
SIMPLIFIED PROOF OF A GREATEST INTEGER FUNCTION THEOREM 

J. L. BROWN, JR. 
The Pennsylvania State University, University Park, PA 16802 

The purpose of this paper is to give a simple proof of a result, due ori-
ginally to Anaya and Crump [1], involving the greatest integer function [•]. 

1 + /5~ 1 - / 5 " nn - hn 

In t he f o l l o w i n g , a = 2 = 1 .618, b = 2 = - 0 . 6 1 8 , and Fn = ° 

d e f i n e s t h e n t h F ibonacc i number fo r n >_ 1 . 

V^Zyiitlon: Let 6 be de f ined by 6 = -r- - -= > 0 . 

Lemma J: For n > 2 , 6 < ^ ± ^7=« ~ - 2 /J 

VK.00^1 Equivalent to —J=<L
:I-J= or ±bn <. b2, which is clearly true for 

n >_ 2, since |2>| < 1. /5 /5 

Lemma 2: For n _> 2 and any y satisfying |y| < 6, 

./̂  + Y + \] = K 
an 1 a n - 2?n 

Psioofii We must show F n < -^= + y + y < Frt + 1 , or u s i n g Fn = — - y = — and 

-|Y| <. Y <. |Y|» tne required inequality will be true if 

=£1 < _|Y| + 1 < |Y| + 1 < Z^l+ x /f ~ IYI + 2 ~ |T| ^ 2 /J" 

1 b*' 1 frn 

The extreme left and right inequalities reduce to |y| <_y + y= and |y| <Y""~7=' 
respectively, both valid for |y| < 6 by Lemma 1. 

ThdOKm 7: (Cf. [1]): For n >_ 1 and 1 <. k < n, afeFn + j = Fn + k. 

P ^ : [a^ + ̂  J = [ ^ + y J = ["7f / f — + J J (uSing 

I (-l)k + 1 & " ~ f e I l&l 
a& = -1) = Fn+k by Lemma 2 since - — — y = _< -y=r < 6. 

CotoMjOAy I: ([2], pp. 34-35): Fn + 1 = jaFn + .«1 for n = 2, 3, 4, ... 

P̂ tOOj}: Take k = 1 in the theorem and note 1 = k < n for w = 2, 3, 4, ... 
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CotioWxAy 2: (Cf. [3], p. 22): j ^ + yl = Fn for all n > l . 

P̂ .00̂ : Clearly true for n = 1, since a = 1.618. For n >_ 2, the result 
follows from Lemma 2 with y = 0. 

No£&: The case k = n is not treated in Theorem 1, and in fact the result 
of the theorem fails for n >_ 1, 1 <. k <_ n when n = 1 and fc = 1, since 

[aFx + y~J = [a + |] = [2.118] = 2 ̂  F2 = 1 

(thus the statement of the theorem in [1] requires modification). However, 
we can easily prove the following: 

Thojon&m 2: Let n •> 2 and k = n. Then \anFn + y = F2n. 

/ ^72n 1 1 \ ^72n 1 1 
which will be F2n (since ̂ — > F2n and ±-p + y > 0 J if —=r ± "T= + y < ̂ 2n +

 1 

— 1 1 —h2'n 

or -77- ± — < — — , an inequality which is easily verified for n >_ 2. 
2 /J 1/5 

With both n and fc unrestricted positive integers, we can also state two 
simple inequalities which depend on the fact that [•] is a nondecreasing 
function of its argument. 

CoxollaAy 3: 

(i) For n even, 

(ii) For n odd, 

fFn + y_ 

akFn + y 

n + k 

> Fn + % (n >. 1, fc i 1). 

(i) With n even, ^= > Fn and |a*F„ + y| <. | ^~j^- + f | = F„ + k by Cor- 2-[a*F„ + J] < | 2 ^ + |J = Fn + J; by 
an ft ll (~ak + n ll (ii) Similarly, n odd implies y= < Fn and a*Fn + y >_ — T = ~ + y = ̂ n 

again by application of Cor. 2. 

We may also obtain a similar result on Lucas numbers due to Carlitz [4] by an 
analogous approach (recall Ln = an + Z?n for n >. 1) . 

Lemma 2: For all n >. 4 and y satisfying |y| <. b2, an + y + y = Lw. 

P̂ LOÔ J: We must show Ln <_ a n + y + y < Ln + 1 , o r , u s i n g L n = a n + 2?", 
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b < . y + y < Z ? n + I 8 Since | y | <_ b2, t he r e q u i r e d i n e q u a l i t y i s s a t i s f i e d i f 

bn <_-b2 +\< b1 + | < bn + 1. 

But bn + b2 < j and bn - b2 > ~— fo r n >_ 4 , so t h e r e s u l t f o l l o w s . 

Tho.on.dm 3 : <Cf. [ 4 ] ) : For k >. 2 and w>. fc + 2 , | a k L n + y j = £„ + *• 

P/ioo^: [ a * L n + | ] = [ a k ( a n + &n) + | ] = [ a n + k+ ( - l )Vk + j ] = £n + k by 

Lemma 2 , s i n c e | ( - l ) ^ " " * ! < b 2 and w + k >_ 4 . 

CO/LO££OA(/ 4 : a n + - | 1 = L n fo r w >. 2 . 

VK.00^% For n >. 4 , r e s u l t i s e s t a b l i s h e d by Lemma 2 on t a k i n g y = 0. For 
n = 2 , 3 , a d i r e c t v e r i f i c a t i o n s u f f i c e s . [Reca l l a = a + 1 , so t h a t a -
(a + l ) a = 2a + 1 ] , The r e s u l t i s a l s o immediate from t h e f a c t t h a t 

\an - (an + bn) | = | £ | n < i f o r n > 2 , 

which shows that Ln is the closest integer to an for n >_2. It then follows 
that 

[—*] Ln for n >. '2. 
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