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Definition. 1fi > 0andn > 1, let qe(n) be the number of partitions of 7 into an even number of parts,
where each part occurs at most / times. Letq (n) be the number of partmons of n into an odd numberof parts,
where each part occurs at most/ times. If/ > 0, letg; €(0) = 1 and qu(O)

Definition. 1fi>0andn >0,let A;(n)=qgf(n)—qf(n).

The purpose of this paper is to determine A;(n) when / is any odd positive integer. The only cases previously
known were /= 1, proved by Euler (see [1]), /= 3, proved by this writer (see [2]), and/ =5 and 7, proved by
Alder and Muwafi (see [3]).

Definition. Ifs, t, u are positive integers with s odd and 1 <s <, and n is an integer, let £ ¢, (n) be the
number of partitions of n in which each odd part occurs at most once and is # #s (mod 2¢) and in which each
even part is divisible by 2¢ and occurs < v times.

Theorem. |fs, t, u are positive integers with s odd and 1 <s < ¢, and 7 is an integer, then

Agpueiln) = (1) % fpuln =% = (t=5)j).
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where the last equality follows from Jacobi's identity with k= tand ¢ =t — s, Since s is odd,

l‘/2+(t—s}/ =/ (mod2).

Hence, when we substitute —x for x, we obtain
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from which the theorem follows immediately.

Corollary 1. Ifsand ¢ are positive integers with s odd and 1 <s <, and n is an integer, then

Agpygln) = (=1)" 32 fyp 10— 472 = (t=s)j).
J
Note that £ ; 1(n) is the number of partitions of n into distinct odd parts # s (mod 2t).
Proof. Letu.=1in the theorem.
Lettings = 1 and ¢ = 3 yields Theorem 1 of [3].
Corollary 2. 1fi > 2and n is an integer, then (—7)"A;(n) > 0.

Proof.  For even j, this follows from Theorem 3 of [2]; for odd , it follows by letting s = 1 and
t = (i + 1)/2 in Corollary 1.

Corollary 3. If s and t are positive integers with s odd and 1 <s <t and n is an integer, then
Agpqln) = (=1)" 3 fyp20n— 42— (t=s)j).
i

Note that £ ; 2(n) is the number of partitions of n into distinct parts which are either odd but # £s (mod 2t)
or which are divisible by 2.

Proof. Letu=2in the theorem.
Corollary 4. |fuisa positive integer and 7 is an integer, then

Agetln) = (1" 3> f1,2uln 212 =j).
j
Note that f; 2 ., (n) is the number of partitions of n into parts divisible by 4, where each part occurs <v times.
Proof. Lets=1, t=2in the theorem.
Lettingu = 7 yields Theorem 2 of [2] and v = 2, Theorem 2 of [3].
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