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1. INTRODUCTION 

Throughout what follows, we will let n denote an arbitrary nonnegative in-
teger, S(n) a nonnegative integer-valued function of n, and T(n) = n + S(n). 
We also let <£ = {x\x = T(n) for some n) and C = complement of 35 = {n >_ 0\nto). 

It is of interest to ask whether or not the set G is infinite. We can also 
pose the question: does the set Q have asymptotic density and, if so, does ̂  
(or C) have positive density? It might be suspected that if S(ri) is "small" 
there is a good chance that 32 has density. However, this suspicion is incor-
rect, as can be seen from the following example: for a given n >_ 1, let k be 
the unique integer satisfying k\ <_ n <_ (k + 1)! - 1 and define 

!

0 if k is odd 
1 if n = k\ + k19 k and \ even, 0 £ kx <_ (k + 1) ! - 1 
0 If n = k\ + k.9 k even, k odd and as above 

Then n or n + 1 belongs to <$ for every natural number n9 so if 6 and A denote 
the lower and upper density of <£, respectively, we have \ <_ 6 j< A j< 1. Now 
if D(n) = {x <_ n\x = T(y) for some y) then 

D((k + 1)! - 1) .ig((fe + 1)! - k\) - (ft! - 1 - (fc - 1)!) - ••• < y , _ n. 
(fc + 1)! - 1 " (fc + 1 ) ! - 1 <% + o{l) 

if k is even, and 

D((k + ! ) ! - ! ) _ (fc + D ! - fe! - ̂ (fe! - 1 - (fe - 1)0 - ••• > -, , n , n 

(fc + 1)! - 1 " (k + 1)! - 1 - X ° U ; 

if fe is odd. Hence, 6 = i> and A = 1. Therefore, even if S(n) can take on 
only the values 0 and 1, it is possible for <£ not to have density. 

k 

Let b >_ 2 be arbitrary and let n - / d.b3 be the unique representation 

V ^ J = 0 

of n in base 2?. Define S (n) = / A f (dn- , j) , where / W , j) is a nonnegative 
j = o 

integer-valued function of the digit d and the place where the digit occurs, 
and T(n) =n+S(n). The consideration of functions of this form is motivated 
by the problem (which was posed in [1]) of showing that C is infinite when 

k 

T(ri) = n +y.dj. A solution, as given in [2], was obtained by recursively 
d = o 

constructing an infinite sequence of integers in C for all bases b. It was 
also observed in [2] that if b is odd then T(n) is always even. In fact, ̂  
is precisely the set of all nonnegative even integers when b is odd. To see 

318 
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this, observe that n=S(n) (mod b - 1) and, therefore, T(n) -2S(n) (mod b - 1) 
k 

where S(n) = ̂ J d-. Hence T(n) is even if b is odd. Since ^(0) = 0, T(n + 1) 

j< T(n) + 2 for every natural number n, and T(jt) •> °°  as n •> °°, the result is 
proved. 

2. EXISTENCE AND COMPUTABILSTY OF THE DENSITY 
k t k 

Again, letting « = X ^ ^ ^ J ' S ^ = i C - ^ J ' j ) ' and ™ = n + SM > w e 

prove that the density of <£ exists and is in fact computable when suitable 
hypotheses are placed on the function /. We will adhere to the following 
notation: 

ti(k, r) = {T(x)\k <_ x <_ v) 

fi(r) = fi(0, r) 
D(k9 r) = |fl(fc, r)\ 

D(r) = \ti(r)\. 

Thzotim 2.7: Let f(d, j) (d = 0, 1, . . . , b - 1) be a family of nonnega-
tive integer-valued functions satisfying 

(a) /(0, j) = 0, j = 0, 1, 2, ... 
(b) f(d, j) = *(&J'), l < d < l - l . 

Then the density of <£ exists. 

VK,00^\ First, we show that 

D(dbk, dbk + r) = D(r), 0 ±r ±bk - 1, 0 <. d <. i - 1. (2.2) 

To prove this, suppose that 
k - l . k - l x = dhk + XX'̂ ' and y = di)k +J2do!bJ ' 
j = 0 j = 0 

C l e a r l y T(x) = T{y) i f and only i f 

-(M •'&*} 
Now i f ^ k _ x = cZfe_2 = • • • = dk_t = 0 (or i f ^ - j = d{-2 = • • • = d{-t = 0 ) , t h e n , 
by assumption ( a ) , we see t h a t 

sfzV) --{zy)--^^)-
We therefore have a one-one correspondence between the elements of Q(db , 
JZ?fe + r) and ft(r) , 0 £ v <_ bk - 1, from which (2.2) follows. In particular, 
if v = bk - 1, we have 

D(dbk
9 (d + l)bk - 1) = D(bk - 1). (2.3) 
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Our next lemma will enable us to relate D(b +1 - 1) to 
b-l 

YlD(dbk> w + i)hk -i)-
Lmma. IA\ There exists an integer kQ such that for all k >. kQ the sets 

ft(0, bk - 1), U(bk
9 2bk - 1), ..., fi((Z? - l)bk

9 bk + 1 - 1) are pairwise dis-
joint, except possibly for adjacent pairs. 

Pfioofi: The maximum value of any element in £l(dbk , {d + l)bk - l) is at 
most (d + l)bk - 1 + Mk(k + 1), where Mk = max \f(d9 j)JO <. j <. k} and the 
minimum value of any element in ti (id +*2)bk, id + 3)bk - 1 ) is at least 
(d + 2)bk. Because of assumption (b) , there exists k$ such that f{d9 j) <bJ/2 
for all j 2.fe'o a n d there exists k0 >_k^ such that /(d, j) <£>J'/2 - Mk, (k'Q + 1), 
whenever k0 >_k^9 where 

Mkf = max {f(d9 j)|0 < J < fc0'}. 
Therefore, fc ' ,Q fc 

< Mk,(k'Q + 1) + 2 ^ J / 2 " ^fc'<fco + DC* - ^o) 

- ] C ^J/2 < ** for a11 k'-ko> 
J = kf+1 

s o , i n p a r t i c u l a r , M̂  (fc + 1) < bk. Hence, 
(d + l)bk - 1 + Mk(fc + 1) < (d + 2)Z>k 

whenever k >_kQ9 which completes the proof of the lemma. 
b-l 

Now D(bk + l - 1) = 53 D (<%>*> W + D^^ - l) - S, where § depends on the 

size of the intersections of the sets 

fl(0, £k - 1), fl(ik, 2£k - 1), ..., fl((2> - 1)&\ fck + 1 - 1). 

Define 

xdjk = \a(dbk
9 (d + i)£k - i) n nw + i ) £ \ (W+ 2)&* - i ) | , o <d <b -2. 

Using Lemma 2.4 and Equation (2.3), we obtain 
b-l 

D(bk + l - 1) = bD(bk - 1) "53^,k> k ^ k o - (2-5> 
d = o 

Let 
b-2 

^ = 0(2>* ... l)/bk and efc = 53 A d,k/^ + 1 > k ^ ko' 
d-o 

Then 2.5 can be rewritten as 

Ak+1 ~ Ak = ~ek' 

Therefore, 
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&k ~ ^ k - 1 = ~ e k - l 

AkQ+l Ak0 ~ ekQ 

and by telescoping, we obtain 
k 

«7=ko 

Replacing k + 1 by k yields 
k-l 

\ -A*. - E ^ k-k°- (2-6) 
k-l k 

Obviously, l/bk <. Ak <_ 1 and Y ] e^ = Ak - 4fc < Ak <. 1. Thus ̂ £ j is a 
«7=k0 «7=ko 

series of nonnegative terms bounded above by Av , hence is convergent. Let 

L-AK " I > i (2.7) 

(We have just shown that 0 £ L <_ 1) . Then, (2.6) yields 

i.e., *'=fc 

i4fc = L + 0(1). (2.8) 

Hence 

D(bk - 1) = Li* + 0(2>*). (2.9) 

Using (2.3), (2.4), (2.9), and recalling the definition of the Xd k and the 
ek, we have 

d-l d-2 

D(dbk - 1) = J ] £(cfc*, (e + 1)2>* - 1) - J2 Xd,k 
C = 0 (3 = 0 

d-l 

= 53 (^ + o(bk)) + 0(bk+1ek) = dbkL + o(bk); 

1) = <&*£ + o(bk). (2.10) 

Now 
j=o 

K 

let n = y d-b be any nonnegative integer. Then 

°D(n) - O j E ^ ^ J 
V = °  / / k v 

= 2?(dki* - l) + £>K&\ E ^ 6 J " 
j = o 
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where Q is the number of elements that the sets 

tt(dkbk - 1) and £lldkbk , ^d^.b3' 
\ j = o 

have in common. Therefore, if n is sufficiently large, then by using (2.10), 
(2.2), and the definition of the Xd k , we have 

Bin) = dkbkL + o(bk) + ^[Y^d-b^ + o(bk) = dkbkL + D( Yd3h°j + oftk). 

Applying the same reasoning to the quantities I)\ / djbC\ , k0 <_ t <_ k - 1, we 
eventually obtain V = o 

\j = k0 I \ j = 0 / J = k0 

J = 0 / \ j = 0 / 

D 

D(n) = L'|w - 2 ^ ^ ) + P l 2 ^ , Z ? I + o(n), 

Dividing both sides of this equation by n yields 

D(n)/n = L + 0(1), 

which proves the density of 9 is L. 

RojfnaAk: It should be noted that Equation (2.2), and therefore the above 
proof of Theorem 2.2, breaks down if we lift the condition f(0, j) = 0. 

A particular case of Theorem 2.1 of interest occurs when we assume that / 
depends only on d: 

Cotiotta/LiJ 2,11: If f(d) is an arbitrary nonnegative function of d, 1 <_ d 
<L b - 1, and f(0) = 0, then the density of ̂  exists and is equal to L, where 
L is defined as in Equation (2.7). 

We also easily obtain the following two corollaries to Theorem 2.1: 

CoKottoXij 2.12: L < 1 if and only if the function T(n) is not one-one. 

Vnooi: We have 

L = \ • £e^= A* • £ ^ > f ° r ai1 k *- ko> 
3 = k0 3 = k 

where fc0 is defined as in Lemma 2.4. If T(#) = T(y) , x ^ y9 and fc is such 
that fc >. &0 and ar £ i k - 1, y £ Z?k - 1, then, since Ak = D(bk - l ) / i k , i t 
follows that L < Ak < 1. If ? is one-one, then i t follows from the defini-
tion of the Ak and the ek that Ak = 1 and e^ = 0 for a l l k, so L = 1. 

Co/iO t̂oLi/ 2. 73: If / (d , j ) = /(d) depends only on d and if /(0) = 0 and 
/(fc - 1) ^ 0, then L < 1. 

?/L00£: Let /(2> - 1) = s > 0. Then T(bk - 1) = T((£ - l ) ^ " 1 + (£ - l )£ k ~ 2 

+ . . . + b - 1) = bk - 1 + ks. 
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Now, if k is such that ks - 1 - f(l) < bk and n = ^.d^b3 satisfies T(n) = 
j = o 

ks - 1 - /(l), then n < bk since T(n) >, n. Hence T(bk + n) = T(bk) + T(n) = 
bk + f(l) + ks - 1 - /(l) = £k - 1 + ks = T(bk - 1). Therefore T is not one-
one, so L < 1 by the above corollary. If there is never any n which satis-
fies the equation T(n) = ks - 1 - f(l), then almost all integers of the form 
ks - 1 - /(l), fe = 1, 2, 3, ...., do not belong to <£, hence, C has positive 
density, so L < 1 in this case also. 

RojtnaJik: The problem posed in [1] is now an immediate consequence of the 
above corollary. 

More generally, it seems to be true that if f(d) is not identically 0 and 
/(0) = 0, then we again have L < 1. We let this statement stand as a conjec-
ture. Note that the hypothesis f(0) = 0 is essential; for example, if / is 
any nonzero constant, then T(n) is strictly increasing and therefore L - 1. 

There is another question which can be raised about the value of the den-
sity L: must one always have L > 0 under the hypotheses of Theorem 2.1? 
Again, the proof of this result, if true, seems to be elusive. Since 

L = Ak - ̂ £ j for k > ^0, 

we see that L = 0 if and only if Ak = 0(1), which means that the function 
T{n) must be very far from being one-one. 

3. EXISTENCE OF THE DENSITY WHEN f{d, j) = 0(bj/j2 log2 j) 

The main drawback to Theorem 2.1 is the condition /(0, j) = 0. It seems 
to be difficult to prove that the density of <Q exists if we assume only that 
f(d9 j) = o{bd) for all digits d. On the other hand, it also seems to be 
difficult to find an example of an image set Q which does not have density 
under the latter assumption on /, so that the statement that <£ does have den-
sity under this assumption will be left as a conjecture. However, the fol-
lowing weaker result does holds 

Thzotim 3.1: If f(d9 j) = 0(bj / j 2 log2 j) for all d9 then the density of 
<£ exists. 

k 
PKOO^: Letting n = /_\d-bc , we have 

S(n) =X0(2?J/J'2 log2 j) = 0(^klk2 log2 k). (3.2) 
j = o 

Now if r <_ s <_ t (r < t) and s < b , then, letting D and Q be the same as 
in the proof of Theorem 2.1, we see that 

D(r, t) = D(r, s) + D(s + 1, t) - \ti(r9 s) D Q(s + 1, t)\. 

Hence, by (3.2), 

D(r, t) = D(r9 s) + D(s + ! , £ ) + 0(bk/k2 log2 &). (3.3) 

In particulr, if P = 0, s = 2?k"1-l, and t = &k - 1, then 
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D(bk - 1) = D(0, bk~l - 1) + D(bk'\ bk - 1) + 0{bk~lKk - l) 2 log2(k - 1)). 

Similarly, we see that 

D(bq - 1) = D(09 bq~l - 1) + D(bq~l, bq - 1) + 0{bq~lKq - l ) 2 l o g 2 ((7 - 1 ) ) 5 

1 <. q <. k - 1 . 
Using the two latter equations and (3.2), we obtain 

D(bk - 1) = D(0) + D(l, 2> - 1) + ... + ZHM"1, i* - 1) (3.4) 

+ ••• + D(bk~\ bk - 1) + 0(2?V&2 log2 k ) . 
Let us now c o n s i d e r t h e q u a n t i t y D (db , (d + 1)2? - l ) . From ( 3 . 3 ) , we 

have 

D(dbk, (d + l)bk - 1) = Z)(d2?\ d2?k) + D(dbk + 1, dbk + b - 1) 

+ D(dbk + b, (d + l)bk - 1) + 0(2>Vk2 log2 fc). 
A second application of (3.3) yields 

D(dbk, (d + l)i* - 1) = D(dbk
9 dbk) + 0(d&* + 1, dbk + 6 - 1) 

+ ZKc&fe + b, dbk + b2 - 1) + D(dbk + b2, (d + l)2?k - 1) 
+ 0(bk/k2 log2 fc), 

and by repeatedly applying (3.3), we eventually obtain 

D(dbk, (d + l)bk - 1) = D(dbk, dbk) + 2W2>k + 1, dbk + 2? - 1) (3.5) 

+ ••• + D(dbk + bq, dbk + bq+l - 1) 

+ ••• + D(dbk + b k ' \ dbk + bk - 1) + 0(2>*/fc log2 k). 

Since all integers x satisfying 

dbk + bq <_ x 1 dfe* + 2?<7+1 - 1 (0<(?<lt-l) 

have the same number of leading zeros, there is a one-one correspondence be-
tween the elements of Q(dbk + bq, dbk + bq+1 - 1) and Q(bq, bq+1 - 1), i.e., 

D(dbk + bq, dbk + 2?«+1 - 1) = D(bq, bq+1 - 1). 

Using this fact, (3.5) becomes 

D(dbk
9 (d + l)bk - 1) = D(0) + D(l, 2? - 1) (3.6) 

+ . . . + Atf^"1 , bk - 1) + 0(2>k/fc l o g 2 / 0 , 
and (3 .4 ) and (3 .6 ) imply t h a t 

D(dbk, (d + l)bk - 1) = D(bk - 1) + 0(2>k/fc l o g 2 k). (3 .7 ) 
Now, from ( 3 . 7 ) , 

D(bk + l - 1) = D(2?fe - 1) + P(2?k, 2?k + 1 - 1) + 0(2?*7?<2 l o g 2 k) 

= £«>* - 1) + D(bk, 2bk - 1) + Z?(2ik, bk + l - 1) 

+ 0(2>*7k2 l o g 2 k) 

= 2/}(2?k - 1) + D(2bk, bk + 1 - 1) + 0(2>fc/fc l o g 2 k). 

By r e p e a t e d a p p l i c a t i o n of ( 3 . 7 ) , we have 
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D(bk+l - 1) = bD{bk - 1) + 0(6*7* log2 k). (3.8) 

Letting Ak = D(bk - l)/bk, (3.8) becomes 
bk+lAk+i ~ bk+1Ak = 0(6*/fc log2 k) 

and therefore 

^k+i - Ak = °(1/k l o § 2 &)• 

Since ^0(l/j log2 j) = 0(l/log fc), there exists a constant L such that 
j = o 

Afe = L + 0(l/log fc). (3.9) 

k k 
Let n = dk b ' + <fk 6 2 + ••• be any i n t e g e r , each rffc_ 5s 0. Then 

0(n) = D(dkibkl - l ) + D(dkibkl , n) + o(bkl/k\ log2 fc^. 

By the same reasoning used to obtain (3.8), we see that 

D(dkibkl - l ) - dkiD(bkl - l ) + o(bK/k1 l o g 2 fej. 

T h e r e f o r e , by ( 3 . 9 ) , we have 

D(n) = dkbkl(L + 0 ( l / l o g kx)) + 0 ( 6 * ' / * i l o g 2 fcj 

+ D(dkbkl, dkbK +dkbK + . . - ) . 

Since ^fe. ^ 0 f ° r a n y «7» w e know t h a t 

D{dkbk>, dkbk> •+dky* + • • • ) = D(dkbk* + • • • ) 

[c.f. the reasoning applied between equations (3.5) and (3.6)]. Hence, 

B(n) = dk bk>(L + 0 ( l / l o g ^ ) ) + 0(bkl/k1 l o g 2 fcx) + B(dkbK + • • •) . 

Cont inuing i n t h i s manner, we have 
k> 

B(n) =nL + 0(bkl/kl l o g 2 kx) + X ^ 0 ( ^ J / l o g J<) = nL + °(^7log &i)-

This last equation shows that the density of ̂ J is L, q.e.d. 

R&ncUtk I: This theorem, in contrast to Theorem 2.1, has the drawback that 
no formula for the density of <£ has been derived. 

RojmaJtk II: It is interesting to note that there exist sets <£ which do not 
have density under the assumption that f(d, j) = 0(bJ). For example, let 
f(d9 j) = 0 if j is even and f(d9 j) = b3' if J is odd. Evidently, 

( k-i \ fc-i 

v J = 0 / J = 0 

fc 

if k is odd, and 
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T\bk +J2djbj) = bk +Y,djbj + bk~l + bk~3 + ••• + b 
\ j=o / j=o 

if k is even. 
Therefore, the number of integers between bk and 2b in ̂  if k is odd is 

at most 1 + 2? ~2 4- 2? "̂  + *•• +2?, and the number of integers between bk and 
2bk in q? if k is even is at least bk - bk~l - bk~3 - ••• - 2?. Hence, if we 
let. 6 and A denote the lower and upper density of Q, respectively, we see 
that 

6 < lib2 + 1/6* + 1/2?6 + ••• = 1/ (2?2 - 1) 
and 

A >. 1 - 1/2? - 1/2?3 - 1/2?5 - • • • = 1 - 2?/(2>2 - 1 ) . 

Since 1 - b/ (b2 - 1) > l/(b2 - 1) when 2? > 2, it follows that <B does not have 
density if b ^ 2. 

It is also interesting that we can obtain examples in which the set <£ is 
of density 0 if f(d, j) =< 0(bh . For example, if b = 10 and f(d, j) = 0 if 
d ^ 1 and f(d, j) = 8 • 10J if d = 1, then no member of <R has a 1 anywhere in 
its decimal representation, and the set 

is a set which is well known to have density 0. 

CoKol&X/iy 3.10: If f(d') is an arbitrary nonnegative function of the dig-
it d, then the density of <R exists. 
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