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It is a well known result that, for the Fibonacci numbers Fn+2~ Fn+i + Fn, FQ = 0, F-j = 7, 

n -
lim 

Fn+l 1 + ̂ /5 
Fn ' 2 

See [1] , Our main result in this paper is that convolving linear recurrent sequences leaves limiting ratios un-
changed. Some particular cases of our theorem prove an interesting study. It is indeed surprising that such strik-
ing limiting cases have been left unnoticed. 

Definition 1. If [un}n=o <s a sequence of positive real numbers and if 

X - lim UJ& , 
n-+oo Un 

then X is defined to be the limiting ratio of the sequence [un }. 

Definition 2. If {un} is a linear recurrence sequence 
(1) a0Un+r+ aiUn+r-i + a2tin+r-2+ - + arUn = 0 

then 
a0x

r + a1x
r~1 + - + ar = Pu(x) 

is called the auxiliary polynomial for the sequence {un} . 

Definition 3. If {un} - U and [vn} = V are two linear recurrence sequences with generating functions 

FM and BM 
Q(x) and SM' 

respectively, we say {un} and {vn} are relatively prime if 

(P(x),S(x» = (R(x),Q(x)) = U 

The following classic result was known to Euler: 

Lemma. If the auxiliary polynomial Pu(x) for the sequence \un} in (1) has a single root of largest abso-
lute value, say X, then 

lim H0±1 = X. 
n -> - Un 

Let us call such a X as a dominant root ofPu(xl Moreover, let Dom(a,/3) represent the number with bigger 
absolute value. 

The Lemma stated above leads to the following general theorem. 

Theorem 1. Let 
{Un)n=0 a n d [*n}n=0 
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be two relatively prime linear recurrence sequences with auxiliary polynomials Pu(x) and Pv(x) whose domi-
nant roots are Ajy, and A^. Then, if {wn}™=0 is the convolution sequence of \un) a n d { ^ } , 

n 

(2) Wn = £ vkUn-k, 
k=0 

then 
| i m

 lHn±L = DomfX^X,,). 
A 7 _ o c Wn 

Proof. Consider a polynomial P(x) with non-zero roots a 7,02, —, an. Let P*(x) denote a polynomial 
with roots 1/a/, 1/a2, —, Van, We call P*(x) the reciprocal oiP(x). Now denote the reciprocals of Pu Wand 
PVM by P*(xj and P*(x), respectively. It is known from the theory of linear recurrence that 

<3> E "/l** p.7yi 
*=0 r " ( * ; 
^ "iv? 

n=0 

and 

W> t On*" - ^ 
for some polynomials R(x) andSM. 

It is quite clear from (2), (3) and (4) that 

(5) Y w xn - MM*) s T(x) 
~Q

 n P*0c)P*(x) P*u(x)P*v(x) 

which reveals that {wn} is also a linear recurrence sequence. It is easy to prove that \\Pw(x) denotes the auxili-
ary polynomial of [wn], then its reciprocal P^(x) obeys 

(6) Pl(x) = P*(x)P*(x). 

It is clear that 1/X^ and ]fKv are the roots of P*(x) and P*(x) with minimum absolute value, so that 
min (M\u, 1/X„) is the root of P^(x) with minimum absolute value. But, since P^(x) is the reciprocal of 
Pw(x), Dom (\u, X„) is the dominant root of Pw(x). This together with the lemma proves 

,. wn+1 ^ 
lim - = X . 

/7_oo Wn 

We state below some particular cases of the above theorem. 

Theorem 2. Let {un}™=0 be a linear recurrence sequence 

"n + 1 s Un + Un-n uO = °, U1 = 1*2 = "3 = "' = Ur= 1, r e Z+. 

L e t g n i denote the first convolution sequence of {un }n=o 

n=0 
n 

(7) g„,i = £ -OkOn-k 
k=0 

and gn/r the rth convolution (un ~ gn,o) 
n 

(8) gn,r = Yl 9k,r-lUn-k-
k=0 

Then lim un+ j/un exists and 
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, i m °J!±1 = | i m 9n+V 

for every / - G Z , 

Proof. The auxiliary polynomial for { d „ } ~ = 0 is*7"*7 - * r - 7. We will first prove that the root with lar-
gest absolute value is real. Denote the auxiliary polynomial by 

Pu(x) = xr+1 - x r - 1. 

Clearly, A ^ M « - 7 < 0andPu(oo)=<*>. Further, 

flfcf 

for 1 < * < °° so that ^ M - 0 for 1 < x < «» at precisely one point, say X^,. It is also clear that Pu(x) > 0 for 
A- > Xu implies 

(9) I x ^ l > \xr+l\ 

fo r * > Xu. 
Letz0 be a complex root of Pu(x) = Owith \i0\ >XU. Now, sincez0 is a root oiPu(x)= 0, 

But lzJ > Xu, and comparing with (9) we have 

\ i ^ \ < \zr
0\+\l\ , 

a contradiction. One may also show similarly that there is no other rootz0 with \i0\ = X^ proving that X^ is a 
dominant root o1Pu(x). This proves that the limiting ratio of {un} exists and that 

lim U-^J . X u . 

Further, Theorem 1 gives 

Mm UJ1±1 = Mm !s±Lr 

by induction on A and the definition of flr„ r in (8). 

Theorem 3. \U,se Z and f <s, then 

lim - ^ ^ a 
" "* °° 0/7,; 

Proof. For the linear recurrence sequence { t f „ } satisfying 

<W/ = Un + Un-r, 00 = 0, Ui = U2 = - = ^r = ?, 
define a companion sequence of polynomials 

(10) an+1 (x) = xun (x) + un.r(x) 

UQM * 0, uifx) - 7, u2(x) = x, - , ur(x) = xr~1. 

Denote by gn,0(x) - un(x), 

n 

9n.lM s Z Ok(x)tin-k(x), 
k=0 

and 
n 

(11) gn,tM = H 9k,r-l(x)Un-k(x)-
k=0 
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One of us (K. A.) has established in [2] that 
MO\ dton(x) . . 
(12) — - - — - gn,t(x)-

t!dxt 

We know from (10) that 
MOv dfun+iM dtun(x) ^ dx~1un(x) c f V r W 

dxf dx* dxf~1 dxf 

Now, (12) makes (13) reduce to 

(14) 9n+1ttM =xgn,t(x)+-gn-r,t(x) + 9n,t-l(x)'. 
Note from (11) thatgnft(1)~ gnt so that (14) can be rewritten as 

(15) gn+ift = 9n,t + 9n-r.t+9n,t-1-

Dividing (15) throughout by gnt we get 

(1R) 9n+1,t ~ i + 9n_-r,t + 9nf t-1 

9n, t 9n, t 9n, t 

We know from Theorem 2 that 

n'l^oo 9n+l,t/9n,t =• \ and J i m ^ gn-r/t/gn/t = 1/\ru , 

so that (16) reduces to 

(17) \ u = 1 + -L + lim gJh-x-l . 
\ r n-*°° 9n,t 

But, Xu is the dominant root oix^1 - x r - 1 = 0 so that 

lim fffhlzl = a 

T U . . L . _, . n^°° 9n,t 
This gives by induction 

lim ?^L= o for t < s, 

proving Theorem 3. 

Corollary. If {un} is the Fibonacci sequence, then 

Mm fb±Lr^l±JL 
n^°° 9n,r 2 

and 
lim lid = o for f < s. 

We include the unproved theorem: 

Theorem 4. If „2 _ M/ 
9n+1,r9n-1,r~ 9n,r ~ wn . 

then 

Jim ^ » x f . 
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