ON GENERATING FUNCTIONS WITH COMPOSITE COEFFICIENTS

PAUL S. BRUCKMAN
Concord, California 94521

In this paper, we shall investigate a general problem of an interesting nature, and indicate a systematic method
for obtaining at least a partial solution of it. The problem we mean is this: given the three generating functions
(assuming appropriate convergence limitations are satisfied):

(1) flu) = 3 anu”; glu) = 37 buu'; hu) = 3 aubuu” .
n=0 n=0 n=0
What s the relationship, if any, which exists between (), g(u) and h(u)? By “relationship,” we shall here mean

that #(u) may be expressed explicitly and in closed form as a function of v.
Many such relationships are well known, a few of which are indicated below, in tabular form:

n flu) by, glu) anby, hlu)
pn /7—pu}—1 qifl (l_qu)-l pnqn (7_pqu)—1
1" (3] (1—u) q" (1-qu" | (-a)(}) (1-qu)*
(=1)" 1 =00 ] ! =1 (" nfi=1t)
nt 1 A Iy A e o

As the last example illustrates, our general problem encompasses that of determining A(u) when flu) = g(u),
i.e., when

hlu) = 3" alu™
n=0

this latter, more specific case, is discussed briefly by Gould [2]. Qur appreach to the problem will depend on
finite difference methods.

We recall the unit difference operators £ and A, satisfying the following formal relationships (assuming arbi-
trary operand 0,):

(2) 5”00 = (7+A}7190 =0,
(3) A™, = (E=1)"0g = 3 ( ;;)(— 1)-kekg, - E( Z)(— 1)7kg, .
k=0 k=0 '

Using the above relationships, we may develop Afu) as follows:
hlu) = Y a,u™EMg = 3. a,(uE)"by = fluEbg),
n=0 n=0
or
(4) hlu) = flu+uly) = glu+ul,) (thelatter by symmetry).
Naturally, we are taking great liberties in treating the formal operators £ and A as if they were algebraic quanti-
ties, not to mention the fact that we are also ignoring convergence restrictions, if any. However, these objections
269
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may be circumvented if we treat the functions in (1) as formal generating functions, and focus our attention on
their coefficients. We shall demonstrate that if due care is exercised in the manipulation of the operators and
their operands, relation (4) may be made to yield results which are consistent with known relationships. In the
process, we will also obtain some interesting and sometimes useful identities as by-products. Without further
ado, we will illustrate the applicability of (4), first in obtaining the results already tabulated, then in developing
other, more general relationships.
EXAMPLE 1. We begin by applying (3) to
I
ay: A”ao _ Z (Z>(_7}nvkpk = (p— .

k=0

Then, using our result in (4),

oo

-1 - n
h(u)=gru+uAa):(r—qu—quAarf=r7-qu)‘1( = “in“g) =(1-quf? YL (—"”—) A"ag

1—qu o 71— qu

bl n i _ -1 B

:(7~qu)_1n§(7—_qu/—) (p- 7)”=(7—qu)"1( 7- —(pl——:%g—q> =(1-qu -(p-Tgu)!
= (1-pqu)t,

as was previously stated. We could just as easily have used the relation in (4) obtained by reversing the roles of
ffu) and g(u), and of a,, and b,,. The end result would have been identical.
EXAMPLE 2. By formula (3),

" 1

st~ 1t o S ()0 e ()

k=0 k=0 )
(using, e.g., formula (3.1) in [1]). Asin Example 1,

- —(7_ -1 = ___lZy__ " an (7 -1 - -x ~1 _l]g_'”
vl HEO(]'Q'U)A =1l ,§< " )<7—UU)

-x~1
=(7—qu}"1(7+ 7—?—/07) =(1—qu)*,

as stated. It is instructive to reverse the roles of f{u) and gfu) in this example:

oo

hlu) = flu+uly) = (1—u—uby)* = (7—u/x( 7—”7A-_b—u ) = (1-u) g(’; )<‘7}UU—>HA”IJO

—_ X = X —U_ n — n .
={(1-u) ,Z(:) ( ; )(-7—_—u) (g — 1)", (Using Example 1)
= (7—u}x( 7—@7—:-{/—“)x =(1—u—(g—1u)* = (1—qu), asbefore.
EXAMPLE 3.

7 L (7];)
n _ il
Algy = Z (—1) v
k=0
using (3). This may be expressed in terms of an ordinary Laguerre polynomial as (—7)"L,,(7) (see formula 1.115
in [1]); however, we will leave it in the summation form, to demonstrate thatit is not essential for the n ™ dif-
ference of the coefficients to be represented in closed form.
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Then,
A fu)” 2 ) e (%)
_ U-u — - n — ~U — n—
hiu) = ¢ a=e Z Aag = e Z_,,/ 2 (=1 &I
n=0 n=0 k=0
sy 21 ZH_Q DA ST S =TT LA L
k|l 1kl / - ol kI
nk n im0 KK a0 o KK ko KK
= Jol2Ju),
by definition of the Bessel function.
EXAMPLE 4.
i e 7) " (i
n _ n - - 7
Aao~$~‘<>(7} -1y R
k=0 k=0
We may use formula (1.37) in [1] to evaluate this expression {for the case x = 7), and find that
2] _ (—7)” n+l _
Aap = e (2 7).
Now
B In(1+(1+Au) _ (-7) " n_ o~ (21 0 ek
hlu) = glul1+ D)) = =7 Z (1+4,) -E) p— kZ kA a0
oo g = < (q)
= Z Aka() Z (—_7_7—)7— (23)”” = Z Aka()("ﬁk _ET/::7 ) U”+k .
k=0 n=k n k=0 n=0
Denote the latter expression by y, if we differentiate vy with respect to u, we obtain:
s nm kb = afn Rtk ko(=1)* k+1 k k-1
) = 3 -1akag -1 Jo C Y ) CI (g4 a1 +0)
k=0 n=0 k=0
oo ( 2u )k o0 ( u ‘)k
_ Z T+u 1 P EaTL A =2(1+u) |, (7_ _2u_)+_7_+_u_ n(I——“——
Py Tk+1 T+u =0 k+1 (1+u)(2u) 1T+u) ull+u) T+u
=- Ly (7—-—>~—In(7+u) - - —In(7—u)
u + u

We may now integrate with respect to ¢, noting that vy = 0 when v = 0, and we arrive at the desired expression:

uy = uhfu) = f =7 In(7-tldt or h(u}::l f In(7-1
0 t u 0 t

dt .

We should observe that, in the foregoing examples, we could have arrived at the desired closed form of (u)
by more direct methods, and thus we have not really saved ourselves any effort. On the other hand, these par-
ticular examples were chosen precisely for their simplicity, so as to enable us to check on the consistency of
our results. In what follows, the value of our method will become apparent. Also, in the examples, both #{u)
and gfu) were given in closed form (in fact, in terms of elementary functions). It is required that only one of
these two functions be given in closed form; then, the nt™ difference will be taken on the coefficients of the
other function. If both ffu) and gfu) are given in closed form, however, as we have seen, we may develop /(u)
in either of two ways, which should yield the same result.

We shall begin by “proving” a well known linear transformation for the Gaussian hypergeometric function,
defined as follows:
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oo —a\f —b
(5) Fla bc:z) = 33 (Z—(—_) (-2)".
n=0 ( n )
Let
) = 5 03" = (1=w and gl = T =13 = (1= w0
n=0 n=0

From (5), we see that

hlu) = E :l % u" = Fl—x, =y, 1;u).

n=0( )( )

But using (4), A(u) may be expressed in the alternative form

oo

(1-u=ua, = (1-up( 1-422] =(7—u}yn§)(z)A:(7—:iu)"
= (1-u) g (%)(wx[ 1)(7—:% )” (using Example 1),

—u)F(- - ZU = (71— u)¥F(- —
(1=ulF(=y, x+1,1; 7_u> (1-u) F(x,y+7,7, L) (by symmetry).

These last relations may be found in [3], as formulas 15.3.4 and 15.3.5, settinga = —x, b = —y, ¢ = 7 and
z =u. As an interesting special case, if we sety =—x — 7, and —u/(1 — u) = w, we obtain the following:
(6) (1= W) Fx+1,x+ 1, 1;w) = (1= w)/ ™ Fl—x, —x, 1,w)

This is equivalent to formula (3.141) in [1].

Other important special cases of the hypergeometric linear transformation given above occur whenever either
X or y are positive integers, causing the series to terminate after a finite number of terms. For example, if x =3
and y =2, our relation yields:

F(=3,-2, 1;u) = (1~ u)ZF(—Z, 41 7‘—_”—u) = (1- u}3F(—3, 51 774 ) ,
each expression reducing to 7 + 6u +3u?,

Another set of interesting special cases is obtained by setting x =y =—m — 7, where m is a non-negative inte-
ger. This yields the identity:

- m + 2 n 1 o m + u "
n — -m- m n
Z( n )LI —(7—11} Z(m)( n )(7_:-11—) .
n=0 n=0
If we obtain the convolute of (6), we obtain the identity:
n 1 2 1 k " 2 k
—x — x _ x —x
) Z( k ) (n-—k>(_” - Z(k>(n7k>(_” :
k=0 k=0

A more general identity is obtained by expanding each side of the general linear transformation formula, af-
ter making the substitution —u/(7 — u) = w:

(8) ké) ('Hk(J;: 1)@)(”—376) - ké (_”k(z >(ﬁyk~ 1>(n__xk )

For our second application of (4), we shall use f{u) = e", and
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3),
A"y = i n)-1nk () . )" ()
S

y
then a,, = 7/n/, and g(u) = F(-x, 1, —y, u). Using identit yr/

(equivalent to (7.1) in [1]). Now

oo oo (_u)n(y—x)
h( ) = M-H/{Ab = u - u_’i n = . T = u — - —_
u) = e e néa n!AbO P _Z ( )n, e“Mix —y, —y, —u),
n

where M(a,b,z) is the confluent hypergeometric function, or Kummer function, defined as follows:

oo —da
n
9) M(ab,z) = Z ( ’;j Z_
=0 (7))
(see, e.g., pp. 504—505 of [3]). Since A(u/ is also equal to
=~ (0) v
n - .,
‘; (y) n! = Mi=x, =y, u),
n=0 n
we have derived the basic transformation formula for the Kummer function:
Mix,y,u) = e"Mly — x, y, —u),

substituting —x and —y for x and y, respectively.
As another application, we will prove the following identity:

] AL (9
1o fire) ,E{%— qg_} Tt k:ZO 1-p"kgky

The proof is by induction. We denote the assertion that (10) is true for a non-negative integer r as P(r). We ob-
serve that P(0) implies that f(Q,u) = (71— u}"1, while P(7) implies that
flu) = (7—,0[/)_1 — (7—[]U}_1
! p—q
each assertion readily verifiable as being true. We assume the validity of P(r). Also, we define gfu) = f(1,u) and
hlu) = f(r+ 1, u), consequently. By application of the result found in Example 1, since

n n n "n
b, = o=a" Y _p=1)"=(g—1)"
p—q pP—q

r ~1%(3)
hlu)=flr,u +uly) = (p—q)" Z: A
k=0 1- p'quu p"RgRuny

o =UR(;) ‘
=(p-q)" Z 7 { B_q__ll__}AbO
i=0

k=0 /Jrquu 1-p"Fgky

_ (p—q)_r Zr ("7} ! ’ { pr—k u }{(p 7}{_(0_7)1'} _
i=0

£=0 7— I’quu 7__pr qk pP—q

Also,

r (_”k r
=o-qJ"Y (&)

rk k
ulA
0 (7—pr'quu)<7 p__r—k—ké>
1-p
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T _ajkyr 3 B . )
=p-g Y _f_f_)__(kl_{( 7 dp=1p" kgku> o (7_ lq—1p* ku) 1
k=0 1-p""qu 7-p"*qku 1-p gk

Ij

o)1 Zr: (_”fe(L){”_ 1k 1 (,_pr~qu+1u)_1}
k=0

= (p- q)—r—I{zr: __ﬁ__ifﬁl r+1 (—”ki _)}

o 1- pr-}I quu kJ 71— pr+1 quu

(p—q)"? j S }5 (_7}k{(2)+(kki 1)}_ (1) }

L7 p = 7_p;+1-kq 7_qr+1U
kfr+
D B AURD 1|
ot ~ r+i1-k _k 7— r+1 J
T—p""u =1 T-p qu q u

or

1 (-7 r+1
flr+1,u)=(p—q)"! > ———£ )

im0 1— r+1 quu

which equals P(r + 7). Therefore, P{r} — P(r+ 1), completing the prom‘.
If we set p = aand g = Bin (10) (the familiar Fibonacci constants), we obtain the generating function for the
rth power of the Fibonacci numbers, in the form of a partial fraction series:

= ro =R

(10a) ¥ Fut =57 % ’"’”E(’EI;L

n=0 k=0 1—a" 8%

By avery similar development, we can prove the following identity'
= 4 naF
(11) > { —:{L} u = (ptg)" Y ———(—2
n=0 - P74 k 0 1- T_quu
Again, with p = and g = 8in (11), we obtain the generatmg function for the r " power of the Lucas numbers:
(11a) Z L;;u” = L%_
n=0 k 0 7 = ﬁ

We may combine the partial fractions in (10a) and (11a), using known Fibonacci and Lucas identities, to elim-
inate all irrational expressions and condense the result in one closed form. For example, if Afr,u) and B(ru)
denote the expressions in {10a) and (11a), respectively, we may obtain the following results:

2
Allu) = u(1—u—u?) Al2u) = _L:.U_____
Al3u) = fu—2u? =0 )N = 3u - 6u? +3u’ +u?); B(I,u) = 2—ufl1-u=-d’);

2 3 4
B(Z,U): f4'—7U"U2)/(7—2U—2U2+U3),' 5(4,11/’: 16 — 79u — 164u~“ + 76u” +u
1—5u— 1502+ 1507 +5u* - o7

»

etc.

The possibilities for applying our method are virtually unlimited, provided we are careful not to separate the
A operator in its manipulations. In this respect, A does not behave like an ordinary algebraic quantity, since
“multiplication” is really successive application of the A symbol. Exeept for very special cases, moreover, which
must be treated separately, a closed form-for #(u) free of symbalic operators is generally not available. The
readers are invited to find other exarnples where the indicated method can yield useful results.
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In a forthcoming paper on the topic (viz. [4]), an alternative (and more rigorous) approach is presented for
the general solution of the problem proposed in this paper, under appropriate restrictions of analyticity for
functions f and g.
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[Continued from p. 268.]

7] )15

T: 2 = i—m—2r—3\[m+r - i—m—2r—1\{m+r—1
i-3 Z E ( m+r r m+r—1 r—1

m=0 r=0 m=2 r=1
Naow,
[i12] [il3] 5 .
Ti=Tig#Tiz# Tz = 35 20 (I'm"l? \<m )
m=0 r=0

(from lemma) which is what we required.
Fairly clearly when we are in the plane r = , we have the ordinary Fibonacci numbers. Further investigations
suggest themselves along the lines of Hoggatt [3] and Horner [4].
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