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V + fc±l V ± l ^ ± l + - 0 4 ; 

*\/ + fc = *j + lfk + fjfk + 1* 

From the above, or from F(np) = F(n)p , we are also able to obtain other 
familiar expressions such as: 

(3.10) f2n±1 =fn+fl±1; 

— = f + f 
J n 

J 3n = Jn + 1 + J n J~n-1> 

3n £ ^ 9 
f = ^ n + 1 + 4 + Jn + l J n - 1 " 
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A NOTE ON BASICM-TUPLES 
NORMAN WOO 

California State University, Fresno, Fresno, CA 93710 

V^AJivtion 1: A set of integers \bi\i>_i will be called abase for the set of 
all integers, whenever every integer n can be expressed uniquely in the form 

00 CO 

n = /J d-i^i , where ai = 0 or 1 and Y^ ai < °°. 
i-l i=l 

Now, a sequence < di \ . > of odd numbers will be called basic whenever the se-

quence {di 21'~l\i>
 i s a base. If the sequence \di)i>1

 o f o d d integers is 

such that di + e = di for all Vs, then the sequence is said to be periodic mod 

s and is denoted by |d1, d2, d3, ...,d8}. In reference [2], I have obtained 

some results concerning nonbasic sequence with periodicity mod 3 or nonbasic 
triples. In this paper, we are concerned with basic sequence. 

Th&QtiQjm 1: A necessary and sufficient condition for the sequence \di\i>1 of 

odd integers, which is periodic mod s, to be basic is that 
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0 =YJ ai^'ldi E ° (m o d 2"8 - 1 ) 
£ - 1 

i s impossible for n _> 1 and a^ = 0 or 1 for a l l i _> 1. 

V^lOJs} This i s proved in reference [1] . 

ThZQSim 2: The m-tuple • 

{ 2 ^ + 1 - 1 , - 1 , - 1 , . . . , - l } 

is a basic sequence where k and m are integers with k >_ 1 and m >_ 2. 

VKOO^I Suppose that the given ???-tuple is not basic. Then (1) of Theorem 1.8 
holds for some integers n >_ 1. Then there exist integers a^, b^, . . . , v^ for 
0 £ k <_ n - 1 such that 

(2wfc + 1'- l)a0 - 2Z?0 - 22c0 - ... - 2m-1r0 + (2mk+l - 1 ) 2 ^ 

-2m + 1b, - 2m+1ol - .... - 2 ^ - ^ , + (2m*+1 - l)22wa2 - 22m + lb2 (1) 
- 2 2 m + 2 c 2 - . . . T 23m~lr2 + . . . + ' (2 m f e + 1 - l ) 2 m n - m a n _ 1 

- 2 " m - m + 1 £ n _ 1 - 2 m n - m + 2 c n _ 1 - , . . . - 2mn~lrn_l E 0 ( m o d 2 m n - l ) . 

Collecting terms in the above,congruence, we obtain 

(2 -2mk - l ) ( a 0 + 2max + 2 2 *a 2 + ••• + 2 ' 7 7 n ^a n _ 1 ) 

-2(Z>0 + 2wfe1 + ••• + 2 m n - m b n . 1 ) - 2 2 ( e 0 - 2mel + 2 2 % + . . . 

+ 2mn~men_l) - . . . - 2 m " 1 ( p 0 + 2mpx••+ ••• + 2 m n " m p n - i ) E 0 ( m o d 2 m - l ) 

- (a 0 + 2max + 22ma2 + • - • + 2Bfn--man_1) 

+ 2(2mkaQ + 2mk+mal + 2mk+2ma2 + ••• + 2m*+mn-m< a n - i 

-b0 . - 2mbl - . . . - 2mn-mbn_l - 2a0 •- 2 w + 1 c 1 . - ••• 

_ nmn-fn+l _ _ 9 m - 2 _ 9 2 m - 2 „ _ _ nmn-2 N 
z c n - 1 ^ x 0 * • £ 1 ' ' * l n - \ } 

E 0 (mod 2m - 1 ) 

which can be put i n t h e form 

- ( a 0 4- 2max + 2 2 m a 2 + ••• + 2mn~man_{) + 2{2mk(aQ - bk - 2ek -

- 2™~\) + 2»<* + l > ( a 1 - . 6fc + 1 - 2ef c + 1 - , . . - 2 - 2 P , + 1 ) + - - . 

+ .2"< n " 1 >(a B . 1 . f c - &„_!• - 2en_x - . . . - 2 * - 2 2 V l ) 

+ 2(2"X-fc"&o - 2^o - • - - 2 * ~ S ) + / • • 

+ 2 ^ " 1 > ( 2 - a n . i ~ V i " 2 <Vi - • • ; - 2"-2*fc_1) 

+ (2mnan_k - 6 0 - 2a0 - . . . . - 2"-2r0) + . . . 
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+ 2"<*-1>(2"»a„_:i - ik..; -•2C f c. 1 - ....- 2-2r„.1)} ' 

E o (mod 2"m-i). ;':,-. 

Now d e f i n e a n _ { = a_f for , 1 £ i .<."&, and l e t 

Q = - ( a 0 + 2m
ai + 22ma2 + • • • + 2an-manll) + 2{2mk(a0 - bk - 2ok 

- • • • . . - 2-2rfc0:+ ^ ^ K - &, + 1 - 2cfc + 1 2-V, + 1) 

O) • + ' " + / ( n - I ) K . 1 . f c , ^ . 1
: ; 2 C B , 1 - . . . - 2 « - V 1 ) 

• + ( a . k - &0 " 2e0';-• • • • - : 2 m - 2 r o y : + . . . + 2m (*-1>(a_1 - 2>k_x 

" . .2ck-i - • •• •- 2m-2rk.\)) = 0 ( m o d 2 m " - l ) . 

Rear rang ing terms in ( 3 ) , , w e o b t a i n , 

Q = {-a0 + 2(a_k-b0 - 2o6 - .•.',. - 2"-2r0)) + 2m{-ax + 2(a_ f c + 1 

- Z*! - 2 c ! - •;• • ' - 2 w _ 2 r x ) ' + . . . . ' + 2 " * - 1 ' - a ^ + 2 (a_ 1 - i , ^ 

(4) - 2 ^ - . . . • ' • - 2"-22y_1.) . + 2ra" - a , + 2 (a 0 - &fc - 2 c , 

- • • • -.2m-2rk)) .+ .v-v+-2-<:—1><-an_1.+ 2 ( a n . 1 . k - *>„„, - 2e B _ 1 

- . . . - 2m-2Tn^)} =0 <mod 2 m " - l > . 

Taking a b s o l u t e v a l u e s and us ing t h e t r i a n g l e i n e q u a l i t y , we o b t a i n 

\Q\ .'<. (2m - 1 ) . + 2m(2m - 1) + 2 2 m (2 m - 1) + . . . + 2m^n~l){2m - 1) 

= (2m - 1) + (22m - 2mY + (23m - 22mV 4- • • • + (2m n - 2/"^n""1^) 

Now, | e | = 2/ 7 m- 1 , p rov ided 

. - a* + 2(a„fc + ^ - 6* - 2 c * - >. - 2 m " 2 p . ) = 2m - 1 

for all £ with 0 .<_ £ <_ n T 1. But this clearly implies that 

a* = 1, a_k + i = 0, and bi = C£= • • • = ri = 1 for all £. 

Since the first two equalities' are clearly contradictory, it follows that we 
must have Q = 0 and hence 

(5) -a, = 2(a.k+. - &,- 2c, - ... - 2m-2ri), 

and yet a'f-= 0 or a, = 1 for all i . Since the right-hand side of (5) is di-
visible by 2, it follows that ri = 0 for all i . Thus, 

(5') 0.- 2{a_k+i - bi - lot - ••' - 2m-2Ti) 
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(6) a_k + i - hi = 2ci + •••. + 2m-2ri for all i . 

Possibilities for a_k + i - bi are 0, 1, and -1. But the right-hand side of (6) 
is divisible by 2. Hence, we must have that a_k + t - b± ~ 0 for all i . Since 
a„k + t = 0 for all i, this implies that bi = 0 for all i and hence that Ci = 
0, ..., vi = 0 for all i . But since this contradicts Theorem 1.8, it follows 

that the m-tuple 2m +1 - 1, -1, -1, ..., -1 is basic as claimed. 
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1. INTRODUCTION 

In [4] W. Sierpinski proves that there are an infinite number of Pytha-
gorean triples in which two members are triangular and the hypotenuse is an 
integer. [A number Tn is triangular if Tn is of the form Tn = n(n + l)/2 
for some integer n. A Pythagorean triple is a set of three integers x, y, z 
such that x2 + y2 - z2.] Further, Sierpinski gives an example due to Zaran-
kiewicz, 

T132 = 8778, Tllt3 = 10296, and Tl6h = 13530, 

in which every member of the Pythagorean triple is triangular. He states that 
this is the only known nontrivial example of this phenomenon, and that it is 
not known whether the number of such triples is finite or infinite. 

This paper will give some partial results related to the above problem. 
In particular, we will give necessary and sufficient conditions for the ex-
istence of Pythagorean triples in which all members are triangular. We will 
extend these conditions to discuss the problem of triangulars being repre-
sented as sums of powers. 

2. PYTHAGOREAN TRIPLES WITH TRIANGULAR SOLUTIONS 

By a triangular solution to a Diophantine equation f(x , ..., xn) - 0, 
we mean a solution in which every variable is triangular. 

ThdQtKim 1: The Pythagorean equation x2 + y2 = z2 has a triangular solution 
x - Ta , y - Tb , z = T0 if and only if there exist integers m and k such that 

m + (m + 1) 3 + • • • + (m + k) 3; 

that is, T£ is a sum of k 4- 1 consecutive cubes. 


