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nacci sequence does not select pleasing combinations, and one comes to appre-
ciate the problem involved in selecting bright, true colors which harmonize. 

This short article certainly will pose more questions than it answers, 
since mathematicians are not usually accustomed to thinking about color the-
ory as used in painting; Fritz Faiss has devoted fifty years to the study of 
color theory in art. Fibonacci numbers seem to form a link from art to mu-
sic; perhaps some creative person will compose a Fibonacci ballet, or harmo-
nize Fibonacci color schemes with Fibonacci music. 

REFERENCES 

1. Hugo Norden, "Per N0rgardfs *Canon,,M The Fibonacci Quarterly, Vol. 14, 
No. 2 (April 1976), pp. 125-128. 

2. Hugo Norden, "Proportions and the Composer," The Fibonacci Quarterly, 
Vol. 10, No. 3 (April 1.972), pp. 319-323. 

3. Fritz Faiss, Concerning the Way of Color: An Artist's Approach (Valencia 
Hills, California: The Green Hut Press, 1972). 

ON THE DENSITY OF THE IMAGE SETS OF CERTAIN 
ARITHMETIC FUNCTIONS—II 

ROSALIND GUARALDO 
St. Francis College, Brooklyn, NY 11201 

1. INTRODUCTION 

Throughout this article, we will be using the following notation: n > 0 
k 

is an arbitrary nonnegative integer and n = / d-b its representation as an 
i=o 

integer in base b, b >_ 2 arbitrary. Define 
k 

(1.1) Tin) = n +^2 do [̂ (O) = °] 
j = o 

CR = [n\n = T(x) for some x) and 

C = {n\n ^ T(x) for any x). 

It has been shown ([1]) that the set C is infinite for any base b. More 
generally, it is true that C has asymptotic density and that C is a set of 
positive density; these results are derived from the following more general 
theorem and its corollary (proofs of which may be found in [2]). 

Tfeeô em: Let 

k 
n.= /_\^.b3 , b >_ 2 arbitrary, 

j'-o 

and define 

k 

T(n) = n + ^2 f(dJ > d) and <£ = { n\n = T{x) for some x}9 
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where f(dj, j) satisfies: 

a. /(O, j) = 0 for all integers J >. 0; 
b. f(d9 j) = o{b^) for all j and all digits d such that 1 <_ d <_ b - 1. 

Then the density of <£ exists and is equal to L, where L is computable, as 
follows: let 

\dyk = \{T(x) \dbk <_ x £ (d + l)fck - 1} 
H {T(a;)| (d + l)bk < x ± (d + 2)£k - l } | , 0 £ d < . 2 ? - 2 

D(bk - 1) 

^ k 

L 

d = 0 

= |{T(tf) |0 <. x 

= Z K ^ 

= ^ k • 

- l ) / 2 > * . 

0 0 

£ b k 

= ^ k • 

- 1 } I 

00 

-Z'. 
j = k 

Then 

for all k >_ kQ , where fc0 is an integer having the property that for all k >_ 

kQ9 the sets {T(x)\Q <_ x £ bk - 1} , {T(x)|&k <_ a: <_ 2bk - 1} , .. . , {T(x)\ (b -

l)b <_ x <_ b - l) are pairwise disjoint, except possibly for adjacent 

pairs. 

CoJioJULaALf: If f(d, J) = f(d) depends only on the digit d and if /(0) = 0 
and /(fc - 1) + 0 then L < 1. 

Now it is easy to see that when T(n) is the function defined by formula 
(1.1), we have kQ = 0 and that the value of the ^d,k does not depend on the 
digit d. Hence, if we let \ k = ^d,k f° r each digit d, our equation for L be-
comes 

(1.2) L = A0 - ^ e j = 1 - £ (6 - DXj/b**1. 

2. COMPUTATION OF THE DENSITY WHEN B IS ODD 

Henceforth, let T(n) be the function n + the sum of its digits, the func-
tion defined by formula (1.1). It is not difficult to prove that when b is 
odd, Q is the set of all nonnegative even integers, so that L = 1/2 whenever 
b is odd ([1] , [2]). We now give another proof of this fact, independent of the 
proof in [2], using formula (1.2). 

Our principal objective is the proof of the following 

TkdOKdm 2.1: Xk = k(b - l)/2 for all odd bases b. 

Using this result and equation (1.2), we see that 

L = 1 - (b - l)z/2b£j/bd = 1 - (0> - ±)2/2b)(b/(b - l)2) = 1/2 
J = i 

= 1/2 whenever b is odd. 

The proof of Theorem 2.1 depends on the following two lemmas: 
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Lemma 2.2: If b is odd then there exists an x < bk such that T(x) = T(bk) 
for all natural numbers k. 

VKOO^i The proof is by induction on k. If k = 1 then we have 

T((b + l)/2) = b + 1 = T(£). 

Assume that 

and assume t h a t t h e fo l lowing c la im i s t r u e . 

Clcujn: d0 can be chosen so t h a t d0 >_ (b - l ) / 2 . Then 

T((b - l)bk + d ^ ^ ' 1 + . . . + dxb + d0 - (b - l ) / 2 ) 

i k ~ l 

"" — / J T " !) — I T / 1 J 1^ . 

\ j = o / 

= bk + 1 - bk + T(bk) = bk + l - bk + bk + 1 = T(£ k + 1 ) 

£* + J - l + T[ YLdch] - (̂  - D 

So that all remains to be done is to prove the above claim. Observe that 

T(dk_1bk~1 + • • • + dzb2 + (dl + l)b + d[ - (b + l ) / 2 ) 

= T^^b*'1 + . . . + J 2 £ 2 + dxb + d'Q), ft + l ) / 2 < ^ ' < ^ - l . 

Therefore the claim is proved if dx ^ 0. If dm - dm^l = ••• = dl = 0 and if 
dOT+1 ^ 0, we sill show that there exists 

such t h a t 
' f c - 1 

Ttd^b*-1 + ^ „ 2 ^ " 2 + ••• + (dm + 1 - l ) Z > r a + 1 + y) = T ( 5 > 2 > ' > 
i . e . , V = 0 / 

T(zy) = T(bm + 1 + d0), d0 < 0 - 3 ) / 2 

and this will finish the proof of the claim. 

Now if d0 = 0 then the existence of such a y is guaranteed by the induc-
tion hypothesis. If dT

Q - (b - l)/2 then we have 

T 

Hence 
( Y L d i h ' + (b - i ) / 2 ) = T^m+i). 

T[Y^d!bJ + (b + 1)/2J = 57»m + 1 + 1) 

T[12dJbJ + ^ " 2 ) = T(bm+l + Q> ~ 3) /2) 

done i f <i0' = (2? - l ) / 2 . i 

T(1Ldjbd + do) = T^m+i) 
and we are done if d[ = (2? - l)/2. Suppose now that <f0f _> (b + l)/2, so that 
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[Y^d!b* + d'Q + 11 = T(bm+l + 1) 

\Tjd?" + * - ! ) = T^m + 1 + b - 1 - dp. T 

We then o b t a i n t he fo l lowing e q u a t i o n s 

T (j^dlb" + {d[ + l)b + {b - 1 ) / 2 J = T(bm + l + b - d[) 

T {S^d'b* + {d[ + ±)b + (b + l ) / 2 j = T(bm + l + b - d[ + 1) 

51 ( & i ^ ' + <di' + 1)h + do ~ 1 ) = T&m + l + (b - 3 ) / 2 ) . 

Note that by induction we may assume that d{ fi b - 1. The claim has now been 
completely proved, so that the proof of the lemma is complete as well. 

Rema/Lfe: Lemma 2.2 is not valid in general if b is even. For example, if 
k = 1, there is no x < b satisfying T(x) = T(b) = b + 1, since x < b implies 
that T(x) = 2x and b + 1 is odd. 

Lemma 2.3: If b is odd and 
m 

or 

then t h e r e e x i s t s a z/ = bm + l + J^jdjb3 w i t h d0 <. (2? - l ) / 2 such t h a t T O ) = 

P^LOO :̂ Again, t he proof i s i n d u c t i v e . I f m = 1 then # = ( £ > - 1)2? + rQ9 
r0 >. (b + l ) / 2 . Now 

T((b - ±)b + (2? + l ) / 2 ) = 2 ? 2 - 2 ? + 2 > - l + 2? + l = 2?2+2? 

= T(2?2 + Q> - D / 2 ) . 
Hence 

T((b - 1)2? + (2? + 3 ) / 2 ) = T(b2 + (fc + l ) / 2 ) = T(2?2 + 2?) 

T((b - l)b + (b + 5 ) / 2 ) = T(2?2 + 2? + 1) 

T((Z? - ±)b + 2? - 1) = T(b2 + b + (b - 5 ) / 2 ) 
and therefore the statement is true for m = 1. Assuming that the statement 
is true for all natural numbers ±m. consider 

x = S ( Z ) " 1)h' + p o> p o - & + 1)/2' 
J = I 

We have 
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n(x) = T{(JD - ±)bm+1) + T( ]T0> - l)bm + r'\ 

bm+2 - bm+1 +*b - 1 + T{y) 

bm+1 + b - T(bm+1) + T(y) = bm+2 + b + yf V d . i A 

= T\bm+1 + Y^djb* + (6 - l ) / 2 ] . 

I f d0 = 0, we a r e obv ious ly done. I f d0 ^ 0 , assume by i n d u c t i o n t h a t dx ^ 
2? - 1 (cf . t h e case m = 1 ) . Since 

= 2l£m+2 + Y^ddbj + (d1 + ±)b + d0
f - (2> + l ) / 2 j , d[ >. (b + l ) / 2 , 

the result is proved. 

Vttook ofa ThQ.on.tm 2.1: I f w and n a r e i n t e g e r s w i th m <_n^ d e f i n e 

Q(m, n) = {T(x) \m <_ x <_ n). 
Then 

Ak = |ft(0, £ k - 1 ) 0 fl(fc*, 2 i k - l ) | . 

It is easy to see that the theorem is true when k = 1, so it suffices to prove 
that Ak+1 - Xk = (b - l)/2 for all natural numbers fc. Observe that if 

k-l \ i k-l 

v«7=0 / \ j = 0 / J = 0 

and i f <ij ^ 2? - 1 , t hen we can choose d^ <_ (b - l ) / 2 s i n c e 

T \bk + lLdJbl = T [bk + XX'2^' + W i + 1)2) + do - & + D/2J 

for a l l d ' 2l (2? + l ) / 2 . A l s o , suppose t h a t we have 
k - l \ / k - l 7( E^-^j = * (**+ jypj + < * - D * + ̂ ) • 

Since T [ ^T,djb* ) <_ bk - 1 + fc(2> - 1 ) , i t i s e v i d e n t t h a t d 'k_x < b- 1 , 

Lemma 2.3 says that we can choose d'Q <. (b - l)/2 in this case as well. 
Clearly 

[J2dJbJ) - ?ibk + J^djbM , d0' <(b- l)/2 
y if 

Ho> - Dbk + Yld3bi = T(bk+l + Xk/^7' + do+ ® -i)/2) 
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By the same type of reasoning used to prove Lemma 2.2, we can see that the 
only values in tt(bk+1, 2bk + 1 - 1) which we need to consider, besides the val-
ues T(bk+1 + d0'), 0 £ dT

Q <_ (b - 3)/2, are values of the form 

ok + l + 
3 = 0 

where d[ >_ (b - l)/2. 
We therefore obtain the following correspondence (corresponding values on 

the left-hand side belonging to 0,(0 9 bk - 1) if and only if corresponding val-
ues on the right-hand side belong to ̂ (0, b - 1): 

T\bk + J2djbi ^ T ( b k + i + XXfZ^ + {h" i ) / 2 V 
where d[ <. (b - l)/2. 

The only other values in Q(b +1, 2b +1 - 1) which are left to consider 
are the values of the form T(bk+l + d0f) , 0 £ d[ <_ (b - 3)/2. By Lemma 2.2, 
there exists an integer 

k-i 

£ d,b°, d0 >_ (b - l)/2, 
such that / k-i 

3 = 0 ' 

k-l 

T (b - l)bk + YldcbJ ~ (h ~ D / 2 + 1) = T(Z?k + 1 + 1) 
3 = 0 

TUb - l)bk + X k ' ^ ' ~ X J = T ( ^ + 1 + (* - 3)/2) 

i.e., the values T(bk+1 +d'Q)9 0 <_ d[ <_ (b - 3)/2 all belong to ft(0, &k + 1 - 1). 
Since each of these values are different from each other and from all the 
other values in tt(bk+l

3 2bk+l - 1) , we conclude that Xk + l - Xk = (b - l)/2, 
Q.E.D. 

3. AN ESTIMATE OF THE DENSITY WHEN 5 = 1 0 

In contrast to the above result, the Xk behave somewhat irregularly when 
b is even, as the following table, constructed for the case b = 10, shows. 

The values in the table were computed essentially by finding the first 
integer in Q(0, bk - 1) which also belongs to Q,(bk, 2bk - 1); this appears 
to be difficult to do in general if b is even. 

By using the table below, we obtain the following estimate of the density 
for base 10. 

IkdOKQM 3.1: When b = 10, the density of <R is approximately 0.9022222; 
the error made by using this figure is less than 10"7. 
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The Values of Xk and Xk + 1 - Xk for the Case b = 10, 1 <. k <_ 50 

r k 
i 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 

1 14 
! 15 

16 
17 
18 
19 
20 
21 
22 
23 
24 
25 

** 

0 
9 
16 
23 
30 
37 
44 
51 
58 
65 
72 
90 
90 
95 
102 
109 
116 
123 
130 
137 
142 
169 
188 
169 
175 

Xk+i " Xk 

9 
7 
7 
7 
7 
7 
7 
7 
7 
7 
18 
0 
5 
7 
7 
7 
7 
7 
7 
5 
27 
19 

-19 ! 
6 : 

& 

26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

K 
181 
188 
195 
202 
209 
210 
246 
252 
250 
249 
255 
260 
267 
274 
281 
240 
321 
327 
313 
320 
329 
335 
339 
346 
353 

f̂c+i ~ \ 

6 
7 
7 
7 
7 
1 
36 
6 
-2 
-1 
6 
5 
7 
7 
7 

-41 
81 
6 

-14 
7 
9 
6 
4 
7 
7 

P/toorf: Since max{a;|x e ft(0, &* - 1)} = J>fe - 1 + k(b - 1) , i t i s c lear tha t 
Ak < fc(J> - 1) for a l l k. Formula (1.2) says that 

L = 1 - £ ( & - l)Xk/bk+1 - £ ( & - l)\k/bk+1. 
Now _ * = 1 k = 8 

^ ( b - l)\k/bk+1 < {{b - l)2/b) • Y,k/bk 

and *"^ k-i 
f i f t ' - (1 ~ l/^)8(l/fe)8 + (1/Z>)9 

Using the table and the above equations, our result is readily verified. 
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