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SECTION 1 

Consider sequences 

a = ( a l s a2 , . . . , aN), (1.1) 

where cij S Zk = {l, 2, . .., k). The sequence is said to have specification 
[n1? n2, ...5 w^], where the nj are non-negative integers, N = nl + n2 + ''' 
+ Wfc, if each element j, l^j<.k9 occurs in O exactly rij times. The sequence 
is called a derangement provided no element is in a position occupied by it 
in the sequence 

(1, 1, ..., 1, 2, 2, ..., 2, ..., k, k, . . . , k). (1.2) 

Let P(ni, n2, •••> ny) denote the number of possible derangements. Even 
and Gil is [1] (see also Jackson [2]) have proved the following result. 

nl + n2+>>.+nk f°° ( T""T I 
Pin,, n2, ..., nk) = (-1) • / ex l \ \Ln. (x)\ dx, (1.3) 

where Ln(x) is the Laguerre polynomial defined by 

M * ) = | ; (-i)'Q)§(. d.4) 
The object of the present note is to give a simple proof of (1.3) along 

the lines of the standard proof of the case nl=n2 = ••• = nk = 1 [3, p. 59]. 
We also prove some related results. 

SECTION 2 

Let P(», m) = P(n19 ..., nk; ml, ..., mk), (2.1) 

where 0 <. rrij <. nj , denote the number of sequences (1.1) in which, for each j, 
exactly rrij of the values remain in their original position in (1.2). It 
follows at once from the definition that 

P(n,m) = P(n -m, 0)fT(M = Pin -m)f](^\ (2.2) 
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where P(n) = P(n19 n2, . . . , nk). 
Clearly 

P(n,m) = (n , , n 9 , . . . , nk) = —: :—'- r , 

m ™ ° m1»0 m2^0 mk=*0 

Thus, by (2 .2 ) , 

This relation is equivalent to 

^ = E^ f f - M ft ) - - -&> 1 ' - - - '^ (2-3) 
= Y(-if-»(nA ... (n*\ ^- mk! ' 

where M = m, + • • • + mfe. 

SECTION 3 

To verify that (2.3) is in agreement with (1.3), we take 

This evidently proves the equivalence of (1.3) and (2.3). 

SECTION k 

Put 

Pk(N) = ^ P P(n). (4.1) 

Thus P(n) denotes the total number of derangements from Zfc of length 21/. Then 
by (2.3) we have 
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V (-i/-M_ Ml V (n{\ (nk\ 
L-d y ' m1\...mk\ l_j \mj---\mj' 

m1 + "-+mk=N n1 + -—+nk = N 

we ge t 

where as above M = m1+ • •• + mk. Since the i n n e r sum on the extreme r i g h t i s 
equa l t o 

(N + k - A 
\M + k - l / ? 

P (N) = V (-DN'M ^ (N + * - A 
k { ) Z^ { ±} m^. . . . mkl\M + k - l) 

m1 + -" +mkSN 

M-O \M+k - l) L J mx\ . . . mkl ' 
m, + • • • +mj, - Af 

By the multinomial theorem 

ml + • • • + m k = Af 

so t h a t 
N 

iw-E<-^-"C:J:i>" «•*> M = 0 

I t fo l lows from (4 .2 ) t h a t 

ff + fc-l 
N + ls - m - 1/717 J- Z* _ l \ 

\ m ) 

N + k - 1 v k - 2 

m = 0 J = 0 

and t h e r e f o r e 

pkw = ki-4ik - D1**-1 - g (-i/**-*-^+ j - x y j <*> i). (A.3) 

It follows from (4.3) that, for fixed k > 2, 

P* (N) ~ kx'k(k - i / 4 " ^ 1 (ff + oo). (4.4) 

On the other hand, if i!7 is fixed and k ->• °°, it is evident from (4.2) that 

so that M = 0 * - o * 
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SECTION 5 

Fairly simple generating functions are implied by (4.2). We have first 

" " » - « x ' M'O tf = 0 x / 

£W(1 + *)""" 

-"•^(i-TTj)'1-
Hence 

^ P f e ( 1 ) ^ = (1 + x)~k + 1 (1 + x - for)""1 . (5.1) 
tf = 0 

In the next place 

z-f * w (i7 + fc - 1 ) ! Z-r (^ + k - 1 ) i Ls l)
 \M + k - ±r 

Zs (M + k - l ) lZ - / 1 ; 71/! 
A / - 0 tf = 0 

e LJ (M + (M + fc - 1) ! ' 

Thus 
fc-2 

Ep* w(g + f- ryr • w k + V*.U - E ^ l ( ^ D- (5-2) 
i V - 0 ^ m - 0 • J 

It is easily seen that (4.3) is implied by (5.2). 

REFERENCES 

[1] S. Even & J. Gillis, "Derangements and Laguerre Polynomials," Math. Proa. 
Comb. Phil. Soo. , Vol. 79 (1976), pp. 135-143. 

[2] D. M. Jackson, "Laguerre Polynomials and Derangements," Math. Proc. Camb.. 
Phil. Soo., Vol. 80 (1976), pp. 213-214. 

[3] John Riordan, An Introduction to Combinatorial Analysis (New York: John 
Wiley & Sons, Inc., 1958). 

• * # * # # 


