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nacci sequence does not select pleasing combinations, and one comes to appre-
ciate the problem involved in selecting bright, true colors which harmonize.

This short article certainly will pose more questions than it answers,
since mathematicians are not usually accustomed to thinking about color the-
ory as used in painting; Fritz Faiss has devoted fifty years to the study of
color theory in art. Fibonacci numbers seem to form a link from art to mu-
sic; perhaps some creative person will compose a Fibonacci ballet, or harmo-
nize Fibonacci color schemes with Fibonacci music.
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1. INTRODUCTION
Throughout this article, we will be using the following notation: #n > 0
%
is an arbitrary nonnegative integer and = =:z: d&bJ its representation as an
Jj=0
integer in base b, b > 2 arbitrary. Define

(1.1) Tr(n)

]

13
n+y.d; (70 = 0]
=0

R = {n|n = T(x) for some x} and

C={n|n # T'(x) for any x}.

It has been shown ([1]) that the set (C is infinite for any base b. More
generally, it is true that ( has asymptotic density and that C is a set of
positive density; these results are derived from the following more general
theorem and its corollary (proofs of which may be found in [2]).

Theorem: Let

k .
J . .
n = Zdjb , b > 2 arbitrary,
j=0

and define

K
I(n) =n +Zf(dj, J) and ®R={n|n = T'(x) for some x},
J=0



19781 ON THE DENSITY OF THE IMAGE SETS OF CERTAIN L29
ARITHMETIC FUNCTIONS—I1

where f(d;, §) satisfies:

a. f(0, J)
b. fd, §)

Then the density of R exists and is equal to L, where L is computable, as
follows: let

Ao = (1@ |d* <= < @+ DB - 1)
NA{T(x)| (d + 1)b* <z < (d + 2)b* - 1}

b-2
Ek =Z Ad,k /bk+1
d=0

D - 1) = |{T@) |0 < & < b¥ - 1}]

0 for all integers § > 0;
0(b?) for all j and all digits d such that 1 <d <b - 1.

, 0<d<h -2

4, = D(b* - 1)/b*.
Then -
J=k, J=k

for all k > k,, where k; is an integer having the property that for all k >
ky» the sets {T(x)]|0 < o < b* - 1}, {T(x)|bk <& < 2% - 1}, ..., {T@)|® -
Db* <z 5_bk+l - 1} are pairwise disjoint, except possibly for adjacent
pairs.

Cornollarny: 1f f(d, §) = f(d) depends only on the digit d and if f(0) = 0
and f(b - 1) # 0 then L < 1.

Now it is easy to see that when T(n) is the function defined by formula
(1.1), we have ko = 0 and that the value of the A4, does not depend on the
digit d. Hence, if we let Ay = Mg,k for each digit d, our equation for L be-
comes

0

(1.2)  L=4g - g =1- k-1 /b
j=o0 =1
2. COMPUTATION OF THE DENSITY WHEN B IS 0DD

Henceforth, let T(n) be the function n + the sum of its digits, the func-
tion defined by formula (1.1). It is not difficult to prove that when b is
odd, ® is the set of all nonnegative even integers, so that L = 1/2 whenever
b is odd ([1], [2]). We now give another proof of this fact, independent of the
proof in [2], using formula (1.2).

Our principal objective is the proof of the following

Theorem 2.1: Ay, = k(b - 1)/2 for all odd bases b.

Using this result and equation (1.2), we see that

L

1]

1- @ - l)Z/Zij/bj =1 - (b -12/20)(B/ B - 1)2) = 1/2
J=1
1/2 whenever b is odd.

The proof of Theorem 2.1 depends on the following two lemmas:
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Lemma 2.2: If b is odd then there exists an x < b¥ such that T(x) = T(b¥)
for all natural numbers k.
Proof: The proof is by induction on X. If X = 1 then we have
(b + 1)/2) = b + 1 =T(b).

Assume that
k-1
J - k
T Zdjb = 7(b%)
j=0

and assume that the following claim is true.
CLaim: d, can be chosen so that d, > (b - 1)/2. Then
(b - ¥ + d_p* P+ cee +dip+dy - (b - 1)/2)

k-1
=M b e -1+l D dr ] - -1
i=0

= DM - bR+ TF) = PR - BF 4+ bR 4+ 1 = TR,
So that all remains to be done is to prove the above claim. Observe that
k_
T(d,_b*+ e+ d PP+ (d + DD+ A} - (B +1)/2)
= T(dy_p* P+ oo+ d b2 +db+dD, B+ 1)/2<dl <b- 1.

Therefore the claim is proved if d, # 0. If d, = d,-; = +++ =d; = 0 and if
dps1 # 0, we sill show that there exists

y= . b, dp> -1/

such that §=0

k-1
T(dy b*7H + dy P 72+ e (dyyy = P 4 y) = T Zi:dij >
st

T(y) = TG™* + dy), dy < (b - 3)/2
and this will finish the proof of the claim.

Now if dy = O then the existence of such a y is guaranteed by the induc-
tion hypothesis. If d] = (b - 1)/2 then we have

J _ m
T(Zdj’b + o - 1)/2) - (™Y,

i=1

T(Zdj'bj + (b + 1)/2) = 7" + 1)

i=1

Hence

T(Zdj'bj + b - 2) = 7" + b - 3)/2)

i=1
and we are done if df = (b - 1)/2. Suppose now that d} > (b + 1)/2, so that

T<Zdj’bj + d0'> = 7"

J=1



19781 ON THE DENSITY OF THE IMAGE SETS OF CERTAIN 431
ARITHMETIC FUNCTIONS—I I

T (Zdj'bj +d] + 1) = 7™ + 1)
=

T(Zdj’bj +b - 1> = T®™ + b -1 -d).
=1

We then obtain the following equations:
m .
T <Zq2j'b‘7 + (! + Db+ (b - 1)/2> = 7" b - d))
j=2

7 (Zdj'bj +(d! + )b + (b + 1)/2> = T@™ 4 b - dl + 1)

Jj=2

j=2

T (Zdj’bj +(d!+ b +d]! - 1) ="+ B - 3)/2).

Note that by induction we may assume that d{ # b~ 1. The claim has now been
completely proved, so that the proof of the lemma is complete as well.

Remask: Lemma 2.2 is not valid in general if b is even. For example, if
k = 1, there is no & < b satisfying T(x) = T(b) = b + 1, since x < b implies
that T(x) = 2x and b + 1 is odd.

Lemma 2.3: 1If b is odd and

x = j{:(b - b " + 2y, vy > b+ 1)/2,

i=1 n

then there exists a y = pmtl o+ :Z:d%bj with dy, < (b - 1)/2 such that T(x) =
@) . Ji=0

Proo4: Again, the proof is inductive. If m =1 then x = (b - )b + r,
ry > (b +1)/2. Now

(b -1b+ (b+1)/2)=b>-b+b-1+b+1=0b>+D
=1(p* + (b - 1)/2).
Hence,
7((h - 1)b + (b + 3)/2) = 7(b* + (b + 1)/2) = T(h* + b)
T((h - 1)b + (b + 5)/2) = T(h*> + b + 1)
7((h - 1)b+b-1) =7(d>+b+ (b - 5)/2)

and therefore the statement is true for m = 1. Assuming that the statement
is true for all natural numbers < m, consider
m+1

@= Db - Db +p, p 2 (b +1)/2,

0
i=1

We have



432 ON THE DENSITY OF THE IMAGE SETS OF CERTAIN [Oct.
ARITHMETIC FUNCTIONS—II

T(® - 1™+ T(Zm:(b - DP" + r0'>

=1

T(x)

- bm+2 _ bm+l +¢b -1+ T(y)

m .
=" 4+ b - TG + T@y) = "+ b+ T(Zdﬁ)

J=0
= T(?m+2 + :Z:dybj + b - 1)/2) .

=0

If d, = 0, we are obviously done. If d, # 0, assume by induction that d, #
b - 1 (cf. the case m = 1). Since

T(b”’+2 + Y d.p7 + dg)

i=1
m .
= {b"2 + ) dp (@ + Db+ - B 1)/2), ar > b+ 1)/2,
j=2
the result is proved.
Prood of Theorem 2.71: 1If m and n are integers with m < n, define

Qm, n) = {T(x)|m < x < n}.
Then
o= |R00, BF - 1) N ek, 2% - 1.

It is easy to see that the theorem is true when k = 1, so it suffices to prove
that Ay y; = A = (b - 1)/2 for all natural numbers k. Observe that if

k-1 k-1
T(Zdibj> =7 (bk + Zdj'bJ)
J=0 Jj=0

and if d{ # b - 1, then we can choose dé,g (b - 1)/2 since

k-1 k-1
T <b" + Zdj'bj> - T<bk + A+ @]+ Db+ Ay - b+ 1)/z>

Ji=0 ji=2
for all d] > (b + 1)/2. Also, suppose that we have

k=1 k-1
T(Zdﬁ) = T<bk + Zd;bﬂ' + (b - )b+ d0'> .

§=0 i=2
k-1
Since T< djb‘j _<_bk -1+ k(® -1), it is evident that d% _, < b- 1, so
J=0

Lemma 2.3 says that we can choose dy < (b - 1)/2 in this case as well.
Clearly

k-1 k-1
T(Zdjbj> = T<b’< + Zdj'bg> , df < (- 1)/2
J=0

j=0
if and only if

k-1 k=1
T((b - Bk + Z}zﬁ') - T(bk” + A s - 1)/2) :

J=n i=1
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By the same type of reasoning used to prove Lemma 2.2, we can see that the
only va%ues in Q(**!, 2p**! - 1) which we need to consider, besides the val-
ues T(b*+! + d{), 0 <dl < (b - 3)/2, are values of the form

k
T<bk+1 + Zdj’bj> ,
J=0

where df > (b - 1)/2.

We therefore obtain the following correspondence (corresponding values on
the left-hand side belonging to Q(0, b* — 1) if and only if corresponding val-
ues on the right-hand side belong to Q(0, pE*L - 1)

k-1 k-1
T(bk + Zdj'bﬁ> <> T(bk“ + D bl + o - 1)/2),
J=0 Jg=0
where d < (b - 1)/2.
The only other values in Q(bk+1, 2p** o 1) which are left to consider

are the values of the form T(b**' + dg), 0 <df < (® -3)/2. By Lemma 2.2,
there exists an integer

k-1
Zdija dO _>.. (b - l)/Z,
such that ‘7

Y
k-1
T(Zdjbj> R
Ji=0

k=1
r\@ - vBF + Y d
(o

and therefore

Hence

b ~ 1)/2> = T(p**H)

k=1
T (b - 1b* + Zdjbj (b - 1)/2 +1) = TP + 1)
. J=0

. k-1
T((b - Dbk + Y db 1)
izo

i.e., the values T(B*"' +d!), 0 < d! < (b - 3)/2 all belong to 2(0, BRI L 1),
Since each of these values are different from each other and from all the
other values in Q(p**1, 2b**! - 1), we conclude that Ag1 — A= (B - 1)/2,

Q.E.D.

7(p** + (b - 3)/2)

3. AN ESTIMATE OF THE DENSITY WHEN B = 10

In contrast to the above result, the A; behave somewhat irregularly when
b is even, as the following table, constructed for the case b = 10, shows.

The values in the table were computed essentially by finding the first
integer in 0(0, ¥ - 1) which also belongs to Q(pk, 2b* - 1); this appears
to be difficult to do in general if b is even.

By using the table below, we obtain the following estimate of the density
for base 10.

Theonem 3.1: When b = 10, the density of R is approximately 0.9022222;
the error made by using this figure is less than 1077.



43k

ON THE DENSITY OF THE IMAGE SETS OF CERTAIN Oct. 1978
ARITHMETIC FUNCTIONS—I1I

The Values of Xk and A - X, for the Case b = 10, 1 < k < 50

k+1

K M Mesr = Ax K Ak Aeer = My
1 0 26 181 6
2 9 9 27 188 7
3 16 7 28 195 7
4 23 7 29 202 7
5 30 7 30 209 7
6 37 7 31 210 1
7 44 7 32 246 36
8 51 7 33 252 6
9 58 7 34 250 -2
10 65 7 35 249 -1
11 72 7 36 255 6
12 90 18 37 260 5
13 90 0 38 267 7
14 95 5 39 274 7
15 102 7 40 281 7
16 109 7 41 240 =41
17 116 7 42 321 81
18 123 7 43 327 6
19 130 7 44 313 -14
20 137 7 45 320 7
21 142 5 46 329 9
22 169 27 47 335 6
23 188 19 48 339 4
24 169 -19 49 346 7
25 175 6 50 353 7

Proog: Since max{x[a:EQ(O, bk - 1)} = p - 1 + k( - 1), it is clear that

Ay < k( - 1) for all k. Formula (1.2) says that

Now

and

7 ©
L=1-0 (/b = D b - DA /B*
k=1

k=8

DB - DA/ < (B - DE/B) - D KB
k=g k=g

N, ok _ (1 - 1/b)8(1/B)® + (1/b)°
;k/b - oy i

Using the table and the above equations, our result is readily verified.
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