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INTRODUCTION 

In how many ways can an m x n chessboard be covered by dominoes, each. 
of which covers two adjacent squares? For general m and n this is the "di-
mer problem" which is known to be difficult (see [2] for details). However, 
when one of the dimensions,, say m, is small, some results can be obtained, 
and will be given in this paper. The method used has some similarities with 
that used for the cell-growth problem in [3], although there are differences. 

1. THE METHOD 

We shall illustrate the general procedure by referring to the case m = 
3. Any covering of a 3 x n rectangle with dominoes can be regarded as hav-
ing been built up, domino by domino, in a standard way, starting at the left-
hand edge of the rectangle. Each domino is placed so that it covers an un-
covered square furthest to the left, and, if there is more than one such 
square, it covers the one nearest the "top" of the board. Thus if the con-
struction of a covering has proceeded as far as the stage shown in Figure 1, 
the next domino must be placed so as to cover the position marked with an 
asterisk. There may be two ways of placing the new domino (as in Figure 1) , 
but there will be only one way if the space below the asterisk is already 
covered. 

In the course of constructing 3 x n rectangles, the figures produced 
will have irregular right-hand ends—their "profiles." We start by listing 
the possible profiles and the ways in which one profile can be converted to 
another by adding an extra domino. This information is given in Figure 2, 
in which the profiles have been labelled A to J. 

Let Ar9 Br9 etc., denote the numbers of ways of obtaining figures end-
ing in profiles A, B, etc., by assembling r dominoes. Then, by reference to 
Figure 2, we obtain the equations: 
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Since A0 = 1 and all other values are 0 when r = 0, we can use (1.1) 

to calculate these numbers, and in particular Ar, for r - 1, 2, etc. Equa-
tions (1.1) can also be transformed in an obvious way to an equation which 
expresses the vector (Ar + i, Br + 1, ..., Ir + {) as a 9 x 9 matrix times the 
vector (Ar, Br9 ..., Ir) , but this is not very useful. 
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FIGURE 2 

A better approach is to define generating functions 

A(t) = YlA*tr>etc* 
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Remembering that Ait) will be the only one of these functions having a con-
stant term, we obtain the relations 

+ tF(t) 

(1.2) 

Solving these equations for Ait) we obtain 

(1 - 4£3 + ts)A(t) = 1 

which can be more conveniently expressed as 

Ait) 
Bit) 
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lit) 

= 1 + Wit) + tEit) 
= tAit) 
= tAit) + tEit) 
= tBit) 
= tBit) + tlit) 
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= tEit) 
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= tGit) 

(1.3) (1 - hx + x2)A(x) = 1 x9 

writing Aix) = £ where av 
r = Q 

pie of 3.) 
From (1.3), we find that 

(Clearly Ak = 0 if k is not a multi-

2. RESULTS 

When m = 2, there are two profiles (A and B of Figure 2, with the bot-
tom row omitted) and the corresponding equations are 

A(t) = 1 + tA(t) + tB(t) 

B{t) = tA(t) 

whence A (t) = (1 - t - t 2 ) " 1 . The numbers of tilings are therefore the Fi-
bonacci numbers. 

When m = 4, the profiles are as shown in Figure 3 and by following the 
method of Section 1, we obtain the equations 

A(t) = 1 + tC(t) + tGW) + tH(t) + tl(t) 
B(t) = tAit) i C(t) = tA{t) + tBit) + tKit) 
Dit) = tBit); Fit) = tBit) + tLit) 
Fit) = tCit); Git) = tDit); Hit) = tEit) 
lit) = tFit); Jit) = tEit); Kit) = tlit); Lit) = tJit) 

from which, on solving for Ait), we obtain 

Aix) (1 - x2)/il 5xz x3 + xh) 

and the corresponding recursive formula 

ar_ + 5a„ -1 + ar - 2 ^r _ 3 • 

For 77? > 4, the method becomes tedious by hand, but I found it quite 
easy to write a program (in APL) which would first generate the relations 
between the profiles (as in Figure 2) and then calculate the required num-
bers from the equations analogous to (1.1). In this way, results were 
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obtained for m = 5, 6, 7, 8, and 9. They are given in Table 1 below. Note 
that Kasteleyn [1] has given results for m = n = 2, 4, 6, and 8, with which 
the entries in the table agree. 
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TABLE 1 

K C \ 
L 

r 

X 
0 
l 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 

2 

1 
1 
2 
3 
5 
8 

13 
21 
34 
55 
89 

144 
233 
377 
610 
987 

1597 
2584 

3 

1 
0 
3 
0 

11 
0 

41 
0 

153 
0 

571 
0 

2131 
0 

7 953 
0 

29681 
0 

4 

1 
1 
5 

11 
36 
95 

281 
781 

2245 
6336 

10861 
51205 

145601 
413351 

1174500 
3335651 
9475901 

26915305 

5 

1 
0 
8 
0 

95 
0 

1183 
0 

14824 
0 

185921 
0 

2332097 
0 

29253160 
0 

366944287 
0 

6 

1 
1 

13 
41 

281 
1183 
6728 

31529 
167089 
817991 

4213133 
21001799 

106912793 
536948224 

2720246633 
13704300553 
69289288909 

349519610713 

7 

1 
0 

21 
0 

781 
0 

31529 
0 

1292697 
0 

53175517 
0 

2188978117 
0 

90124167441 
0 

3710708201969 
0 

8 

1 
1 

34 
153 

2245 
14824 

167089 
1292697 

12988816 
108435745 

1031151241 
8940739824 

82741005829 
731164253833 

6675498237130 
59554200469113 

540061286536921 
4841110033666048 

9 

1 
0 

55 
0 

6336 
0 

817991 
0 

108435745 
0 

14479521761 
0 

1937528668711 
0 

2594237 66712000 

n \ 

18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

2 

4181 
6765 

10946 
17711 
28657 
46368 
75025 

121393 
196418 
317811 
514229 
832040 

1346269 

3 

110771 
0 

413403 
0 

1542841 
0 

5757961 
0 

21489003 
0 

80198051 
0 

299303201 

4 

76455961 
217172736 
616891945 

1752296281 
4977472781 

14138673395 
40161441636 

114079985111 
324048393905 
920471087701 

2614631600701 
7426955448000 

21096536145301 

5 

4602858719 
0 

57737128904 
0 

724240365697 
0 

9084693297025 
0 

113956161827912 
0 

1429438110270431 
0 

6 

1765711581057 
8911652846951 

45005025662792 
227191499132401 

1147185247901449 
5791672851807479 

7 

152783289861989 
0 

6290652543875133 
0 
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