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1. INTRODUCTION 

It is well known that the number of zero-one sequences of length n: 

(1.1) (ai>32> '~'an) hi = 0 or 1) 

with consecutive ones forbidden is equal to the Fibonacci number Fn+2. Moreover the number of such se-
quences with an = ai = 1 also forbidden is equal to the Lucas number Ln. This suggests the following two 
problems. 

1. Let /700, noi, niQ, n^ be non-negative integers such that 
n00 + n01+ni0 + nil = n~ 1 • 

We seek the number of sequences (1.1) with exactly ngo occurrences of 00, ngi occurrences of 01 , /?^ occur-
rences of 10 and nu occurrences of 11. 

2. Let/70^, noi, n^g, n^ be non-negative integers such that 
n00 + n01 +nio+nll = n-

We again seek the number of sequences (1.1) with nu occurrences of//, but now anai is counted as a consecu-
tive pair. 

Let a(noo> noi, n^o, n^) denote the number of solutions of Problem 1 andbfnoo, noi> nl0> nll) denote 
the number of solutions of Problem 2. Put 

x _ x / i _ x~^ / i WOO n01 n1Q n11 
'n ~ 'n(x00>x01>x10>xll) ~ 2L, a'n00> n01> n 10> n 11>X00X01 x 10 x 11 > 

nif=0 

/ i v-"- u/ i n00 n01 n10 n l l 
9n = 9n(x00,x01,x10,xll) = 2w b(n00> "01, n 10, n l t )xQ0 XQ1 X1Q XU . 

It is convenient to take 

Put 

n[f=0 

fo = 90 = 0, fi = 9i = 2, 

F(u) = E fnu
n, G(u) = £ 9nun . 

n=0 n=0 
We show that 

(1.2) F(ui = 2u + (x01+x10-x00-x11)u
2 

1 - (x00+xn)u + (x00xn -x01x10)u
2 

and 

(1.3) 2+G(u) = 2-(xo0+x11hL 

1 - (x00+x11)u+(x00x11 -x01x10)u
2 

*Supported in part by NSF Grant GP-37924X1. 
246 



Oct. 1977 ZERO-OWE SEQUENCES AWD FIBONACCI NUMBE'RS 247 

The special case 

<1-4) x00 = XQI = x10 = I xn = x 

is of some interest In this case (1.2) and (1.3) reduce to 

(1.5) 1 + F(u) = l + (1-x)u _ 
1-(1+x)u-(l-x)u2 

(1.6) 2 + G(u) = —Z^Jl + xhL , 
1-(l + x)u-(l-x)u2 

respectively. These generating functions evidently contain the enumeration of zero-one sequences with a given 
number of occurrences of 11. 

Forx = ft (1.5) and (1.6) reduce to the generating functions for Fn+2 and Ln, respectively. Thus it is natural 
to put 

1+FM= Z fn+2(x>Un, fn(x)= £ Fn,k*k> 
n=0 k 

2+G(u) = L 9n(x)un, gn(x) = £ t-n>kx
k . 

n=0 k 

We find that fn(x), gn(x) both satisfy 
Vn+2 = (1 +x)yn+1 + (7 - x)vn , 

which implies 
Fn+2,k = Fn+l,k + Fn,k + Fn+l,k-l ~ Fn,k-1 

and similarly for Ln,k- Moreover there is the striking relation 

9n (x) = fn+3 (x) - 2fn+2 (x) + 2fn+1 (x) (n > 0). 

2. PROBLEM 1 

In order to enumerate the number of sequences of Problem 1 it is convenient to define 

(2.1) 3l
rs(n00, n01, n10, nn) (i = Of 1) 

as the number of zero-one sequences with /-zeros, s ones, n^ occurrences of jk and ending with i, where 

noo + n01+nw+nil = r + s~ 1. 
Put 

(2.2) f((r,s) = fi(r,s\xoo>xOl,xiO,xil) = V, 3^n00> n0i, n10, nnlx^x^x^^x^1 . 
r,s 

It is convenient to take 
, 9 Q . \f0(0,0) = 0, f0(W = I f0(0,D= 1 
u'6) | fi(0,0) = O, fi(hO) = O, fi(0,1) = 7. 

Deleting the final element in a given sequence, we obtain the following recurrences: 
[fo(r,s) = x0Qf0(r- 1fs) + xl0fi(r- l,s) 
\f1(r/s) = x01f0(r,s- U + xuftfos- 1) 

( 0 A \ \fo(r,s) = x00f0(r- 1,s) + x10fi(r- Is) ( 

Put 

(2.5) F{ = Fi(u,v) = £ fi(r,s)urvs (i =0,1). 
r,s=0 

Then by the first of (2.4) 
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F0(u,v) = uf0(1,0) + vfo(0,1)+xo0u £ ur"1vsf0(r-ls) + x10v £ u^Vftfr- I s), 
r+s>2 r+s>2 

so that 
(2.6) FQ(U,V) = u + x00uF0(ufv) + x tou Fifu.v). 

Similarly 
(2.7) Fi(u,v) = v + xoivFo(u,v)+xuvFi(u,v). 

This pair of formulas can be written compactly in matrix form: 

22. (»"&)• 
(2 9) M ={XooU *10U\ • 
U - 9 ' , , \xoiv xllV) 

It follows at once from (2.8) that . c 

(F',Y «-"•%)• 
Since 

(I-M)'1 = l[1-x^v xH>u\ 
(I M) D\*0iv 1-xoo")' 

where 
(2.10) D = detM = / - XQQU -xltv+ (xoo*n ~ *01xlo)u]/' 
we get 
11 U) !F0\_lu + (x10-x11)uv\ 
( Z 1 1 ) KFirKv + fxoi-xooluv)-

Hence 

(2.12) F(u,v) = F0(u.v) + Fl(u,v)= U + V + ^01±xJ0^^xn)uv_ 
7 - x00u -xnv + (x00xn - x01x10)uv 

This furnishes a generating function for the enumeration of sequences with a given number of zeros and a given 
number of ones and nu occurrences of//. 

Finally, taking u = v, we get the desired solution of Problem 1. 

(2.13) F(u) = F(u,u) = ^lI^l^J^^Q_zJLlllEl^ . 
1-<xoo+xll)u + (x00xll-xolxlo)u2 

Explicit formulas for 
f(r,s) = f0(r,s)+ft(r,s) 

can be obtained from (2.12). The extreme right member is equal to 

U(1 - Xgv) + V(1 - XQQU)- (X01 +X11)llV = ^ (XQjX jQ^U^1 \/k 

(l-xoouXl-xuvt-xoiXiouv " £Q (j-XooU)ktln_Xiiv)k 

(x01xw)xkukvk+1 _ , _ _ . _ , ^ (x0ix10)
kuk+1vk+1 

(XQI+XIO) L 
k=0 (l-xoouftl-xuv)1**1 k=0 (1-x00u)k+l(1-xnv)k+l 

Expanding, we get after some manipulation 

(2.H) xv)= E (-')( i-JrtxomoMVxfi + L (l\\)(si1)(*oixio)kx1oo><u1 

k>0 k>0 

-(xoi+x10) ^{^{iZiyxoiXio^x^xf,-1 (r>0, s>0, r + s>2). 
k>0 
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If we take 
(3.1) 
(2.3) reduces to 
(3.2) 

3. SPECIAL CASES OF PROBLEM 1 

*oo = x01 = xio = I xn = x, 

1 + F(u) 1 + (1 - x)u 

Forx = 0 the right-hand side becomes 

1 - u-u 

as anticipated. We now define Fn: by means of 

l + (1-x)u 

1-(1 + x)u-(1-x)u2 

^ - £ Fn+2«n 

n=0 

(3.3) 

where 
1-(1 + x)u-(1-x)u* 

= £ fn+2Mun, 
n=0 

(3.4) fn(x) = £ Fntjx'. 
j>0 

It follows from (3.3) that fn(x) satisfies 
(3.5) fn+2M = (1 +x)fn+1 (x) +(1- x)fn(x) (n > 2) 

together with f 2 W = h / j W = 2; if we take f^(x) = 1, then (3.5) holds for/7 > I From (3.5) we 
recurrence 
(3.6) Fn+2}k = Fn+1>k + Fn+l,k~l + fn,k - Fn,k-1 . (n > H 

The following table is now easily computed. 

Fn,k 

n^^J? 
1 
2 

I 3 
4 
5 
6 
7 
8 

I 9 10 

0 " 

1 
1 
2 
3 
5 
8 
13 
21 
34 
55 

1 

1 
2 
5 
10 
20 
38 
71 

2 

1 
2 
6 
13 
29 
60 

3 

1 
2 
7 
16 
39 

4 

1 
2 
8 
19 

5 

1 
2 
9 

6 

1 
2 

7 

1 

Note that 

(3.7) fn<» = £ Fn,j = 2n'2 

j»0 
This follows at once by taking x = 1 in (3.3). If we take x = -1 we get 

(n > 2). 

which yields 
(3.8) hJ-i) = 2 

n=0 1~2UZ 

n-1 f2n+l(-D = 2" (n > »• 

The table suggests 
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Fn,n-3 = 1 (n > 3) 
(3.9) i Fn>n_4 =2 (n > 4) 

^ Fn,n~5 = n- 1 (n > 5) 

Since 

. 7 + (1-x}u = 7 + £ uk+1(1-u)k'1xk 

1-(1+x)u-(l-x)u2 1-u-u2 k=l (l-u-u2)k+1 

we have also 

(3-10) Z Fn,kun = U (1~U>k+l (k > D. 
n=k+3 (1-U-U1) 

Replacingx by x/u in (3.3) we get 

(3.1D LzJLtlL— = £ un £ Fn+k+2>kx
k , 

1 -X- (1 -X)u- U n=0 k=0 
which furnishes a generating function for diagonals, namely 

(3-12) DnM^Z Fn+h+2,kxk = Z (n-s
s + 1)(1-x)~s . 

k=0 2s<n+l 
For example 

+ -1-+ 1 
1~x n-x)2 

D0(x) = I Dt(x) = 1+ — 1 — , D2(x) = 1+ -2—, D3(x) = 1 
1 - x 1 - x 

in agreement with (3.9). Also, 

D4(x) = 1+-L-+ —3--, D5(x) = 1+ -L- + — i - + —1— , etc. 
1~x (1-x)2 1~x (1-x)2 (1-x)3 

The special case 

(3.10) x00 = x10 = xn = 1, x0i = x 

is considerably simpler than (3.1). Using (3.10), (2.13) reduces to 

(3.11) 1 + F(u)= 1 

1-2u + (1-x)u2 

Since 

-—-—-2 = — T — J = £ -j6^-1 *k»2k i (* + / + i W 
1-2u + (1-x)u2 (1-u)2-xu2 k=0 (1-u)2k+2 k=0 ro V ! ' 

n=0 2k<n 
so that (3.11) becomes 

(3.12) 1 + F(u)= f ) un T.[2
n

k7i)xk • 
n=0 2k<n 

It follows from (3.12) that the number of sequences of length n with k occurrences of 01 is equal to the bi-
nomial coefficient \^+ A • It is not difficult to give a direct combinatorial proof of this result. 

4. PROBLEM 2 
Let 

W.I) a%fnoO'nbl>niO>nil) (U = O) 
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denote the number of sequences with /-zeros and s ones, where r + s = HQQ + rigi + nio + nil + 1, with n^ 
occurrences of hk, beginning with/and ending withy. Also put 

(4.2) fij(r,s)-= fij(r,s\xoo,XQi,x10,xii) = £ 4jn00, n0i, n10, nuh^fx^1 x^x^1, 
nplk=0 

(4.3) F{j = Fij(u,v) = £ fij(r,s)uTvs . 
r,s=0 

Exactly as in §2, we have 

«* [Fff. ':;)•(•« °Xz % 
where M is defined in (2.9). Thus 

FFTO FF°1
1
1)-'I-M>-1(O i 

It follows that 
( 4 5 i / F00 F0l\ = 1(u-xllUv x10uv 

\ F10 Fll I D\xoiw v-x00uvj' 
where as before 

(4.6) D = 1 - x00u- XIIV+ (xoo*n- x0lx10>uv-

For Problem 2 we require 

(4.7) G(u,v) = x00F00 +x10F01+x01F10 + xn Fn . 

Hence, by (4.5) and (4.6), 
G(u v) = x0Qu+x11v-2(x00x11-x01x10)uv 

l-xoou-xav + fxooxn-XQiXiofov 

It is convenient to replace this by 

(4.8) 2 + Gtu.v) = j JzJ^fiZlliL . 
/ - x00u -xnv + (XQQXU - xoix10)uv 

In particular, fox u = v, (4.8) becomes 
(4.9) 2 + g(u,u)= .-2-<*0Q+.x±l)u 

/ - (x0o
+xu)u + (*ooxn - x01xw)u2 

Thus (4.9) furnishes a generating function for Problem 2. 
If we put 

2+G(u,u) = £ 9nu
n, F(u) = £ fnu

n, 
n=0 n=0 

where, by (2.13) 
F(u) = 2u-f-(x01+x10-x00-x11)u

2 

1- (x00+x11)u+ (x0oxii-x01x10)u
2 

then it is clear that 

(2-(x00+x11)u) YL fnu
n = (2u + (x01+x10-x00-x11)u

2) £ gnu
n 

0 0 

Comparison of coefficients gives 

(4.10) fn-(xOO+xll)fn-l = 2Qn-l+ (*01- XlO- XQQ- Xll)9n-2 • 
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5. SPECIAL CASES OF PROBLEM 2 
We take 

(5.1) 
Then (4.9) reduces to 
(5.2) 

*oo = xoi = *io = I *n = x-

2 + G(u,u) 2-(1 + x)u 

1-(1+x)u-(1-x)u2 

Forx = 0 the right side of (5.2) becomes 

2-u 

1-,u-u* 
= L Lnun 

as was expected. We now define Ln>j by means of 

(5.3) 2-<1 + x)u — --*-= Y\ gn(xjun, 
1-{t+x)u-(1-x)u2 „tj 

where 

(5.4) ffnM = £ Ln,jXJ • 
j>0 

It follows from (5.3) \batgn(x) satisfies 
(5.5) ffn+2 M - (1 + x)gn+i (x)+ (1 - x)gn (x) (n > 0) 

together with go(x) = 2, gi(x)= 1+ x. It is also clear that Ln^ satisfies the recurrence 

(5-6) Ln+2,k = Ln+l,k + Ln+i,k~l + Ln,k ~ Ln,k-l (n > 0) 

which is of course the same as (3.6). 
The following table is easily computed. 

-n,k 

I n \ 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

0 

2 
1 
3 
4 
7 
11 
18 
29 
47 
76 
123 

1 

1 
0 
3 
4 
10 
18 
35 
64 
117 
210 

2 

1 
0 
4 
5 
15 
28 
60 
117 
230 

3 

1 
0 
5 
6 
21 
40 
93 
190 

4 

1 
0 
6 
7 
28 
54 
135 

5 

1 
0 
7 
8 
36 
70 

6 

1 
0 
a 
9 
45 

7 

1 
0 
9 
10 

8 

1 
0 
10 

9 

1 
0 

10 

1 

It is easily proved by means of (5.3) and (5.4) that 
n 

(5.7) 

(5.8) 32n(-1) = 2 

gJ1> = E Ln,k =2" (n > J), 
k=0 

n+1 B2n+l(-D = O (n >0). 

The table suggests that Lnn = 1, 



1977] ZERO-ONE SEQUENCES AMD FIBONACCI NUMBERS 253 

Ln,n-1 = 0 (n > 1), 
(5-9) < Ln>n_2 = n (n > 2), 

I ^-n,n-3 = n (n > 3). 
These results are easily proved by induction using (5.6). 

Comparison of (5.3) with (3.3) gives 
(5.10) gnM + (1-x)gn-i(x) = 2fn+2(x)-(1+x)fn+l(x). 
In view of (3.5), this implies 
(5.11) 9nM + (1-x)9n-lM = fn+2(x) + (1-x)fn(x) (n > 1). 

In particular (5.11) contains the familiar relation Ln+1 = Fn+2 + Fn. It would-be of interest to express #n (x) 
in terms of f^(x). 

We find that 
g0(x) = f3(x), gt(x) = f4(x)-f3(x), g2(x) = f5(x) - 2f4(x) + 2f3(x), 

g3 (x) = f6 (x) - 2f5 (x) + 2f4 (x), g4 (x) = f7 (x) - 2f6 (x) + 2f5 (x), g5 (x) = f8 (x) - 2f7 (x) + 2f6 (x), 

g6(x) = f9(x)-2f8(x) + 2f7(x), g7(x) = f10(x)-2f9(x) + 2f8(x). 

This suggests that 
(5.12) gn(x) = fn+3(x)-2fn+2(x) + 2fn+1(x) (n = 0, 1,2,-). 

To prove (5.12) we make use of the identity 

u(2-(1 + x)u) = (1 - 2u + 2U2)(1 + (1 - xju)- (1 - 2U)(1 - (1 + x)u - (1 - x)u2). 

Dividing both sides by D = 1 - (1 +x)u - (1 - x)u2, this becomes 

u 2-(1+x)u = (1_2u+2u2) LtlLjLxkl - i + 2u. 

Hence, by (3.3) and (5.3), 

u £ g„(x)un = (1-2u + 2u2) £ fn+2(x)un-1 + 2u. 
n=0 n=0 

Comparing coefficients of un, we get 

gn„l (x) = fn+2 (x) - 2fn+1 (x) + 2fn (x) (n > 1), 

which is equivalent to (5.12). 
From (5.12) we get 

(5.13) Ln^ = Fn+3jk -2Fn+2)k
+ 2Fn+1^ (k = 0, 1,2,-). 

Note that, for k = 0, (5.13) reduces to the familiar 

Ln
 = Fn+3 ~ 2Fn+2 + 2Fn+l = ~Fn+2 + 3Fn+1 = 2Fn+i - Fn = Fn+i + Fn,1. 

Finally, replacingx by x/u in (5.3), we get 

1 - X- (1 - X>U - U n=0 k=0 

This yields 

(5-14) J2 Ln+kkX^ 3-2^ ^ _]____ ^ /n-s + l\_1___ 

k=0 ' X 2s^n(1~x)S 2s<n+lK ' (1 ~ x)S 

For example 

k=o 
which is correct. 

E W^TEf-Ki)-'' 
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THE UNIFIED NUMBER IDENTITY 

GUY A. RGUILLOT 
Montreal, Quebec, Canada 

The identity illustrated below shows a relation connecting all of the most important constants and numbers 
in mathematics. 

(-DnE2n E (1M 2n 

ei7T[2(S+ £ (-Vn(y/5Fn+1-Ln+1))+a £ 
\ n=0 I n=0 

k=l 
2n 

+ 1 = 0. 
Bn(W) 

In the usual notation the above identity has the following constants and numbers 

CONSTANTS 

ft 1,-1, 2, y/5, i = >J-1t e,n,a = 1-^5, 0 1-J5 
2 ,10. 

NUMBERS 
Notation 

n 
1/k 
Fn+l 

l-n+1 

E2n 

n 
k 
n 
n 
n 

ft 7, •• 
h 2, •• 
ft I •• 
ft I • 
ft 7, • 

Explanation 

denotes zero and the set of positive integers. 
is the collection of fractions of the form 1/k. 
denotes the (n + 1)th Fibonacci number. 

" " Lucas number. 
" nth Bernoulli number. 
" 2nf even Euler number. n = 0,1, 

The author of this note wishes to point out that since the letter n denotes zero and the set of positive inte-
gers, then it must denote most of the conceivable numbers defined by mathematicians so far. Let us name some 
of these numbers. Prime, Fermat, Guy Moebius, Perfect, Pythagorean, Random, Triangular, Amicable, Auto-
morphic, Palindromic, and the list goes on and on •••. 


