SOME SUMS CONTAINING THE GREATEST INTEGER FUNCTION
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1. Let /x/ denote the greatest integer less than or equal to the real number x. It is well known (see for
example [4, p. 97] that

k-1
(1.1) 3 H(—'] = Blh— k- 1),
r=1
where (h,k) = 1. Indeed
=y hry <’ hik — 1) k7 oy A
5 U B2 by - 2 (- (1)
k—1
=th-1k-1-% [4]
r=1

and (1.1) follows immediately.
For a later purpose we shall require the following extension of (1.1):

k-1

(1.2) T [ xr 1= tod +sn = k= 1)
r=0
For A = 17, (1.2) reduces to the familiar result [4, p. 97]
k—1
N —
(1.3) E)[X+;]—[kxf.
To prove (1.2), put
(1.4) olx) = x - [x],
the fractional part of x. Then clearly ’
(1.5) ofx+1) = ¢lx)
and, by (1.3),
k—1
(1.6) 3 ¢<X+7C—>=kx+%(k—7}-[kxl=¢(kx)+%{k—7}.
r=0
It follows, using (1.5), that
k—1 5 k—1 5 p
nro - r r - 1 7
Z‘?) [ X+ 7] —EJ (x+ £-0 (x+ k—)) = kx + Bhik— 1) — ¢lkx) — Bk — 1)

= [kx] +%(h — 1)k —1).
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The writer has recently proved [2] the following result:

k—1 A 2 h—1 P 2
(1.7) 6k 3 [F] +on T [F] = = 1hzn - 1ik— 12k - 1),
r=1 s=1
where (h,k) = 1. This formula can be proved rapidly in the following way.
Put
k=1 2 k=1 2
_ hr _ hr
sk -E [ F] -2 [¥]
=1 =0
We have
S o S N2 12 < ra
hry - hr_ =L _ _q7)_<h hr
o () ;(k (1) = gen?te=1izk—1)-22 5 r[ 2] +55m,40.
r=0 r=0 =1
Since, by (1.5),
oy 2/ hr iy 2/(r iy r\2 7
Z¢(7)= ¢(;):Z(;) =Ltk 1z - 1),
r=0 r=0 r=0
it follows that
k—1
6kS2(h,k) = 120 5 1 [0 ] 2 1)k~ 02k - 1).
r=1

Itis known [3, p. 9] that
k—1
(1.8) 20y r|
r=1 ©

Thus

>

h—1
L] wize S s[5 ] = - 1atk—10gnk—h— k- 1).
s=1

|

6kS2(h,k) + 6hSalkh) = (h — 1)(k — 1)(8hk —h — k — 1) — (h — 1)(k — 1)(2k — 1)

— (k= 1)(h = 1)(2h - 1)
and (1.7) follows at once.
Incidentally, (1.8) is equivalent to the reciprocity theorem for Dedekind sums [3, p. 4] :

=_ 1, 1 (h, 1 , k\
(1.9) sth,k) +s(k.h) It (k w Lk
where
k—1 .
- rfr_rry_1
(1.10) sth,k) L_Vj k(k [k] 2).
r=1
2. Define
k1o on
(2.1) Sntnk) = 3 [ ] (=012~
r=1

Thus S (h,k) is evaluated by (1.1) while So(h, k) satisfies (1.7). It is not difficult to show that a similarresult
holds for S3(h, k). We shall prove that

(2.2) dk(k— 1)S3(h,k) +4h(h — 1)S3(kh) = (h— 1)k — 1)2(2hk —h — k + 1),

where of course (h,k) = 1.
To prove (2.2), take
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oo = 5 [0 -5 L) -5 (o)
r= = r=

= (b= 103k~ 1) 3(h — 1)2S 1 (h,k) +3(h — 1)Salh,k) — S3(h k) ,
so that, by (1.1},
(2.3) 2S3(h,k} = 3(h — 1)So(h,k) — %lh — 1)1k — 1).

Thus
aklk — 1)S3(h,k) = 6(h — 1)k — 1JkSalh k) — (h — 1)3(k — 1)2k,

so that, by (1,7),
ak(k - 1)S3(h,k) +4h(h — 1)S3(kh) = (h - 1)(k ~ 1){6kSo(h,k)+6hSolkh)} — (h— 1)2(k - 1)2(2hk - h - k)
=(h- 10220 = 1)k - 1)2(2k = 1) — (b — 1)%(k — 1)%(20k — h — k)

= (h = 1)2(k~ 1)? {(2h — 1)(2k = 1) — (2hk —h — K} }
_ = (b~ 1)k - 1)2(2nk—h—k+1).
This proves (2.2).

if we apply the same method to S, (h, k), we get

:k-—7 L ﬁ_[\4
Salh k) E(h 1 [k]};

il

(h— 1%k — 1) = 4(h — 1)3S1(b,k) + 6(h — 1)2So(h,k) — 4(h — 1)S3(h,k) +Salh k),

which reduces to
4S3(h,k) — 6(h — 1)Salh,k) +(h - 1)3k = 1) = 0
in agreement with (2.3).
Generally, for arbitrary positive n,
k—1 n

n . .
Sallh) = 3 (01~ [2])" = = () =1 Tsith .
r=1 /=0
In particular, we have
2n+1 . .
Sonsalhk) = 3o (=11 (2777 ) (0= 172771 5i(n ),
]'::0

so that

2" . .
(24) 2Szne1thk) = K20 = n = 12" k= 1)+ 3 =1/ (277 )t 10201 50, k).

=2
Similarly,
2n )
Santhk) = 3 (~1)" ( f") th— 1)2"7s;(h,k),
/=0
which reduces to
2n-1 . .
(2.5) 0= 1= 17" k= 1)+ L =10 (2 ) = 12T syt ) = 0,
=2

For example, for n =2, (2.4) hecomes
285(hk) = — % (h — 1)k — 1)+ 10(h — 1)3S2(h,k) — 10(h — 1)2S3(h,k) + 5 4(h, k),

while, forn = 3, (2.5) becomes
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—2(h — 1)%(k = 1) + 15(h — 1)3So(h,k) — 20(h — 1)?S3(h,k)
+15(h — 1)S4(h,k) — 6S5(h,k) = 0.
Combining these two formulas we get
Bolh — 1)3(k — 1) = 3(h — 1)Sa(h,k) + 2S3(hk) = 0,
which is the same as (2.3).
It seems plausible that S, (h, k) satisfies a relation similar to (1.7) and (2.2) for every n > 2. However we are

unable to prove this.
3. Consider the sum

S sy D e\ S e S N2 L

T (L) T (L-[2]) - (V-3 T (&) [¥]+s T b ]

r=0 =0 r=1 r=1 r=1

k=1 3
h
_,=27 [Z]
Now put
k'_] . h /'
(3.1) Sijthk = Z II[%J , S; = So; .
r=1
Since
gy 3¢ hr oy 3(r o r\° 7 2
()L (z):z:o(z) gk k=11
we get 5
(3.2) Salhk) = 308, 2t k) + 30 Sy 1th k)= k- 1)210% - 1) = 0.
k ’ k2 4k "
In the next place,
k-1 - L k—1 A
So1lhk) =3 (k—r)Q(h— 7~[’77’]) :[gk(k— 2k= 1)t =1)- 3 (k=r)?[ ]
r=1 : =1

= é Kk — 1)(2k — 1)(h — 1) 77 (h— 1)tk — 1)k? + 2kS 1, 1 b, k) — S2. 1 (h.k),

so that 7 7 >
(3.3) So 1(h,k) — kSy,1(h,k) + 7 klk — 1)(2k - 1)th — 1) - 7 th— 1)k - 1)k* .
Similarly
k=1 112 5 k7 hr
S1.2lhk) = 27 (k—r)(h— 7-[7” = Bkk— 1)(h — 1)% = 2(h — 7}2 (k1) [7(]
o -
k=1 2
o 3 k=[BT = ktic— 1n = 1% = ktie— 1)t = 172
r=1
+2(h — 1)S1,1(h,k) + kSo(h,k) = S1 2(h,k),
so that
(3.4) Sy olhk) = BkSolh,k) + (h — 1)S7 1(hk) = %k(k — 1)(h — 1)2.
By (1.8)

12hS 1 1(h,k) + 12kS1 1(kh) = (h = T)(k = 1)(8hk —h—k —1).
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Thus (3.3) yields
120285 1(h,k) + 12k2S5 1 (k) = hkih — 1)(k — 1)(8hk —h — k— 1) = 6n°k2(h — 1)k — 1)

+hik— 1)(2k = 1020 — 1) +hih — 1)(2h - 1)k3(k— 1).
Simplifying, we get
(3.5) 120285 1(h,k) + 12k2S5 1(kh) = hkih — 1)k — 1)(6hk — 2 — 2k — 1).
However, comparing (3.4) with (1.7) and (1.8), it does nat seem likely that S; 2fh;k) satisfies any relation

similar to (3.5).
4, We consider next the double sum

k-1 2
hyr+h
@.1) Alhg.hzk) = L [H2222 ] b, k) = 1),
r,s=0
We have
k—1 k—1 . 2
2f hir+has\ _ hyr+hoss hqr+hos 1 2
) Eo(t)- £ (e e e fen,
r,s=0 r.s=Q k
where
k—1
S (hir+hos)?
r,s=0
k—1
+h
Ry = Z (hir+hos) [ﬂﬁ___Zf]
ris=0
\ Rz = Rlhqy, ho, k).
" Clearly
*3) Ry = 61,h$/<2(k— N2k = 1)+ L hyhak®tk— 102+ L nZk3(k - )2k~ 1).
in the next place, by (1.2),
T chgrengs 7 1 7 2
[T = Torfhar ptha - 1ik= 1)} = Lhaktk = 102k 1)+ 7 thp— k(K= 1)%.
r,s=0 =0
Similarly
ST orhprehasy g 7 2
D s[v— ————— ] = Lokt —1)2k—1)+ L thy = 1)ktk - 1)2,
k 6 7
r,s=0
so that
@.4) Ry = b—,th(k— z2k—1)+ 1 F(2hah2—hy = hoklk ~ )2+ 1 5 hak(k— 1)(2k—1).
On the other hand, in view of (1.5},
T hrthos k=1 . k=1
@5 3 o () - X o7 (L) - k}:cp (%) =«Z (tE) = Ltk 12k~
r,s=0 r,s=0 t=0 =0

Hence, by (4.2), (4.3), (4.4), {4.5), we have
7 _ 1 7 7
L= 1zk-1 =L h2(k— 1)(2k - 1) + 5 hhalk - 1)+ 5 h3(k - 1)(2k - 1)

- %h?{k— )2k~ 1) - %(2h7h2—/17~/72)(k— 12 - éﬁg{k— W2k~ 1) + Blhq, ho k).
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Simplifying, we get

(4.6)  ARlhy, ho k)= 7(h 2h3)k— 1)(2k—1)+ L Lhiha—hy—hallk—1)2+ 7//<— )2k~ 1).
Next, put
k7 hir+hos+hat
4.7 Rlhy, ha haok) = 3 [F=onmss ] (th1h2hs, k) = 1).
r,s,t=0
Then, exactly as above,
¢2[h7£jfggji3_t] _ KT [ hir+hos+hst _[/77/+/723+/131] 2
Z 2 k k
r,s,t=0 r,s,t=0
1 2
el — = Ao+
2 Ri— % f2*Rs,
where
k—1 k—1
hqr+has+hgzt
Ry = Z (/l1r+/725‘+/73{)2, Ry = Z (hir+hos+h3zt) [‘—7"——/("*——— ] ,
r,s,t=0 r,s,t=0
R3 = Rlhy, ho, h3, k).
Clearly
(4.8) Ry = bl,kg(k— 2k —1)3 0%+ :;k3(k— 2% hihs

where the sums on the right denote symmetric functions.
By (1.2),

k—1 k-1
hqr+ +hat @
¥[SRI S ngrrhgs Ltna =k 1))
r,s, t=0 r,s=0

- éh,kZ(k— 2k-1)— 14 (ho+hg—1)K3(k-1)2.

It follows that

(4.9)
Thus

(4.10)

Ro = LikP—1i2e— 1) Tnd+ L(2 8 hiha= 30y ) K%k 172,

-1
Z 0 (h’r”’sz—@) = Litk—1nzk—1) w2+ L atk= 12 nnz

r,s,t=0
J

2 {é kik— 1)(2k=1) " hZ+ le Kk =102 (2 hihg = 3 1) )+ Rlhghahz k)

= - —k(k— 2k —1) 3 h3 - —k(k— 7}22h1h2+ e 123 hy

+Rlhq, ho, ha k).

On‘the other hand

I o hirthos+hst 2 (rtstt PR ) 2_1
X 0 () = Z ¢ (’ )KL (%)= Z r° = g klk=1)(2k=1).
r,s,t=0 r,s,t=0 r=0

83
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Comparison with (4.10) gives

(4.11) Rihq, ho h3 k) = g Kik— 1)(2k—1)3 02+ § Kk— 1023 hyhz
7 2 _ 1
= k=123 hy = & klk = 1)(2k=1).
It will now be clear how to evaluate
k—1 2
h + -t h
@.12) Ay, o hik) = 3 [FELZZEE0 ] gty ey, k) = 1)
ri=0
for any n.
The writer has proved [1] that the sum
. . < +cs
(4.13) S(b,c,a) = Z TJ
satisfies
(4.14) S(1,b;a) = 4a*b — 102%b + a® + 82%h — 2ab— a°

where (a,6) = 1. The proof of (4.14) is rather complicated.
5. Summary. For the convenience of the reader, we restate the main results proved above.

hr e
(5.1) 6k Z [ﬂ + 6h ‘; (73] = th =120 = ik =1)(2k - 1).
k—1 hr 3 h-1 ks 3
(5.2) wtk—1) 3 [ -1 % [
=1 s=1
= (h— 1Ptk = 1220k —h—k+1) .
2 & oih PR ks
r -
(5.3) 12 r; r [FJvLIZk s; 2 [58] = nkth — 1)k — 1(6hk — 2h = 2k + 1).
ohrthas? 1,2, 2 1 2.1
(5.4) ré[———r—] = G+ h3)k=1)2k~1)+ 5 (hyhz—h=h2)k = 1)% + & (k=1)(2k~ 1) .
k-1

+ +
(5.5 Y [ﬁli—h/f—s——ﬁﬁ} =6—Zk(k—7)(2k-— (X hF+1)+ Shth-1)2(Lhihz- Ty ) .
r,s, t=0
n (5.1), (5.2), (5.3) itis assumed that (A, k) = 1;in (5.4), (h1h>2, k)= 1;in (5.5), (h1hoh3, k)= 1.
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