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DEFINITIONS 

The Fibonacci numbers Fn and Lucas numbers Ln satisfy 

F = F + p w = 0 F = ] 

and -̂ n + 2 = ^n + 1 + ^ n » ̂ o = ^s L1 - 1-

Also9 a and b designate the roots (1 + /5)/2 and (1 - /5)/2, respectively, of 
x2 - x - 1 = 0. 

PROBLEMS PROPOSED IN THIS ISSUE 

B-442 Proposed by P. L. Mana, Albuquerque, NM 
The identity 

2 cos2G = 1 + cos(26) 

leads to the identity 
8 cos^G = 3 + 4 cos(26) + cos(46)9 

Are there corresponding identities on Lucas numbers? 

B-4^3 Proposed by Gregory Wulczyn, Bucknell University, Lewisburg, PA 

For all integers n and w with w odds establish the following 

Ln + 2wLn + w " 2LwLn + wLn-w ' Ln-wLn-2w = Ln^L3w " 2 L ^ ) • 

B-kkk Proposed by Herta T. Freitag, Roanoke, VA 

In base 10, the palindromes (that is, numbers reading the same forward or 
backward) 12321 and 112232211 are converted into new palindromes using 

99[103 + 9(12321)] = 11077011, 
99[105 + 9(112232211)] = 100008800001, 

Generalize on these to obtain a method or methods for converting certain palin-
dromes in a general base b to other palindromes in base b. 

B~kk5 Proposed by Wray G. Brady, Slippery Rock State College, PA 

Show that 
5F2n+2 + 2L2n + 5F2n-2 = L2n+2 + l0F2n + L2n-2 

and find a simpler form for these equal expressions. 

B-446 Proposed by Jerry M. Metzger, University of N. Dakota, Grand Forks, ND 

It is familiar that a positive integer n is divisible by 3 if and only if 
the sum of its digits is divisible by 3. The same is true for 9* For 27, this 
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is false since, for example, 27 divides 1 + 8 + 9 + 9 but does not divide 1899. 
However, 27|1998. 

Prove that 27 divides the sum of the digits of n if and only if 27 divides 
one of the integers formed by permuting the digits of n, 

B-4^7 Based on the previous proposal by Jerry M. Metzger. 

Is there an analogue of B-446 in base 5? 

SOLUTIONS 

Consequence of the Euler-Fermat Theorem 

B-418 Proposed by Herta T. Freitag, Roanoke, VA 

Prove or disprove that n15 - n3 is an integral multiple of 215 - 23 for all 
integers n, 

Solution by Lawrence Somer, Washington, D.C. 

The assertion is correct. First, note that 

«15 - n3 = n3(n12 - 1 ) . 
Further, 

215 - 23 = 23(26 - 1)(26 + 1) = 8(9)(7)(5)(13). 

By Eulerfs generalization of Fermat?s theorem, 

aHn) = 1 (mod n) 

if (a, ri) - 1, where <j> is Euler's totient function. It follows that a ^ W ) = 1 
(mod d) for integral k. Now 

(f)(8) = 4, (f)(9) = 6, (f)(7) = 6, (f)(5) - 4, and <f>(13) = 12. 

Thus, it follows in each instance that if (n, d) = 1, where d = 8, 9, 7, 5, or 
13, then n12 - 1 = 0 (mod d), since cj)(<i) | 12 for each d. Further, if (ns d) ^ 1 
for d = 8, 9, 7, 5, or 13, then 6?|n3, since ̂ |p3 for some prime p. Since (8, 9, 
7, 5, 13) = 1, it now follows that 

n3(n12 - 1) = 0 (mod 8-9-7-5-13). 

Thus, 215 - 23 divides n15 - n3. 
Also solved by Paul S. Bruckman, Duane A. Cooper, M.-J. DeLeon, Robert M. Giuli, 
Bob Prielipp, C* B. Shields, Sahib Singh, Gregory Wulczyn, and the proposer. 

NOTE: DeLeon generalized to show that for ke {2,3, 4}9 2^(212 - 1) divides 
nk(ni2 „ |) for a^i positive integers n. 

Symmetric Congruence 

B-419 Proposed by Gregory Wulczyn, Bucknell University, Lewisburg, PA 
For i in {1, 2, 3, 4}, establish a congruence 

Fn^Sk + i E ainLn^Sk + i (mod 5> 
with each a^ in {1, 2, 3, 4}. 

Solution by Sahib Singh, Clarion State College, Clarion, PA 
We know that nLn = Fn (mod 5). (See the solution to Problem B-368 in the 

December 1978 issue.) Thus 

Fn = nLn (mod 5), (1) 

and (5k + i)L5k + i ~ Fsk + i (mod 5) o r L5k + i E ^~lp5k^z (mod 5) • (2) 
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M u l t i p l y (1) and (2) t o ge t 
Fn^sk+i = (i)'1nLnF5k+i (mod 5 ) . 

Thus, ai = (i)"1 where (i)"1 is the multiplicative inverse of i in Z5« There-
fores ax - 13 a2 = 3, a3 = 29 and ah - 4. 

Also solved by Paul S. Bruckman, M. J. DeLeon, Bob Prielipp, and the proposer. 

Finding Fibonacci Factors 

B-420 Proposed by Gregory Wulczyn, Bucknell University, Lewlsburg, PA 

Let 

Can one e x p r e s s gin, k) in the form LvF8FtFuFv w i t h each of r9 s , t9 u5 and i? 
l i n e a r in n and k? 

Solution by Bob Prielipp, University of Wlsconsin-Oshkosh, WI 

The answer to t he q u e s t i o n s t a t e d above i s " y e s , " 
On pp . 376-377 of the December 1979 i s s u e ( see s o l u t i o n to Problem H-279) 

Pau l Bruckman e s t a b l i s h e d t h a t 

Fn+Gk " (Lhk + ^ ^ n + i t f c ~~Fn + 2k^ ~Fn = F 2kF kkF 6kF kn + 12k ' 

S u b s t i t u t i n g n + 4?c fo r n y i e l d s 

Fn+lQk " ( ^ f c + l ) (™n+8fc " Fn+Gk' ~ Fn + ̂ k F2kF^kFGkFkn + 28ft B 

Thus, g(n, k) = 

F2kF^k &kFhn + 28k " 2k kk &k kn+12k 

F-2k **k &k ^ {hn+ 20k) +8/C ~ ^ (4n+20fe ) -8 / c J 
F2kFhkFekF8k^hn + 20k 9 

because Fs + t - F8_£ = Ft^s 9 t even ( see p . 115 of t he A p r i l 1975 i s s u e of t h i s 
j o u r n a l ) . 

Also solved by Paul S. Bruckman and the proposer. 

Unique Representation 

B-421 Proposed by V.E. Hoggatt, Jr., San Jose State University, San Jose, CA 

Let {un} he defined by the recursion un+3 = un+2 + un and the initial con-
ditions U-L = ls u2 = 25 and u3 = 3. Prove that every positive integer N has a 
unique representation 

n 

with c?„ = 1, each ct e {0S l}9 cioi + 1 = 0 = ^<2i+2 if 1 £ i £ n - 2. 

Solution by Paul S. Bruckman, Concord, CA 

We first observe that the condition uoioi + 1 = 0 = £ ^ + 2 for 1 £ £ £ n - 2" 
should be replaced by 

cic<f + i = °  f o r 1 £ > £ n ~ 1 a n d °404A.') = °  f o r l £ ^ £ n " ~ 2 « (!) 
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Let U - (wn)«-i' ^e call a representation (N)v E onon_1 ... <?.,_ of N a U-
navy representation of N if 

n 

with the o^s satisfying the given conditions, as modified by (1). It is not 
assumed a priori that such a representation is necessarily unique. In any U-
nary representation of 217, any two consecutive "l!s" appearing must be separated 
by at least two zeros. Without the modification given in (1), the representa-
tions are certainly not unique; examples: 

(3)y = 100 = 11 and (ll)j, = 11001 = 100010, 

ignoring (1) and substituting the given condition of the published problem. 
We require a pair of preliminary lemmas. 

Lemma 1: 
m r-

/2un-3k-i = u ~ l> (n = 2 > 3 > 4» • • •) » where m = ^ — . 
fc-0 L J J 

VnoQ^1 Using the recursion satisfied by the un
fs9 

(2) 

" ' JM in in nr x 

2 ^ Un-3k-l = La (Un-3k Un- 3k - 3 V = 2 ^ Wn- 3£ " 2 ^ Wn-3k = U « M n - 3 m - 3 * 
& = 0 k~Q k=0 fe«l 

Note that n - 3m - 3 = -1, 0, or 1 for all n. We may extend the sequence U to 
nonpositive indices k of uk by using the initial values and the recursion sat-
isfied by the elements of U; we then obtain: 

This establishes the lemma,, 

Lemma 2: If (un)v = omcm_1 . . . c 1 9 then m ~ n and c^ = -6M^ (Kronecker d e l t a ) . 

VKJOOfo By d e f i n i t i o n , 

1 and un = V ] ^ i ^ i 
i « i 

Since wn 2. ̂ J thus m <_n« On the other hand, since any two consecutive "l?s" 
in a [/-nary representation are separated by at least two zeros, it follows that 

Un <• JlUm-3k ' Where h = [^T^]-
£ = 0 

Substituting n = m + 1 in Lemma 1, it follows that un <_ um + 1 - 1, or un < um + 1 . 
Since um <_ un < um + ls it follows that m = n. Hence cn = 1, from which it fol-
lows that the remaining c^ 's vanish. Q.E„D. 

Now, define S to be the set of all positive integers N that have a unique 
[/-nary representation. We will find it convenient to extend S to include the 
number zero. Note that zero certainly satisfies all the conditions of M[/-nary-
ness," except for cn = 1; for this exceptional element of S only, we waive this 
condition. Note that uk = k e S9 fc = 1, 2, 3, 4. 

We seek to establish that S consists of all nonnegative integerss and our 
proof is by induction on k, Assume that K £ Ss 0 <_ K < uk9 where k >_ 4. In 
particular, M e S9 where 0 <_ M < uk_2. Then Q4)u = cror_1 ... o19 for some r, 
where cr = 1. Since M < uk_2$ thus v <_ k - 3; otherwise, v >_ k - 2, which im-
plies M _> uk_2$ a contradiction. Let 
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N = M + uk. (3) 
Then 

k 
N = Y^ °iui> with ok = 1, ̂  = G, if p < i < L 

i = l 

Since v <_ k- 3, we see that the foregoing expression yields a [/-nary represen-
tation of N9 namely (N)v = c^ck_1 aa» (3X, though not necessarily unique. Sup-
pose that (N)v = dtdt_1 • .... d± is another [/-nary representation of N = M + uk» 
Then (since M z S) di - ci9 1 <_ i £ r. Moreover, Uj< = N - M has a unique [/-nary 
representations by Lemma 2; hence, t = k9 which implies that N e S. 

Since 0 <_ M < uk_2* thus uk <_ N < uk_z + uk = uk+1. The inductive step is: 

5 D {0, 1, 2, , .., w^- l } ^ n { O s 1, 2, . .., ufe + 1 - 1}. 

By induction, S consists of all nonnegative integers- Q*E.D. 

Also solved by Sahib Singh and the proposer. 

Lexicographic Ordering of Coefficients 

B-422 Proposed by V.E. Hoggatt, Jr., San Jose State University, San Jose, CA 

With representations as in B-421, let 

n m 
N = E ciui>N + 1 = Ed*M*-

Show that m J> n and that if m = n then d^> c^ for the largest k with ĉ  £ dk. 

Solution by Paul S. Bruckmanf Concord, CA 

We refer to the notation and solution of B-421 above. Given 

( A % = ^n°n~l • • • Gi and '(/I/ + 1)^ = &m
dm-x • • • ^1"» 

which we now know are the unique [/-nary representations of JV and i!7 + 1, respec-
tively. 

Since un <_ N < un + 1 and um £ N + 1 <-wm + 1, thus um - un + 1 < 1 < um + 1 - un» 
Now Mm + 1 > un + 1 > un ^ m + 1 > ns since [/ is an increasing sequence. On the 
other hands um < un + 1 + 1 £ wn + 2 =^w < n + 2. Hence, 

7̂ = n o r m = n + l . (1) 

Note that (1) is somewhat stronger than the desired result: m J> n„ 
Now, suppose m = n, and let /c be the largest integer i such that c?̂  # di . 

Then ci =" dis k < i <_ n. Hence, 

n n 

E ^ = E dtMi-
ml. • - 4 - • 1 • i = k + l ^ = fc + 1 
T h i s , m t u r n , i m p l i e s 

n n 
N - E ciui =» + i - 1 - E d*M*» 

£ = fe + 1 i = k + l 
k k 1 + £^M* = E^;°  

•t = i ^ = i 

Suppose ek = 1, dk = 0. Then the left member of (2) is _> 1 + uk. On the 
other hand, the right member of (2) is 

£ 
£ = Q 
E Mk-i-3i = uk - 1, where p - ^ — ^ — J , 
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using the properties of the [/-nary representation and Lemma 1 of the solution 
to B-421. This contradiction establishes the only remaining possibility, i.e., 
ck - 0, d^ - 1. This establishes the desired result. 

Also solved by Sahih Singh and the proposer. 

Telescoping Infinite Product 

B-423 Proposed by Jeffery ShallIt, Palo Alto, CA 

Here let Fn be denoted by F(n). Evaluate the infinite product 

( '•*X>+£X'*^)--A 1 + l 

F(2n + 1 - 1) 

Solution by Gregory Wulczyn, Bucknell University, Lewisburg, PA 

Let Ln also be written as L(n) and An = 1 + [1/F(2*+1 - 1)]. It is easily 
seen (for example, from the Binet formulas) that 

L(2)L(4)L(8) ... L(2n) == F(2n + 1) and 1 + F(2n + 1 - 1) = F(2n - l)L(2n) . 

Hence, An == F(2n - l)L(2n)/F(2n + 1 - 1) and 

f[ A = lim ̂ (D^(3)^(7)F(15) ••• F(2* - 1)L(2)L(4)L(8) ••- L(2n) 

*-i n n ^ F(3)F(7)F(15) •-- F(2n + 1 - 1) 

= lim_z(^o_9 
n""°  F(2n + 1 - 1) 

and the desired limit is a = (1 + /5)/2. 

Also solved by Paul S. Bruckman, Bob Prielipp, and the proposer. 

(Continued from page 6) 

Hence 
Un-1 = XlUn " ̂ l^n = (*i ~ X)Un ~ %i^« + Wn >- Un • 

Thus ft = 0. 
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