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1. INTRODUCTION
Let the F 's be defined as follows:

Fy =0, Fy =1, Foop=F,o  +F , ¥n>0.

Let k > O be any integer. There is then a smallest positive m such
that k|F, [if a, b denote integers, we sometimes write a|b instead of b = 0
(mod a), a[lb instead of » = 0 (mod a), and » Z 0 (mod a?)]. This unique m
will be denoted by By; Fg -is usually called the entry point of k. Moreover,
the sequence F,, (mod k) is well known to be periodical. We denote by 1, the
period and we let 7y, = 1;/By.

Our purpose in this paper is to compute (at least in a theorical way)
Yp for each prime p. In [1], Vinson also computes Y,, but our point of view
and our methods are really different from those of Vinson, so that we obtain
new results regarding Y, and additional information about Bp-.

This paper is based on a few results which are summarized in Section 2
and proved in Section 6. Some of these are well known and their proofs (ele-
mentary) are given for the benefit of the reader.

2. PROPOSITIONS

We now state those propositions that will be useful later.
Let p be a prime with p > 5. For simplicity, we let B = Bp, 1 = 1p,
and Y = Y,. Then

eh) p|F, <> B|m, ¥ m.

This shows that Y is an integer.

(2) v e {1, 2, 4}; to be more precise,
y=1<F_; =1 (mod p)
Yy=2<F_, =-1 (mod p)

Y =4 é=>f§-1 = -1 (mod p)

(3) Y = 4<>B is odd

4Ig =y =2

(4) The following holds for any § € {0, 1, ..., B - 1} and any k > 0:

Frg-; = Fo_1Fs_; (mod p).

In particular, letting j = 1, we obtain

E}s-l = F;_l (mod p).

(5) For all a, b > 0, we have

b
kpkpob-k k b!
Fap =k21 Cola By 15y (Cb TG - k)g)'
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[Note that if p is a prime, then pICg for k =1, ..., p - 1. Then the above
formula with a = g and b = p together with Fermat's theorem implies that

Fpq = BBy (mod p)
for all prime p and all integers g.]

(6) If p= 10m % 1, then F, = 1 (mod p) and B|(p - 1).
If p=10m + 3, then F, = -1 (mod p) and B|(p + 1).
(7 28| (p £ 1) =>p = 1 (mod 4)

[according that p is (p - 1) or is not (p + 1) a quadratic residue mod 5].

We are now in a position to state our main results. We will investi-
gate separately the cases p = 10m £ 1 and p = 10m £ 3. The conclusions are
of very different natures.

3. COMPUTATION OF v WHEN p = 10m % 3

Theorem 1: Let p be of the form 10m * 3. Then either p = 4m’' - 1, vy = 2,
and 4|B, or p = 4m' + 1, Yy = 4, and B is odd.

This theorem allows us to calculate Y by a simple examination of the
number p. Such a result does not hold in the case where p = 10m * 1.

Proof: By (6) above, we can write p = U - 1 and F, = -1 (mod p). Thus, by
(4), we have
(3.1) Fy_; = -1 (mod p).

Since Y = 1 implies Fg_; = 1 (mod p) and since Fg_l =1 (mod p), we conclude
from (3.1) that y > 1 and 4fu.

Suppose B is even. Then Yy =2 and F;_; = -1 (mod p). From (3.1), this
implies that U is odd. Suppose 2|[B. Then p = pB - 1 = 1 (mod 4), so that by
(7, ZBI(p + 1), which is a contradiction. Thus, 4]{3 and p = -1 (mod 4).

Suppose B is odd. Then y = 4 and F_; = -1 (mod p). From (3.1), this
implies that 2||y. Hence, p = B - 1 = 1 (mod 4). The theorem is proved.

From the preceding proof, we obtain another statement.

Theorem 2: 1f y = 1, then p = 10m £ 1.

4. COMPUTATION OF y WHEN p = 10m * 1

This case is more complicated and it is convenient to introduce the
characteristic exponent o of p, well defined [recall (6)] by

= 2%VB + 1, Vv odd.

The explicit computation of 0 will be made later, by means of the following
lemma.

Lemma: 1If p = 10m = 1 = 2*vB + 1 with v odd, then

(8) Y = lﬁFp_l—: 2% (mod p)
FVS - P

FP-I — a
€)) Y=2= = -2% (mod p)
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(10) Y = 4=

= -2%pY (mod p).
E;B -1 p

In fact, apply (5), with @ = V8 and b = 2°. Then

20
_ k ok 52%-k
Fp-1 -222‘6;°ELBELB Fy -

This implies that

Fy,_ o
(4.1) = om Y mod p).
Vi

On the other hand, (6) and (4) imply

(4.2) FZY 21 (mod p).

Then, from (4.1) and (4.2):

F,

4.3 A L ap).
(4.3) -1 F (mod p)

Suppose Y

1, then Fy_; =1 (mod p) and (8) follows from (4.3).
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Suppose Y = 2, then Fy_, = -1 (mod p), and since Vv is odd, (9) follows

from (4.3).

Suppose Y = 4, then F;_l = -1 (mod p). Since v is odd, we have F;_l

-1 (mod p), so that (10) follows from (4.3).

Theorem 4: Let p = 10m £ 1. Then, p can be written uniquely as p = 25 +

with s odd, and we have

Fpoy
Y=4<>—5—%0 (modp)
8

Fpo1
Eﬂ

Fp-1

]l =

i

Y 27-1  (mod D)

F

p-1 r-1
and — % 2 (mod p).
Fy Foy

|
N

Hi
o

y =

]

(The statement concerning 7Y 2 will be made more precise later.)

Proof: Suppose Y = 4. Then, B is odd and, thus, a = r, VB = s, so that, by

the lemma, we have

F
-1
Z{i -2"F_, £0 (mod p).

s

Suppose Y = 1. Then, B is even, but 2‘(8, since 4[8 implies v = 2. So

o=2r -1 and VB = 2s; thus, by the lemma, we have

p-1

E}s

Zr—l

(mod p).
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Fooa

Conversely, suppose £ 0 (mod p). Then plFs , since p[F Thus,

8 p-1

F,.

Bls, and so B is odd, proving that y = 4. Suppose that ;—1 = 271 (mod ).
2s

We want to prove that Yy = 1 in this case. We now have BIZS. If B is odd,

Fp-l
Fy

Fg_y +Fyyy = Fg_y +Fpgyy =2Fg 7 (mod p),

then Y' = 4 and, as seen above, = -ZrFf‘;_l (mod p). But, since B]s,

so that

r ov
Fpo1 _ Fp-1 ¥
Fy, T E(F,_, +F,q) 2Fg’

2"t (mod p).

This is clearly a contradiction, since p is odd. If ZHB and y = 2, we have

o0 =2r-1and VB = 28. So, by the lemma, —5_—1 = -2""! (mod p). But, we as-
F o1 2s
sume that Fp z 271 (mod p). Hence, a contradiction. Thus y = 1, and the
2

lemma follows.

Conollary: 1f p =10m *+ 1 = 4m' - 1, then y = 1.

In fact, one has 4m’ - 1 =2 s+ 1, g8 odd, if and only if » = 1. 1In
this case, F,_; = F,, and, by Theorem 4, y = 1.

We are now in a position to compute the characteristic exponent o of
p. It is clear that if y = 4, then o = »; if Yy = 1, then oo = » - 1. We have
only to look at the case y = 2.

Theonem 5: Let 1 < k <r. Then o =2 - k and Yy = 2 if and only if

F -1 F -1 F -1 _
; = ... =—P7" =0 anda L= =97
s sz-ls Fz"s

k

(4.4)

(mod p).
Fp_1
szs

We see that o is determined by the rank of the first nonvanishing
(mod p).

P/L()oﬁ: Suppose that vy = 2 and o = » - 1. By the lemma, we can conclude that

= -27-% (mod p). On the other hand, since 296 20 (mod p) for § = 0,

..., Kk = 1, we see that (4.4) holds.

Conversely, suppose (4.4) holds. Then, by Theorem 4, since k > 1,
Y < 4, and Y # 1, that is y = 2. Moreover, B|2ks, but B*Zk'ls. Thus VB = 2kg
and o = r ~ k. Hence the result.

5. FURTHER PROPERTIES OF Yy AND SOME INTERESTING RESULTS

Proposition 1: For any prime p, Yy = 2 implies 4|B.

In fact, when p =10m * 3, this follows from Theorem 1. When p =10m * 1,
we prove that 2||B implies y = 1. As 2||B, Y < 4, and p|F but pfF, and so

F,_, + Fypq =0 (mod p).

28
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But F,,_; = 27'82_1 + FS2 and, as s is odd, Fg_;F, ., = F,g2 - 1. Thus, since 2s =
VB, we can write
= = = 2 =
Fo_y S Fgoy S Fpe g = -Fp_1Fgy; +Fg =1 (mod p).

Hence v = 1, and the result is proved.

PR Fp-l Fp-l
Proposition 2: 1f p = 10m = 1, then Y =2 if and only if 7= - =
(mod p)- 8 28

This is obvious from what precedes. Practically, however, this can be
of some interest: to compute Yy, compute F; (mod p). If F; # 0 (mod p), then
Fp_y
F,

8

[1H

0 (mod p) and, thus, y # 4. Compute then Fy_; + Fy4; (mod p). If it

does not vanish, then F,; # 0 (mod p) so that y # 1 and, thus, y = 2.
Proposition 3: Let p be any given prime number. Then the greatest ¢ such
that ptlFBP is the greatest ¢ such that ptletl.

In fact, either p = 10m +1, p= AB+ 1,0rp=10m +3, p = ug - 1. By
(5), this implies

Fy_q _ Fyo1

T = AF;__II £ 0 (mod p) or l;,a uFB“_'ll £ 0 (mod p),

Hi

respectively. Hence, Proposition 3.

6. PROOFS OF PROPOSITIONS

This section is devoted to the proofs of the propositions stated in
Section 2, except for (7), for which the reader is referred to The Fibonacct
Quarterly 8, No. 1 (1970):23-30.

Proof o4 (4): Since the sequence F, (mod p) starts with
F, =1, Fy 21, Fy =2, ..., Fg_y,0,

it follows from F,,, =F,4+1 +F, that the following B members of this sequence
are obtained by multiplying the first B ome by Fz_; so that, for any j = O,

., B -1, Fog_j = FB_IFB_J. (mod p). The argument can be applied again to
prove that Fyg_. = Fg_1Fg_; and, more generally, that Fpg_; = Fg_;Fxk-1p-1
(mod p). Proposition (4) then holds in an obvious way.

Proof of (5): Recall that

n
5= e~ (-3)]
e+ 1
where ¢ and —% satisfy y? = y + 1. From this, it is clear that

n 1\»_ (1
e =¥F, + F,_; and (-3) = —aFn + Fy_q.

@
@ 1\P ¢ 1 b
Fap= ;g—+z[¢ab" (’E) ] - ‘pz—+—£[(‘PFa + Fao1)? - (—;Fa + Fa-l)]

b
Z C‘kaF:__ka , using binomial expansion and F, = 0.
-1

Then

x
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Proof of (1) and (2): Recall that for any integer m we have

F

m=-1

Let m = B in this formula. Thus,

Fppp = F2 4 (-1)™.

(6.1) Fooy = (-1)F  (mod p),

taking account of Fg,;
such that Fg_l = Fpg-1
inition of y. Then,

(a) suppose B odd. Thus, by (6.1),
Ff , =-1so that Fg_, # 1 and Fg_, = 1.
Thus vy = 4.

Fg_1 (mod p). On the other hand, 1 is the smaller m
1 (mod p). Recall also that 1= YB, by the very def-

e

(b) suppose B even. Then (6.1) implies that
2 _
Fﬁ-l = 1.
Since p is a prime, either
Fg_y=1and y=1, or Ffg_; = -1 and vy = 2.
Hence (2) is proved.

Proof 04 (3): To prove (3), we have only to show that 4|8 implies y = 2. For
this, we show that

Fuy =0 (mod p)
(6.2) =F,, =0 (mod p).
Fiyer =1 (mod p)

Suppose that the left member of this implication holds. Then from well-known
formulas:

2 2 2 2A+1
Fixs1 = Fon t Fopgr = Fop + FppFypgy - (-1)

= F, (Fy + Fyyy) +1 =1 (mod p).

2A+2
Hence

FzA(FzA + F2A+2) =0 (mod p).
To prove (6.2), it suffices to show that GCD(F,y, + F,) 4+,,p) = 1. To do this,
since P]Fu» it suffices to prove that GCD(F, ,F,y + Fpy4+2) = 1. But
8 = GCD(Fyy »Fpy + Faryp) = GCD(Fyy (Fypyy + Fyp 1) sFyy + Forea)
and, as GCD(FZA,F2A+2) =1,

§ = GCD(F + Fy oF +Fy).

22 +1 127 2A+2

It is then easily seen that
8| Forur + Faro1)s 8| (Farcy + Fan-a)s -ovs 8|F, = 1.
Hence (3).
Proof of (6): Recall first that <€> = 1 or -1, according that p is or is

not a quadratic residue mod 5, that is, p = 10m * 1 or p = 10m * 3, respec-
tively. Thus, we have to show that

(%) =1 =>F = *1 (mod p) and B|(p 7 1).
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p-1
Recall also that (%) = (%) =5 7% (mod p). Now we prove that F, = £1 (mod
p). We have
_ P
1[(1+/§>P (1—/5)?} 1 x
PR [ 273 i S ks
P -1 p
/g 2 2 2 /g k odd
p-3
1[5 orrrer , 1 ot
- 2k+1 2 _ 3
—Zp—l ZCP 5745 - p—lpK+5
k=0 2
since pIC§k+l for each k € {O, 1, «ou, P ; 3}. As 2P71 = 1 (mod p), we have
p-1
- 2
F, =5 (mod p),

so that <§> = E% (mod p). When (%) = 1, we can give another proof. There

exists a p such that p? = 5 (mod p). Then, for such ap, 6 = %(p + 1) and
o’ =-%(p - 1) are roots of > - x -~ 1 = 0 (mod p) and thus,

en

8" 1+ 6"7%, @'m = 9=l 4 g/m-2  (qod p).

It is then easily seen that

n

(6.3) F z—lé[e"-em] (mod p).

But, as p is a prime, Pt = g1 =1 (mod p) by Fermat's theorem. Now from
(6.3) it is obvious that

Fpo1 20 (mod p)

B, =1 (mod p).

Now, to prove that Bl(p + 1) according that (g) = -1, it will suffice

to develop F,,; in a way similar to the method used above for Fj.

ACKNOWLEDGMENT

We are grateful to Dr. E. Zeckendorf for his encouragement and fruitful
discussions.

REFERENCES

1. J. Vinson, "The Relation of the Period Modulo m to the Rank of Apparition
of m," The Fibonacci Quarterly 1, No. 2 (1963).

2. D. E. Daykin & L. A. G. Dresel, "Factorization of Fibonacci Numbers," The
Fibonacel Quarterly 8, No. 1 (1970).

3. A. Andreassian, '"Fibonacci Sequence Modulo m," The Fibonacci Quarterly 12,
No. 1 (1974).

Hedb



