ptk k- 2)
j=0

/=0 n=0 t=0 t=0 n=0
k
=7k Z( /: )e(k_zﬁy”"z}k'tﬂ —2)t = 27k M (142082 +1-2)F
=0

= 7K1+ 208" + (1= 2)e™ J* = (cosh y +2zsinhy)K.
Since this is a polynomial of degree k in z it follows that the right-hand side of (6.7) does indeed vanish for
/> k and all n. For example, for k=7, we get
Pi(1,1) +(=1)"Pi(1,-1) = 0 > 1)
Since this holds for all n, we have
(6.8) Pi(1,1) = Pi(1,-1) = 0 (j > 1)
Indeed, by (6.4),

2 PilL1) /{,’ =1+z Y, Pj(7,—7}l.zT/ =1-z,
j=0 =0
in agreement with (6.8).
For k = 2 we get
2"Pj(2,2) + 48, oPj(2,0) + (-2)"Pj(2, -2) = 0 G > 2.
This implies
Pi(2,2) = Pi(2,0) = Pj(2,-2) = 0 > 2).

Indeed, by (6.4),

> Pz 2)/2.7/ =(1+22 ) P2 -2)7.__,/ =(1-22 ) Pl2 0)/?-!1 =1-22.

j=0 j=0 j=0
Since the determinant

(€ )k=207|#0  fn=01-4),

the identical vanishing of the right-hand side of (6.7) implies
(6.9) Pilk k—2t) = 0 (f>k 0<t<kh.

This is indeed implied by (6.4), since
Flk k-2t z) = (1+2)5741=2)*.
It follows from (6.9) and (6.1) that

(6.10) S (~1PPislkik =2t/ =0 >k 0 <t <k

25s<)

it evidently suffices to take t < k/2. In particular, forj= k + 7, (6.10) becomes
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6.11) S (=1FPsli- 1Mj-2r— 1% =0 (2t <)
2s<f

For/ even we consider
J
3 (~10Pysl2i- 12— 2t~ 17 FE =0 (0 <t<j).
s=0

Since Pj g(k) = 1 this may be written in the form

j
(6.12) 3 ~1FT Pyl - 12— )FE = (2r—-1)2 (1< 1<

s=1

By Cramer's rule the system (6.12) has the solution

(6.13) Pojsl2j— 1) = %i (1<s<j,
where
D = detlizr—1%2)  (ns=12-,)
and Vs is obtained from D by replacing the s column by (2r — 7)%%, Making use of a familiar theorem on the
quotient of two alternants [4, Ch. 11], we get
(6.14) Pois2i— 1) = c5(12,32 52 .., (2 - 1)?) (1<s<j)

where cglx7, X2, -+, x;) denotes the st elementary symmetric function of the x;.
For oddin (6.11) we consider

/
S ~1 P (2002 - 20772 =g (0 <t < j).
s=0

This may be written in the form

J
(6.15) Y 1 P 2N = (2P (1< r < ).
s=1
Exactly as in the case of (6.12), the solution of the system (6.16) is aiven by
(6.16) Poje1,5(2i) = cs(22, 42,62 -, (2)?) (1<s<jl.
where again cg denotes the st symmetric function of the indicated arguments.
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