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FIBONACCI NUMBERS AND STOPPING TIMES 

ROBERT CHEN and ALAN ZAME 
University of Miami, Coral Gables, FL 33124 

For each integer k i_ 29 let {ans^} and {bn,k} be two sequences of integers 
defined by aUyk = 0 for all n = 1, .. ., k - 1, ak} k = 1 s and 

k 

for all n >. k; b1 k = Q5 and 

W-l 
£w,fc = an,k + 2 aJ,kbn-j,k 

for all n >. 2. 
Let {Jn} be the fair coin-tossing sequence9 iBe09 

P(Yd = 0 ) = | = PCJy = 1) 

fo r a l l g = 19 29 » e e s and I1, Y2 , . . . a r e independen t . With r e s p e c t t o t h e s e -
quence {In} 9 for each i n t e g e r ^ 2 . 1 , l e t {i?n, k} and {iyn,?<} be two sequences of 
s t o p p i n g t imes de f ined by 

Rlik (Il9 Y2S . . . ) = inf {m|Ym - . . . = Yw. f c + 1 = 0 } s 

= °° i f no such m e x i s t s 9 and for a l l n >_ 2S 

#n,fctf i> y 2 ' • • • ) = i n f irn\m>Rn_1}k + k and JOT = . , . .= Im_k+1 = 0 } 9 

= °° i f no such m e x i s t s ; Nlik = Rlt k and tfw>k = Rn,k - Rn-i,k f o r a 1 1 n — 2 s 

In t h i s n o t e j we s h a l l prove t h e fo l lowing i n t e r e s t i n g theorems . 

ThzotiQjm 1: For each i n t e g e r k >_ 2S 

an i?c = 2nP(Nlik = n) and fcn>.k = 2nP(Rmik = n for some i n t e g e r m >.. 1) . 

Tk&Qfim 2: For each i n t e g e r /c >. 2 , 

^ n , k = 2&n-i,fc + 1 or 26 n _ 1 > f c - 1 or 2&n_is k 

a c c o r d i n g a s n = m/c or ???& + 1 or w/c + j fo r some i n t e g e r s m >_ 1 and g = 25 3 3 

IkdOKOM 3 : For each i n t e g e r fe _> 2S l e t 

00 

n - 1 then 

&nfc,* = ^ + 2fe - 2}/ufc and 2>„* + J-ffc - 2 ' - 1 { 2 " * + L - 2} /y k 

fo r a l l n >. 1 and j = 1, 2 , . . . . , k - 1. 
We s t a r t w i t h t h e fo l lowing e lementary lemmas * 

Lomma 1: For each i n t e g e r k > 1, l e t 

$ k ( t ) = E(tNlsk) i f ff(|*|tf1>fc) < °°; 
then 

M«- (DVJ1- t(iy} *« all -1***1. 
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VKOO^I For k = 1, it is well known that 

>>«>-(!)/{-(!)} 
for all t in [-1,1], For k ^ 2, it is easy to see that Nltk =N1 ^.i + 2, where 
Z is a random variable such that 

P(Z - 1) = P(Z - 1 +^ l j k ) « | 
and Z is independent of N± •k_1^ Hence 

for all -2 < £ < 2. Therefore, for each integer k _> 19 

for all -1 <. £ <. 1. 
LeME^.' For each integer k >. 2, let 

»-(*)/('-£(*)) 
ff*<*> = X > V * 

for all £ such that 

E i * r « » . k < » } 
then n-i 

Gk(t) = $k(2£) for all- ~ < t < ~ and k >. 2. 

VKOO^I Since an$ k = 0 for all n - 1, 2, ..., ?c - 1, &kj & = 1» and 

k 
a*> k = Z^an-«?^ 

for all n > k9 ' JS=1 

Therefore, n = * i=1 n = * ^ i=1 

for all fc->. 2 and all t such that ' ^ J's=1 

Xi*r a »'* < 
n-l 

Since a„s k <. 2n for all w .> 1 and all k _> 2, £k(£) exists for all - y < ^ v 
By Lemma 1, we have 

Gfc(£) = M2^) for a 1 1 £ in the interval (-\.9 -~J and all k >. 2. 

For each integer k _> 1, let w0,k = 1» anc* £° r a H n — 1» le t 

wWj £•= P{Rmtk = n for some integer ft? J> 1} 

and fnk~ P{Ni,k - nl • Since {Jn} is a sequence of i.i.d. random variables, 
and M0>£ = 1, it is easy to see that 

n 
Un,k ^ ] C fj,kUn~j,k f o r a 1 1 n — * a n ^ a 1 ^ ^' ~ * ° 

Hence we have the following theorem. 
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IkwKQM V i For each i n t e g e r k >. 29 2nunik = 2nP{Rmtk = n fo r some i n t e g e r m >. 

1} = bHtk and 2 n / n ^ = 2nP{Nl9 k = n} = a n ,k for a l l n > 1. 

Let A = { (&?.,_ 9 w.2, . . . , wn) I'w^ = 0 or 1 fo r a l l £ - 19 29. . . , 9 n and Wj = 1 + 
wj + i = '••• = wn = 0 fo r some j = n - J7c and some i n t e g e r J" _> 1 } . 

Le t 5 = {(!>!, y 2 9 . 0 9 9 ^ n - i ) k i = ° o r * f o r a 1 1 ^ = l 9 2 9 e . e 9 n - l and 
^ j - i = ^ ^ vj ^ *"* = vn-\ = 0 f o r some g •= n - Jk fo r some i n t e g e r J _> 1 } . 
l^na_^_> For each integer fe >. 29 

2 n u ^ = 2nwn„ljk + 1 or 2 X „ 1 > k - 1 or 2nun„ls fc 

according as ri = mk or mk + 1 or ?7?fc + j for some integers -77? _> 1 and g = 2S 3, 
..., Zc - 1. 

P/LOÔ » By the definition of {.Mn,fe}, for each integer /c _> 29 

2nun,k ~ the number of elements in i4 
and 

2n"1un_l9k = the number of elements in 5. 

(i) If n = mk for some integer m >_ 19 then (09 7^, ̂ 29 ,.89 yn-i) a n d (*» ^i» 
y2» • ••» ^n-i) are in ̂  if (i?ls y2s . . - 9 #n-i) is in B,..and (0S 0S . . . 9 0) 9 n-
tuple9 is also in A even (09 09 .. e 9 0), ' (n - l)-tuple9 is not in B* Hence the 
number of elements in A >_ 2 « the number of elements in B + 1. Since each ele-
ment (wls W29 .88S Wn) in A such that Wj £ Wj + 1 for some 1 £ g •<_ n - 1 is a form 
of (09 #19 t>29 ,e.9 Vn__1) or a form of (19 i^ , -i>2 , ..., Vn_1) for some element 
(̂ i» ^2' •••5 ̂ n-i) in ^- Hence the number of elements in i <. 2 • the number of 
elements in B. + 1. Therefore,' the number of elements in ̂4 = 2 s the number of 
elements in B + 1„ 
(ii) If n = mk + 1 for some integer m >. 1, then (09 vl9 v2s 0999 i?n_x) and (1, 

Vl9 VZ9 ••«» ^n-l.) a r e i n ^ i f (^i, y2J • • • »• y n - l ) i s i n 5 a n d y j ^ y j + l f o r 

some 1 <_ g <_ n- 2 and (19 09 0S . .. 9 0) , n-tuple9 is also in A [(0, 09 ... , 0) 9 
(n - l)-tuple9 is in B]. Hence the number of elements in A _> 2 e the number of 
elements in 5 -. 1, Since each element '(Wi» wi* •••» ^n) in ̂  such that Wj ^ 
Wj'+i for some 2 £ j < _ n - l is a form of (09 yl9 v2s »»»9 ^n~i) o r a form of 
(15 V-l9 Vl9 ...5 ^n-i) f° r some element (vl9 V2* ...» ŵ-i-) in -B. Hence the 
number of elements in A <_ 2» the number of elements in 5 - L Therefore, the 
number of elements in A = 2 * the number of elements in B - 1. 
(iii) If n = mk + J for some integers m •> 1 and 2 <_ g ±k- l9 then (0S z;x 9 i ? 2 , 
. . . 5 ^n-l) a n c i ( 1 » y i » ^ 2 » ' " ' Vn-l) a r e i n ^ i f a n ( i o nly if (^is 2̂» • ' 9 » y n - l ) 
is in B8 Therefore, the number of elements in A - 2 •' the number of elements in 
B. 

By (i)9 (ii)9 and (iii), the proof of Lemma 3 is now complete, 

JhwK.m 1': For each integer k 2. 2S 

bn,k =-2in_lfk + 1 or 2bn_lsk - 1 or 2bn_lik 

according as n = mk or mk + 1 or mk + j for some integers ??z _> 1 and g - 29 39 

„.. 9 fe - 1. 

?H.oo^i By Theorem 1 ' and Lemma 3. 

For each integer k >. 1» let 
00 00 

n - 1 n = 1 

By Theorem 1f 9 
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Since 
fc-i 

j - o 

\ik = ^ n2~naHik fo r each i n t e g e r k >_ 2* 
n - l 

( 1 \ fc AC — 1 / 1 \ 7 

l ) " S ^ - i f . f t d ) for a l l n > ?: and J: > 1, 

J - 0 

By the Renewal Theorem (see [1, p. 330])9 we have 

fc-i 
(|)k = {Wx.k)}"1 J ( ^ ) J - for all k > 1. 

Hence ^"°  

H* -*{*!.*> = f y B , k =E«2-"an>, = ! > ' = 2 ^ - 2. 
n «1 n = 1 j-1 

Tk&OK&n V i For each integer k >. 2, let 
00 

uk
 = E n 2 " n a ^ f e = 2*+1 - 2 ; 

n - l then 
imk.* = (2"* + 2 k - 2} /y k and bmk + Jt k = 2 ' " 1 { 2 " * + 1 - 2} /u* 

for a l l i n t e g e r s 777 _> 1 and j' >= 1, 2 , ' . . . , ?C - 1. 

Vh.oo^i By the d e f i n i t i o n of {/3n,7<}5 &7<, k = 1- Hence, by Theorem 2 f
9 Theo-

rem 3 ' h o l d s when m= 1. Suppose t h a t Theorem 3 ' h o l d s fo r m = 1, 2 , . . . , M - 1 
and j = I, 2 , . . . 9 k - 1, where M i s an i n t e g e r _> 2 . Now, l e t m = Af9 t h e n , by 
Theorem 2 ' , 

&**,* = ^ f c - i . f c + ' 1 = 2 ^ 1 { 2 ( w " 1 ) k + 1 - 2 } / y , + 1 = (2Mk - 2* + 2k + 1 - 2)/U* 
= (2 M k + 2 k - 2 ) /y f c , 

s i n c e yk = 2 k + 1 - 2 . 

W . k = 26nfc;k - 1 - (2M" + 1 + 2 " + 1 " *>/V* - 1 - ( 2 ^ + 1 - 2 ) /y f c . ' 

&**+j.fc = Z ^ W i , k = 2 ^ - 1 ( 2 ^ + 1 - 2 ) / U k 9 f o r a l l j - 2 , 3 , . . . . fe - 1. 
Hence Theorem 3 ' h o l d s fo r m = M and j = 1, 2 , . . . 9 fc - 1. T h e r e f o r e , Theorem 
3 ' ho lds for a l l m >. 1 and j = 1, 29 , fe - 1. 
doKoltaJty to ThdOh&n 3' »* For each i n t e g e r b 2 , 

Wmk,fc - yfc1 {1 + 2"w7c + k - 2-mk + 1} = (2k + 1 - 2 ) ' " H i + .2"m* + * - 2 ~ ^ * 1 } 
and 

c+j-, k = Pk 

for all integers 777 _> 1 and j = 19 29 . . . 9 k - 1 
Wmfc+j.fc = y,"1 {1 - 2""* - (2k + 1 - 2) "Hi - 2"**] 
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