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1. INTRODUCTION

Throughout what follows, we will let » denote an arbitrary nonnegative in-
teger, S(n) a nonnegative integer-valued function of #n, and T(n) = n + S(n).
We also let ® = {x|x =T(n) for some n} and C = complement of R = {n > 0|n ¢ ®}.

It is of interest to ask whether or not the set € is infinite. We can also
pose the question: does the set ® have asymptotic density and, if so, does R
(or ¢) have positive density? It might be suspected that if S(n) is "small"
there is a good chance that ® has density. However, this suspicion is incor-
rect, as can be seen from the following example: for a given n > 1, let k be

the unique integer satisfying k! < »n < (k +'1)! - 1 and define
0 if k is odd
Sn) = <1 if n==%k! + k;, k and k, even, 0 < k, < (k +1)! -1

0 if n = k! + k,, k even, k, odd and as above

Then # or n+1 belongs to ® for every natural number #n, so if § and A denote
the lower and upper density of ®, respectively, we have ¥ < § < A < 1. Now
if D(n) = {x < n|x = T'(y) for some y} then

Dk + 1)t - 1) B+t -k - (k! -1 - (k-1)1) - ---

k+ D! -1 &+ D! -1 <%+ o)
if k is even, and
D((k + )t = 1) _ (k+ 1)t -kt =%(k! =1 - (k-1)1) - --- 4o

k+ 1) -1 (k+ 1! -1

if k is odd. Hence, § = % and A = 1. Therefore, even if S(n) can take on
only the values 0 and 1, it is possible for ®R not to have density.

k
Let b > 2 be arbitrary and let n = Zdij be the unique representation

k =

J=0
of n in base b. Define S(n) = Z f'(dj, J), where f(d, J) is a nonnegative

770

integer-valued function of the digit d and the place where the digit occurs,
and T(n) =n+S5(n). The consideration of functions of this form is motivated
by the problem (which was posed in [1]) of showing that ¢ is infinite when

k

T(n) =n + E d;. A solution, as given in [2], was obtained by recursively
J=0

constructing an infinite sequence of integers in C for all bases b. It was

also observed in [2] that if b is odd then T(n) is always even. In fact, R
is precisely the set of all nonnegative even integers when b is odd. To see

318
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this, observe that n=S(#) (mod b -1) and, therefore, T(n) =25(n) (mod b -1)

k
where S(n) = jz:c%. Hence T(n) is even if b is odd. Since T(0) = 0, T(n + 1)
i=o
< T(n) + 2 for every natural number n, and T(n) + © as n + ©, the result is
proved.

2. EXISTENCE AND COMPUTABILITY OF THE DENSITY

k k

Again, letting n =y db’, S = Y f(d;, §), and T(w) = n + 5(n), we
J=0 J=0

prove that the density of R exists and is in fact computable when suitable

hypotheses are placed on the function f. We will adhere to the following

notation:

Qk, ) ={T@) |k <x < 7r)
Q(r) = 20, »r)
Dk, r) = |k, r)|
D(r) = |Q(r)|.
Theorem 2.1: Let f(d, §) (d=0,1, ..., b - 1) be a family of nonnega-

tive integer-valued functions satisfying

(a) f(, §)=0,4=0,1,2, ...
®) fd, ) = o), 1 <d<b-1.

Then the density of Q@ exists.

Proof: TFirst, we show that
D(db*, db* + ) = D(r), 0 <pr <b¥ = 1,0<d<b - 1. (2.2)
To prove this, suppose that

k=1 ) k=1 )
w=db +p db and y=dbt+ ) dlp.
Jj=0 ji=0
Clearly T(x) = T'(y) if and only if
k-1 k-1 )
T(Zdﬁ) =T<Zdj'b‘7).
J =0 J=0
Now if dy_y = dg-p=+++=dy.y = 0 (or if df_y = df_,=-+--=d}l_, = 0), then,
by assumption (a), we see that
k=t=1 ) k-1 ) k-1 )
T<Zdjb‘7) = Zdﬂﬂ) - T<§ }Zj'ba>.
Jj=0 7 =0 J=0

We therefore have a one-one correspondence between the elements of Q(dbk,
dbk + ) and Q(r), 0 < » < p¥ - 1, from which (2.2) follows. In particular,
if » = p¥ = 1, we have

p(av®, (d + 1)b* - 1) = D* - 1). (2.3)
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Our next lemma will enable us to relate D(bk+1 - 1) to
b-1

;D(dbk, d + 1)b* - 1).
=0

Lemma 2.4: There exists an integer k, such that for all k > k, the sets
Q(0, bk - 1), Q®*, 2b* - 1), ..., (b - 1B, B**! - 1) are pairwise dis-
joint, except possibly for adjacent pairs.

Proof: The maximum value of any element in Q(db*, (d + 1)b* - 1) is at
most (d + 1)b* - 1 + M, (k + 1), where M, = max {f(d, §)|0 < j < k} and the
minimum value of any element in Q((d + Z)bk, (d + 3)b* - l) is at least
(d + 2)b*. Because of assumption (b), there exists k{ such that f(d, j) <b?/2
for all j > k| and there exists kj, >2k{ such that f(d, J) <b?/2 - M, (K + 1),
whenever k, >k/, where ’

My, = max { f(d, §)]|0 < 4 < k§}.

Therefore, X

k kg ko
Zf(dj, J) = if(dj, J) + Z fd;, §) + Z fd;, 9)
J=0 J=0

F=ki+1 J=ke+1
k
<My (k§+ 1)+ Y, b2 - My (k§ + 1) (K = ko)
j:k",'f'l

k .
< Y, b7/2 < b* for all k > K,
J=ki+1
so, in particular, Mk(k + 1) < b*. Hence,
(d+ Db* = 1+ Mk +1) < (d+ 2)bF
whenever k > k,, which completes the proof of the lemma.
b-1
Now D(b¥*' - 1) = ; p(dp*, (d + 1)p* - 1) - @, where @ depends on the
=0

size of the intersections of the sets
Q, b* - 1), @k, 2bF - 1), ..., (® - 1bF, P - 1).
Define
Agx = lQ(db*, @+ Dp* - 1) Nad + 1b*, ((d+ 2)p* - 1), 0<d<b-2.

Using Lemma 2.4 and Equation (2.3), we obtain
b-1
DE** - 1) = BDF - 1) = DA, ., k2 K. (2.5)
d=0

Let
b-2
Ay = DOF - 1)/b% and €, = 3 A, /BT, K 2 k.
d=0
Then 2.5 can be rewritten as

Aper = Ap = €.

Therefore,
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Arer — A = -
A = Ay = ~€x s
Ako'”' - Ako = _ekn

and by telescoping, we obtain
k

Apsr = Ay = D €50
J=ko
Replacing k + 1 by k yields
k-1
Ay = Ay =) e, k2 k. (2.6)
J=ky
k-1 k
Obviously, 1/pk L4, £1 and Zsj = Ak0 -4, <4, <1. Thus Zej is a
0
7=k J =k

series of nonnegative terms bounded above by Akn, hence 1is convergent. Let

©

L= 4y, - D€ 2.7)

J=ko
(We have just shown that 0 < L <1). Then, (2.6) yields

A= L+ D e, k2 ks
=k

Ay = L+ o(1). (2.8)

Hence

D(b* - 1) = Ib* + o(D5). (2.9)

Using (2.3), (2.4), (2.9), and recalling the definition of the A, , and the
€x, we have ’

d-1 d-2
D - 1) = )] D(eb*, (e + DB* - 1) =) Ay
ec=0 c=0
d-1
= (I + o(b%)) + 0B " tey) = dbFL + 0 (BY);
i.e., ¢=0
D(db* - 1) = db*L + o(b¥). (2.10)

k .
Now let 7 =:E: dij be any nonnegative integer. Then

Jj=0 k J
D(Z:odjb>
J:

D(n)
KON, Ld
D(db* - 1) + D(dkb , z:djb> - q,

i=o
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where ¢ is the number of elements that the sets

x \
d,p* - 1) and Q(dkbk, Zdﬂ)
=0

have in common. Therefore, if n is sufficiently large, then by using (2.10),
(2.2), and the definition of the Ay, we have

k-t . k=1
D(n) = db*L + o(B) + D(Zdjv“) +o®") = 4L + p(Zdﬂ) + o).

Ji=0 J=0
t
Applying the same reasoning to the quantities D<:E:Jjb§ » kg £t <k -1, we

eventually obtain i=0
k \ ko=l ) k ]
D(n) = L( }: dij> + D(Z dij> + Z o)
i.e., J=ky i=0 J=k,
ko-1 A ko—1 |
D(n) = L( - 5: dij) + D( dJ.b"’) +o(n).
=0 J=0

Dividing both sides of this equation by n yields
D(n)y/n =L + o(1),
which proves the density of R is L.

Remasrk: It should be noted that Equation (2.2), and therefore the above
proof of Theorem 2.2, breaks down if we 1lift the condition f(0, J) = 0.

A particular case of Theorem 2.1 of interest occurs when we assume that f
depends only on d:

Conollarny 2.11: If f(d) is an arbitrary nonnegative function of d, 1 < d
< b -1, and f(0) = 0, then the density of R exists and is equal to L, where
L is defined as in Equation (2.7).

We also easily obtain the following two corollaries to Theorem 2.1:

Cornollary 2.12: L < 1 if and only if the function T(n) is not one-one.

Proof: We have

L=Ay - 9. €5 =4 -9 ¢, for all k 2 k,
=%k, J=k
where k, is defined as in Lemma 2.4. If T(x) = T(y), * # y, and k is such
that kK > k, and « < b* - 1, y < b*¥ - 1, then, since 43 = D(P* - 1)/b*, it
follows that L < 4, < 1. If T is one-one, then it follows from the defini-
tion of the 4; and the g, that 4, = 1 and g, = 0 for all k, so L = 1.

Corollary 2.13: If f(d, §) = f(d) depends only on d and if f(0) = 0 and
f-1) # 0, then [ < 1.

Prood: Let f(b - 1) = e > 0. Then T(* - 1) = T((B- 1P} + (b-1)p* 2
+ oo +b-1) =P -1+ ks.
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r .
Now, if k is such that ks - 1 - f(1) < b and n =Zdij satisfies T(n) =
Ji=0

ks - 1 - f(1), then n < b* since T(n) > n. Hence T(P* + n) = T(*) + T(n) =
bk + £(1) + ks = 1 - f(1) = b* = 1 + ks = T(b* - 1). Therefore T is not one-
one, so L < 1 by the above corollary. If there is never any # which satis-
fies the equation T(n) = ks -~ 1 - f(1), then almost all integers of the form
ks - 1- f(1), k =1, 2, 3, ..., do not belong to ®, hence, C has positive
density, so L <1 in this case also.

Remark: The problem posed in [1] is now an immediate consequence of the
above corollary.

More generally, it seems to be true that if f(d) is not identically O and
f(0) = 0, then we again have [ < 1. We let this statement stand as a conjec-
ture. Note that the hypothesis f(0) = 0 is essential; for example, if [ is
any nonzero constant, then T(n) is strictly increasing and therefore L = 1.

There is another question which can be raised about the value of the den-
sity L: must one always have L > 0 under the hypotheses of Theorem 2.17?
Again, the proof of this result, if true, seems to be elusive. Since

L =4 -y e; for k 2k,
j=k
we see that L = 0 if and only if Ay = 0(l), which means that the function
T(n) must be very far from being one-one.

3. EXISTENCE OF THE DENSITY WHEN £(d, 7) = 0(b7/5% log? J)

The main drawback to Theorem 2.1 is the condition f(0, J) = 0. It seems
to be difficult to prove that the density of Q@ exists if we assume only that
f(d, §g) = o(b?) for all digits d. On the other hand, it also seems to be
difficult to find an example of an image set ® which does not have density
under the latter assumption on f, so that the statement that ®R does have den-
sity under this assumption will be left as a conjecture. However, the fol-
lowing weaker result does hold:

Theorem 3.1: If f(d, §) = 0(b; /3% log? ) for all d, then the density of
R exists.
k .
Proof: Letting n = Zdjba, we have
k=0
S(n) =) 07 /5% log? j) = 0(B*/K? log? k). (3.2)

i=0
Now if r < s <t (r <¢t) and s < bk“, then, letting D and Q be the same as
in the proof of Theorem 2.1, we see that

D(r, t) = D(r, s) +D(s + 1, t) - |Q(r, )N Q(s + 1, £)].
Hence, by (3.2),
D(r, t) = D(», 8) + D(s + 1, t) + 0(b*/k? log? k). (3.3)

In particulr, if » = 0, ¢ = b*"! - 1, and t = b* - 1, then
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D(b* - 1) = D0, ¥ = 1) + DB*7L, BF - 1) + 0(B* "/ (k - 1)? 1og?(k - 1)).
Similarly, we see that
D7 - 1) = D0, b9t - 1) + DY, BT - 1) + 0(P9" /(g - 1)? log?(q - 1)),
1<g<k-1.
Using the two latter equations and (3.2), we obtain
D(* - 1) = D) + DA, b - 1) + -+ + DB, BT - 1) (3.4)
+ e + DR, PR - 1) + 0b%/K? 1log? k).

Let us now consider the quantity D(dbk, (d + 1)b* - 1) . From (3.3), we
have

p(dv*, (d+ 1)b* - 1) = D(db*, db*) + D(db* + 1, db* + b - 1)
+ D(db* + b, (d + 1)b* - 1) + 0(b*/k? 1log? k).
A second application of (3.3) yields
D(db*, (d + 1)b* - 1) = D(db*, db¥) + D(db* + 1, db* + b - 1)
+ D(db* + b, db* + b% - 1) + D(db* + b2, (d + 1)b* - 1)
+ 0(b*/k? 1log? k),
and by repeatedly applying (3.3), we eventually obtain
D(db*, (d + 1)b* - 1) = D(db*, db*) + D(db* + 1, db* + b - 1) (3.5)
+ eoo + D(d* + BT, db* + BT - 1)
4+ oeo 4+ D(AP* + bR, db* + bR - 1) + 0(bX/k log? k).
Since all integers x satisfying
db* + p? <x < dp*F+ b9t -1 (0<qg<k-1)

have the same number of leading zeros, there is a one-one correspondence be-
tween the elements of Q(db* + b?, db* + p9™! - 1) and Q(9, p?*! - 1), i.e.,

D(db* + b7, dp* + B9t - 1) = D(BY, B! - 1).
Using this fact, (3.5) becomes

D(db*, (d + 1)b* - 1) = D(0) + D(1, b - 1) (3.6)
+ oeee + DY, PR - 1) + 0BF/K 10g? k),
and (3.4) and (3.6) imply that
p(db*, (d + 1)b* - 1) = D(b* - 1) + 0(b*/k log? k). (3.7)
Now, from (3.7),
D(P**Y - 1) = DBk - 1) + DK, P*FE - 1) + 0(B*/k? log? k)

D(b¥ - 1) + D(b¥, 2b* - 1) + D(2b*, P**! - 1)
+ 0(b*/k* 1og? k)

2D(b* - 1) + D(2b*, b**Y = 1) + 0(b*/k log? k).

By repeated application of (3.7), we have
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D(*Y - 1) = BD(* - 1) + 0(b*/k log? k). (3.8)
Letting 4, = D(b* - 1)/b*, (3.8) becomes
**A, 0 - b, = 0(b* /K 1log? k)
and therefore
Apgr = Ay = 0(1/k log? k).
k
Since ZO(I/j log? 4)

Jj=0

0(1/1og k), there exists a constant L such that

Ay = L + 0(1/1og k). (3.9)

k k
Let n = dklb Yo dkzb * + --- be any integer, each d, # 0. Then
J
k
D(n) = D(dy b = 1) + D(dy, b, n) + (6" /&2 1og? k).
By the same reasoning used to obtain (3.8), we see that

D(dklbk‘ -1) dle(bk‘ - 1) + 0(p™ /k, log? k).

Therefore, by (3.9), we have
D) = dy B (L + 0(1/1og k) + O(b*! /K, Log? k,)
+ D(dklbk‘ , dk‘bk‘ + dkzbk2 + o0,
Since dki # 0 for any j, we know that
D(dy b, 4y B + dy B2+ -0) = D(dy, b + -++)
[c.f. the reasoning applied between equations (3.5) and (3.6)]. Hence,
D(n) = dklbkl(L + 0(1/log k;)) + o(bk‘/k1 log? k;) + D(dkzbkz + o).
Continuing in this manner, we have .
D(n) = nL + O(bk‘/k1 log? kl) + ZE:O(bj/log J) = nL + O(bklllog kl).
This last equation shows that the dé;Z;ty of ® is L, q.e.d.

Remark I: This theorem, in contrast to Theorem 2.1, has the drawback that
no formula for the density of R has been derived.

Remark IT: It is interesting to note that there exist sets ® which do not

have density under the assumption that f(d, §) = 0(7). For example, let
fld, j) = 0 if J is even and f(d, j) = b? if j is odd. Evidently,

k-1 . k-1 .
TGk+§:@H>=bk+2:@H44#+b“2+~-+b22#
Jj=0 J=0

if k is odd, and
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k-1 . k-1 .
T(bk+2djbd> =k 4y &b + PP e b
j= j=0

i=0
if k is even.

Therefore, the number of integers between b* and 2b% in ® if k is odd is
at most 1 + b*¥"2 + b*¥™* + ... + b, and the number of integers between b¥ and
2b* in ® if k is even is at least b* - p¥71 — k73 _ ... _ b, Hence, if we
let. § and A denote the lower and upper density of R, respectively, we see
that

8§ <1/b* + 1/b* + 1/b® + +++ = 1/ (B® - 1)
and

A>1-1/b-1/b% - 1/p% - +++ =1 - p/(B* - 1).
Since 1 - b/(b%2 = 1) > 1/(b? - 1) when b >2, it follows that ® does not have
density if b # 2.

It is also interesting that we can obtain examples in which the set ® is
of density 0 if f(d, j) = 0(b?). For example, if b = 10 and f(d, §) = O if
d# 1 and f(d, j) = 8 +107 if d = 1, then no member of ® has a 1 anywhere in
its decimal representation, and the set

k
n ={Edj10'7, d; # 1,0 5jsk}
i=0

is a set which is well known to have density O.

Cornollary 3.10: 1If f(d) is an arbitrary nonnegative function of the dig-
it d, then the density of ® exists.
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