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1 . INTRODUCTION 

Let a , b be p o s i t i v e i n t e g e r s , (a9b) = 1. Consider t he sum 
a- l b-1 

(1.1) S = ] T xhr + as = ^ YLxbr + a8' 
br+a8<ab r=0 s = 0 

br + as < ab 
We w i l l show t h a t 

(1 .2) . 1 - X ab 

(1 - xa) (1 - xh) 1 - x 

As an a p p l i c a t i o n of ( 1 . 2 ) , l e t Bn(x) denote t he B e r n o u l l i po lynomia l 
of degree n de f ined by 

ez - 1 »-o 

Then we have 

X X (*>;£• Bn = 5n(o). 

(1 .3 ) X ] 5 n ( ^ + - + f ) = (B(aZ?) + a £ S ( x ) ) n - (aB + 2?B(aaO)n, 
, br + ae< ab 

where 

(uB(*) + ^ 5 ( z / ) ) n = J2(l)ukVn-kBk(x)Bn,k(y). 
£«ox ' 

We a l s o e v a l u a t e t h e sum 

(1.4) ^ (x + br + as)n 

br+as < ab 

in terms of Bernoulli polynomials; see (3.8) below. 
Let a, b9 G be positive integers such that (b,o) = (c9a) = (a,b) = 1. 

The sum (1.1) suggests the consideration of the sums 

o — y %bor + cas + abt 
bor + oas + abt< aba and 

g — y %ber+ cas + abt 
bcr + cas + abt< laba 

where 0 <. r < a, 0 <. s < b9 0 <_ t < o. We are unable to evaluate S1 and S2 
separately. However, we show that 
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n _ rraba\2 lab 

(1 .5 ) xaboS +S U X } x 
2 (1 - Xb°) (1 - xGa) ( 1 - Xab) 1 - X 

For a p p l i c a t i o n s t o t r i p l e sums analogous to (1 .3) and (1 .4) see ( 5 . 5 ) , 
( 5 . 6 ) , and (5 .7) below. 

We remark t h a t t h e case x=0 of (1 .3) i s i m p l i c i t i n t h e proof of The-
orem 1 of [ 1 ] . 

2 . PROOF OF (1 .2) 

We have 
a-l a - l H>(a-r)/a] 

s = X xbr+as = Ylxbr ]C xas = 12xbr J2 xas-
br + as<ab r = 0 as<b(a-r) r = 0 s = 0 

S ince 
[b(a - r) la] = b - [br/a] - 1, 

it follows that 

a~l i __ „ab-a[br/a] i __ Tab Tab aJL^ t 

(2.1) S =J]^brL^-^ = l-I-E J]xb*-«U*'«K 
r - 0 1 - Xa ( 1 - Xa)(l - Xh) 1 - Xar=0 

C l e a r l y t h e exponent 

(2 .2) br - a[br/a] (r = 0 , 1, . . . , a - 1) 

is the remainder obtained in dividing br by a. Since (a,b) = 1, it follows 
that the numbers (2.2) are a permutation of 0, 1, ..., a - 1. Hence, (2.1) 
becomes 

1 - rrab cr.ab 1 _ ^a 

s (1 - xa) (1 - xh) 1 - xa 1 - x 
so that 

i _ ™.ab rvr. ab 
(2.3) S L X 

(1 - xa) (1 - xb) 1 - x 

This proves (1.2). Note that the complementary sum 

a-l b-1 

(2 .4 ) ~S = ^ X I ^ r + as 

s a t i s f i e s 
r = o s = o 

br + a s > afc 

c JL -c _ 1 " Xab 1 ~ ^ a f o 
u ~r O — i 

1 - ;ua 1 - xb 

Hence, by ( 2 . 3 ) , 

(2 5) 5 = xab - xab(l " x<2h) 

I - x (I - xa)(l - xb) 

3. SOME APPLICATIONS 

In (1 .1) and ( 1 . 2 ) , r e p l a c e x by ezlab: 

(3.1) ^ e{br + ae)z/ab &Z ez - I 

br + as<ab e z / a b - 1 (es'a - l)(ez/b - 1 ) 
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M u l t i p l y i n g by z2exz/(ez - 1) 5 we get 

2 
( 3 . 2 ) ^ \ ^ e{bv+as)z/ab + xz 

& — 1 br+ as <ab 

(ez - l)(ez/ab - 1) (ez/a - 1) (ez/b - 1) 
Since 

ez - 1 n-o 
(3 .2 ) becomes 

«ES E ».(* + ! •§ ) 3 V* + 1)« 
n-o'- ir + aa<at ' " ' (gs - 1) (e*/ai - 1 ) (ez/a - I) {ez'b - 1 ) 

(3.3) = ab ]T Bj (x)Bk(.db)*3 fffi* 

j , fc - 0 

Equating coefficients of sn, we get 

<* s Bite)Bt"^:<f»'. 

o.4) „ ^ Bn-i(* + J + f ) - <«»,"*E(/!)<',w""':B.-*<-e'iJ«faB 

& r + a s < a i & • ° 

- (ab)1-nYi(l)akbn-kBn.k(ax)Bk. 
fc-0 

This can be w r i t t e n more compactly i n the form 

(3 .5) niabV1 ^ Bn^(x + f + f) = ^{^ab) + aZ?5(a;))n - (aB + Z?5(a^))n , 
br + as < ab 

where i t i s unders tood t h a t 

(uB(x) + y5(2y))n = ^(l)ukVn-kBk(x)Bn_k(y) . 
k = o 

Alternatively, (3.3) can be replaced by 

^ \ ^ r> / I N D / t, ^z°'(z/ab)k i v * D , ND ( s /a ) J ' (z/b)k 
ah La B^{l)Bk{abx)—;.,., - - a£ 2 ^ Bd(ax)Bk

K . | f e | . 
j , k - o J ' j , * - o ^ * 

Hences we now get 

(3 .6 ) niab)"1'1 J^ 5 n - i ( ^ + § + f) = ( 5 ( a t e > + afcB(l) ) n - (aB + M ( a ^ ) ) n . 
frr + as < ab 



1980 SOME RESTRICTED MULTIPLE SUMS 61 

Note that comparison of (3.6) with (3.5) gives 

(3.7) (B(ab) + abB(x))n = (B(abx) + abB(l))n , 

which indeed holds for arbitrary a, b. We also recall that 

Bn(l) = Bn, (n ̂  1); 5,(1) = Bx + 1 = ±. 

For n = 1, s i n c e 5 = ~ y and 

i r 
z: i -L ? * - £(> - [£]) 

ab - ~{a - 1)(2? - 1 ) , ((a,fc) = l ) : 

(3 .5) r educes to 

a£ - j(a - 1) ( i - 1) = (B(ab) + a&BGc)) f - (aB + Z?B(aar)) f 

lab - y ) + a2?(x - y j + -r-a - 2?(ax - -r-J, 

which is correct. 
In place of (3.2) we now take 

{br + as)z + xz _ Z g _ Z \e - I ) & 

br + as<ab ez - 1 {eaZ - 1) (ebz - 1) 

x\ (az)J (bz)k 
- £>„(* + ab)£- iabr1^ (B,(b) - B,)Bfc(§) . 

n = 0 j,k = 0 

I t fo l lows t h a t 

(3 .8 ) n{n - l)ab ^ (a: + bv + a s ) n " 2 

br + as < ab 

= nabBn_i{x + ab) - £ ( J J ) an'kbk(Bn. k(b) - Bn.k)Bk(f) . 
k = 0 

2 1 
For example, fo r n = 2 , s i n c e 5 (x) = x - x + -7-, we have 

2aZ?(a£ - \{a - 1) (b - l)\ = 2ab(x + ab - j \ - a2 (b2 - b) - 2 a W | - j \ 9 

which i s c o r r e c t . 
Note t h a t , fo r b = 1, (3 .8 ) becomes 

n(n - Da^ix + v)n-2 = naBn_x(x + a) - £ ( j ) an-"(Bn_ k(l) - Bn_k)Bk{x). 
r=0 k = 0 

Since 1 -. 
Bn(l) = Bn9 (n ± 1); Bx (1) = y , B1 = - y , 

we get 
a - 1 

n(n - l ) a ^ ( a ; + a)n~2 = na(Bn_1(x + a) - ^ ^ ( a ) ) , 
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that is, the familiar formula (replacing n - 1 by n) 
a-l 

*»-l _ 1 £ (* + a)"'1 = J^n (x + a) - Bn (x) }. 
r = 0 

Similarly, for b = 1, (3.5) reduces to 
a-l i v 

(3.9) nan'1^2Bn-i(x + §) = (5(a) + a5(^))n - (a£+£(oxc))n. 

We recall [2, p. 21] that 
a-l . 

(3.10) Bn_1(ax) = a n " 2 ^^-iU + | ) . 

Comparison of (3.10) with (3.9) yields 

(3.11) (5(a) + aS0c))n - (aB + B(ax))n = n a S ^ t o ) . 

To give a direct proof of (3.11), let Rn denote the left-hand side of 
(3.11). Then, 

n-0 n-0 k «0 n = 0 k=0 

-,axz ryc-az aze"*« zeaz az zeu 

eaz- 1 e* - 1 eas - 1 ez - 1 

^XX^)fr> 
e2 - 1 «-o 

and (3.11) follows at once. 

4. PROOF OF (1.5) 

Put 

(4.1) ^ = £ 

and 
( 4 . 2 ) 5 2 = X ) a - f c a r + o a e + a W . 

bar + aas + abt < zabc 

I t i s unders tood t h a t i n a l l such sums 

(4 .3 ) 0 <. P < a , 0 <_ s < b9 0 £ t < c. 

As for 5 ,
1 , we have 

Si = X) xc ( £ r + as) ^ X<2W 

£ a . 0 ( i r + a 8 ) i ^ _ a ; a 4 ( , ! - [ o ( i r + a s ) / a i J ) 
2>2> + a s < a2? 1 - x 

*ab 
(L L\ = — V * „a(br+as) ^1 \ T * x

R(a(br+ab)/ab) 
1 _ r^ab LJ

 X I ^ab t Z^ 
br+a8< ab 
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where R(m/ab) denotes the remainder obtained in dividing 77? by ab. It 
be convenient to put 

U = {u\u = c(bv + as) 5 bv + as < ab} 

V = {v | v = c (bv + as) 9 bv + as > ab}. 
Thus (4.4) becomes 

nab (4.5) s = — - — y ^ - — — y ^ " 

Next pu t 

/ab) 

1 - Xa UEU I - Xab ueu 

Sf
2 = Z a? 

&<2r + aas + abt < 2abe 
br + aa> ab 

c(br+a8) + abt 

art _ \ ^ o(br + a.8)+abt 
2 

bar + oas&abt < laba 
br+ as > ab 

so t h a t S2 = £2' + S%. C l e a r l y 
c - l 

bt 
2 

S2 = X ^(Z?r + aS)X^a 
i>25 + a s < a i t = 0 

1 - X aba 
(4.6) = i-=-£ Yxu 

1 - # a * UEU 

The e v a l u a t i o n of 5 " i s l e s s s imp le . We have 2 

— abt S2 = X ) xa(br+as> J2 x<lht = J2x X 
bv -

ar 
& r + a s > a f c t< 2c - -^(br + as) VEV t<2a- (v/ab) 

XVl - ^ a i 5 ( 2 c - | > / a £ ] ) 

1 - Xah 

(4.7) = Y*v ~ — Yx^v 2a£e 
/ a £ ) 

i - ^ r r ^ i - xah^v 
I t fo l lows from (4 .5) and (4 .7) t h a t 

„aba 
xah°s, + s" = -^-^—y xu + — - — y ^y 

1 - ^ a 2 ? « e [ / 1 - XabvzV 

x2aho 

ab 
)y^ xR(u/ab) + rxi?(y/al))( 

Since 

1 - 2J a * fue l / 

\ ^ xR(u/ab) + ̂  xR(v/ab) = S^ xt =
 i ~ X 

ueU VEV t= 0 1 - # 
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we get 

(4.8) xahQSl + S'l = ^ — — £ V + LJXV~ • 
1 - xah ueU 1 - xah vev I - x 

Hence, by (4 .6) and ( 4 . 8 ) , we have 

/ rai(J 1 - rabc\*-^ 1 „ ~2aba 

xabaS1 + SI + S'l = [— + i lYV + Yxv -
\l - xab I _ xab l ^ v l _ xab^y 1 _ x 

Y^°°u + J2xV x2abo 

1 - Xah { ueb vev ) 1 - X 

a -1 b -1 9ahr> 

1 - Xah r = 0 8 - 0 I - X 

aba i ~.aba ^aba 1 - XaDO 1 - XabQ X 

T h e r e f o r e , 

(4 .9) xabQSl + S2 

I ~ xab I - xhQ I - xa0 I - x 

(1 - xaba)2 x2aha 

(1 - xbo)(l - xaa)(l - xab) 1 - x 

5. SOME RESTRICTED TRIPLE SUMS 
I t fo l lows from (4 .9) w i t h x r e p l a c e d by ezlahc t h a t 

(5.D *• yy« + y y . = (1 -g 2 ) 2 ^ — 
<ffi • oTi (1 - ez/a)(l - ez'b){\ - ez'a) 1 - ez'abo 

where fo r b r e v i t y we pu t 

(5.2) a = - + |- + - . 
a b o 

M u l t i p l y i n g b o t h s i d e s of (5 .1 ) by z3exz/(ez - l ) 2 , we get 

y ^ e ( * + a+i) + _A \ ^ e(x + 3 - ' a) 
(ez - l ) 2 6 T i (ez - l)zo<2 

(5 .3) Z e 

(ez - l)2(ez/aba - 1) (ez/a)(ez/b - 1) (ez/a - 1) 

In o r d e r t o o b t a i n a compact r e s u l t we make use of N o r l u n d ' s d e f i n i t i o n 
of B e r n o u l l i numbers of h ighe r o r d e r [2 , Chapter 6 ] . Let u)19 co2, . . . , b)k 
deno te pa rame te r s and d e f i n e t h e po lynomia l Bn(x\udl9 . . . , Udk) by means of 

o)1o)2 . . . ukzkex* » „ 
(5.4) : = 5 > n

( }(*K> . . . , oo,)^-. 
( e t t l * - l){e^z - 1) . . . ( ^ * 3 - 1) n = o n ! 
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With this notation, (5.3) becomes 

s£slzBrfe + CT + i i i . i) + £B(2>(X + a | i , D1 
n = o ( c r < l o< 2 ) 

= abcJ2~{B^3)(x + 2|l, 1, (ate)"1) - S,<3) (^a"1, 2T1, cT1)!, 

Hence, equating coefficients of z , we get 

(5.5) n\ J2B^2_\(X + a + l|l, 1) + XX^i(x + a i l 9 ̂ f 
[o< l a< 2 ) 

= atejsn
(3) (x + 2|l, 1, (aba)-1) - B <3) (aria'1, b'1, e " 1 ) ! . 

Similarly, it follows from (5.1) that 

(5.6) n(n - 1) (w - 2 W £ (x + a + l ) n " 3 + ]T (# + a ) n " 4 
(a<l a<2 ) 

= n(n - l)(ate)-n + 1 S n - 2 ( a ^ ^ + 2>) " A * B « <^la > & > ̂ ) > 

where Â . is the familiar difference operator: 

A*/(a) = /(a: + 2) - 2/(ar + 1) + f W . 

Fina l ly , mult iplying both sides of (5.1) by z3exs/(eB - 1) , we get 

<5-7) n^n ~ XH J2B
n-2(x + ° + 1} + X! Vz(* + a ) ( 

( a < 1 a < 2 ) 

= naboB^\ (x + 2 | l , ( a t e ) - 1 ) - n a t e A ^ 3 ^ | a _ 1 , 2T1, £ _ 1 ) . 
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