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Our purpose here is to develop a connection between the arithmetic, topo-
logical, measure theoretic and analytic properties of the set,F, of Fibonacci 
numbers. We begin by topologizing the set, Z, of integers in a rather natu-
ral way and then showing that F has a certain closure property. 

V^inJjtioyi'. Let J be the topology on Z generated by the set of all arith-
metic progressions. That is, for any integer b, a neighborhood base at b is 
given by 

{{an + b\n z Z}\a e Z, a + 0|. 

Our main result is 

TkdOtim 1 : {0} U F U -F is ,A-closed. 

VXOO^: We use the theorem of Halton [2] which states that if fn is di-
vided by fm (n > m) then either the remainder r is a Fibonacci number or 
fm - r is a Fibonacci number. Here fn is the nth Fibonacci number. 

Thus, if r > 0 and r jzf F, choose f £ F such that f > r and f - r f£ F. It 
is easy to check, using Halton1s theorem, that 

(*) ({0} U F Pi -F)D {fn + r\n e z) = 0. 

Also, if v < 0 and -r jef F, choose f £ F such that f > -v and f + r £ F. 
Again it follows that (*) holds. This establishes the result. 

We will, in what follows, omit details for the sake of brevity. However, 
we cite references for those readers interested in the technicalities of the 
subject. 

Observe that {o} U F U -F is closed in any topology for Z which is finer 
than J. Thus, {o} U F U -F is (see [3, p. 87]) closed in Z with the relative 
Bohr topology. This allows us to deduce (since {o} U F U -F is a Sidon set) 
that {0} U ^ U - ^ is a strong Riesz set (see [3, p. 90]). Meyer has proved 
[3, p. 90] that the union of a strong Riesz set and a Riesz set is a Riesz set. 
One implication of this fact is the following extension of the F. and M. 
Riesz Theorem. 

CoKolZoJttj: Let T be the circle group (that is, the group, under multipli-
cation, of complex numbers of modulus 1). Let y be a bounded Borel measure 
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on T. The nth Fourier-Stieltjes coefficient ]l(ri) of y is defined by 

y(») = ± 1 e~inQ dy(6) (n e Z). 

Suppose y(n) = 0 for all n > 0 with n t F. Then y is absolutely continuous 
with respect to Lebesgue measure on T. Indeed, if R is any Riesz set and 
\±(n) = 0 for all n i R U F9 then y is absolutely continuous with respect to 
Lebesgue measure on T. 

Comm&wtA: 

/J + 1 (i) Observe that since fn + i/fn ~* o 9 it follows that F is a Hadamard 

set (see [3]). The above Corollary holds for all Hadamard sets [3, p. 
94], but the proof, which depends on the comparatively deep work of 
Strzelecki [4], is much more difficult. This difficulty is to be ex-
pected because it is easy to see that there are Hadamard sets H with H 
./-dense in Z. Thus, it is the intrinsic arithmetical properties of F 
which enable us to give our proof of the Theorem. 

(ii) For some interesting arithmetical examples of Riesz sets the reader is 
referred to [1]. 

It is well known that the closure in the Bohr compactification of any 
Hadamard set has Haar measure zero. Using Haltonfs theorem, we can give a 
simple proof of this result for the Fibonacci numbers. 

Th&OKQJM 2: Let F denote the closure of F in the Bohr compactification of 
Z. Then \l(F) = 0 where y is the Haar measure of the Bohr compactif ication 
of Z. 

VflOO^; We shall use the elementary fact that Haar measure of the closure 
of an arithmetic progression in the Bohr compactification of Z is precisely 
the natural density of the progression. Thus, it suffices, given e > 0, to 
imbed F in a union of residue classes, modulo some fixed modulus, such that 
the density of the union is less than £. 

Choose m so large that —7;— < £, which can be done because F has density 
Jm 

zero. For any n9 by Helton's theorem, / e f Z + r where 0 <_ r < fm and r EF 
or fm - reF. 

But, there are clearly at most 2m integers, r9 with 0 <_ v < fm and reF 
or fm -reF. Thus, F can be imbedded in a union of residue classes (mod fm) 
whose density is —z— < e. This completes the proof. 
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