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ThU> pcvpojt AJ> d&dtaot&d to th&mmofiy o^ FSIO^ZAAOSI I/. E. Hoggott, 3n.., 
u)ho&i happy &ntkuu>-icu>m Ion, mothmatA,cA hcu> bojin an tnApAJvcutlon to oJUL 
who knew him and \tihoh<i \hjjmdt>hlp hah tnonmotuly zwhichzd the. LiveJ> o^ 
40 many, including, In pa/uticulcui, tkn ptieA&nt author. 

1. INTRODUCTION 

Let p denote a prime and let m9 n, h9 k9 and a denote integers with 

0 <_ k <_ n, 1 <_ h <_ n9 m >. 1> and a > 1. 

Let An>?c denote the triangle of entries 

run + m - 1' 

km 

/run + m - 1\ 

\ km + m - 1 / 

from Pascal's triangle. And let Vn h denote the triangle of entries from Pas-
cal's triangle indicated by 

/ nm \ / run \ 

\hm - m + 1/ \hm - 1/ 

Iran + m - 2\ 

\ few - 1 / 

For m = p a , we showed in [2] that all elements of Pascal's triangle not con-
tained in some A n j k (i.e., those contained in some V n j h ) are congruent to 0 
modulo p, that, modulo p, there are precisely p distinct triangles Anj/c, and 
that these triangles can be put in one-to-one correspondence with the residues 
0, 1, 2, . . . , p - l i n such a way that the triangle of triangles 
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V o 
Ai,o A l f l 

^ 2 , 0 ^ 2 , 1 ^2, 2 

is "isomorphic" to the original Pascal triangle in the sense that 

^n,k + ^n,k+l = ^n+l,k+l 
where the addition is elementwise modulo p. We also showed that if D is the 
greatest common divisor of the three corner elements of V n > 1 and d is the great-
est common divisor of all the elements of Vn , , then d = p and D = p a if m = p a 

and d = 1 and D = m for all other integers m >_ 2. In the present paper we ob-
tain, form = p 2 , a result similar to the first result for Anj/C and5 for m = p a , 
we extend the second result to Vn> h for I ±h <_n. Finally, we obtain a number 
of interesting properties of the p-index triangle of Pascalfs triangle, which 

is simply the triangle of numbers -, that indicate the exponent e to which a 

given prime p divides I T , ) ; i.e., such that p e ( -, ) and p e +1 / I y 1 . 

2. THE ITERATED TRIANGLE MODULO p 2 

To extend the first result mentioned above to p 2 , we set a = 23 where 3 2. 1 
is an integer. Thus, the A n >^ are equilateral triangles with p 2 S elements per 
side. Furthermore, we say that two such triangles are equivalent provided that 
their top p rows are identical, and it is clear that this is an equivalence re-
lation in the technical sense. Let 6w,k denote the class of all triangles 
equivalent to An>^. Then, again, we claim that there exist precisely p 2 equiv-
alence classes of triangles, and that there exists a one-to-one correspondence 
between tt 
lar array 
between these classes and the residues 0, 1, ..., p 2 - 1 such that the triangu-

K 
6 0,0 

° 2, 1 ° 2, 2 

is "isomorphic" to the original Pascal triangle in the sense that 

&n, k + ®n,k+l = *n+l,k+l 
where the addition is defined by the elementwise addition modulo p 2 of the top 
p rows of any two representatives of &ntk anc* &n,k + ia ^11 of this follows from 
Theorem 5 below, but first we need several lemmas. The first is well known 
(see, for example, [1, problem 16, p. 57]). 

Lemma 7: Let p be a prime and let n and k be integers with 0 <. k <_ n. Then 

a) if and only if e is the number of carries made in adding k to n - k in base p. 
Equivalently,e is the number of carries made in subtracting k from n in base p* 

L&nma 2: Let p be a prime and let k9 h, and a be integers with k >_ 1, a > 1, 
and 0 < / i < kpa. If p\h, then 

(k?a) = 0 (mod pa), 
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ytiooji Since p\h, the units digit in the base p representation of h is not 
zero. Thus, it is clear that the subtraction of h from kpa in base p requires 
a carries and the result follows from Lemma 1. 

We note in passing that the converse of Lemma 2 is false since, for example, 

(X26) = 0 (mod 4) 

and yet 2|2. 

lemma 3: Let p be a prime and let k$ h9 a, and 3 be integers with 3 ill* a= 23, 
and 0 < h < k. Then 

( E M S ) <-*,«>. yhp0 

Vnjooji In [4], J. H. Smith proves that 

( S H J ) <-""•'>• 
Thus, the result claimed follows immediately by induction. 

lemma 4'- Let p be a prime and let ks h9 r9 s, a, and 3 be integers with 

0 <_h <_k9 0 <_ s £ r < p, $ >. 1, and a = 23. 
Then 

( & : : ) ' - & ) ( ' . ) < * * * > > • 

FfiOO&t This is an immediate consequence of Lemma 3 and the fact that, by 

Lemma 2, the p - 1 coefficients on either side of I ̂  g I must all be congruent 
to 0 modulo p2. 

Thzotim 5: Let p be a prime and let a, 3? k9 and n be integers with 3 >. 19 ot = 
23» and 0 £ /c £ n. Then the first p rows of An fc modulo p2 are 

«)(° o) 

Also, 
^n,k + ^n,fc + l ° n + l, fc + 1 

where 6njk and this addition are defined above» 

V>W0fa The elements in the first p rows of hn,k are the binomial coeffi-
cients 

and, by Lemma 4, 

This gives the first assertion of the theorem and implies the second since 

(np® + r\ I np£ + v \ - ln\lv\ I n \(r\ 
U P 6 + s) \(k + i)pe + s/ ~ U ; U ; \k + i / U ; 
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Of. course, the fact that every entry in PascalTs triangle not contained in 
An>fc for m = pa = p26 is congruent to zero modulo p follows immediately from 
Theorem 1 of [2] with a = 23. One might have guessed that all these elements 
were in fact congruent to zero modulo p2,but this is easily seen not to be the 

case. In particular, ( _ J is not contained in any hn ^ for p = 2 and a = 2, and 

0 t (2) E 2 (mod 4>-

3. SOME GREATEST COMMON DIVISOR PROPERTIES 

Recall that for integers m9n9 and h with 1 <_ m and 1 <_ h <_ n, Vn h denotes 
the triangle of binomial coefficients 

/ run \ I run \ 
\hm -772 + 1 / ' \7Z77Z - 1 / 

/n77Z +777 - 2 \ 
V hm - 1 /' 

that d denotes the greatest common divisor of all the coefficients of Vn>^, and 
that D denotes the greatest common divisor of the corner coefficients. In [2], 
we completely determined d and D for Vn 1 and we extend those results in this 
section. The increased generality, however, makes for somewhat weaker results 
as seen in the following theorems. 

Th<lOK.em 6: Let d, D, and Vnj h be as above where m = pa with p a prime and a a 

positive integer. If pe ||n, then pe+1 \\d and pe + a||Z). 

VK.00^: We first prove that pe+a\\D. The upper left coefficient in Vn h is 

npa 

\{h - l)pa + 1/ 

Since pe \\n, npa = Npe + a where pj/1/. Also, the units digit in the base p repre-
sentation of (h - l)p + 1 is 1 and this clearly implies that e + a carries are 
required in subtracting (h - l)pa + 1 for npa in base p. Thus, p e + a||L. The 
upper right coefficient in Vn> ̂  is 

( npa 

hpa - 1 
Since p\hpa - 1, the units digit in the base p representation of hpa - 1 is not 
0 and again e + a carries are required in subtracting hpa - 1 from npa in base 
p. Thus, pe + a||i?. Finally, the bottom coefficient of V^j?2 is 

/(n + l)pa - 2 
B = 

\ hpa - 1 
Here, 

(n + l)pa - 2 = npa + pa - 2 

= Npe+a+ (p - i ) p a _ 1 + . . . + (p - i ) p + (p - 2 ) , 

/zpa - 1 = (h - l)pa + pa - 1 

= (h - l)pa + (p - l)pa_1 + -.. + (p - l)p + (p - 1), 
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and, s i n c e p - 2 < p - l 5 i t fo l lows t h a t t h e s u b t r a c t i o n of hpa - 1 from (ft + 
l ) p a - 2 n e c e s s i t a t e s e + a c a r r i e s . Thus, p e + a | | B and i t fo l lows t h a t pe+a\\D 
as c l a imed . 

To show t h a t pe+1 | | J , i t s u f f i c e s t o show t h a t pe+1 d i v i d e s each element i n 
t h e top row of V n > h and t h a t pe+1 e x a c t l y d i v i d e s one of t h e s e e l e m e n t s . The 
e lements in t h e top row of Vn h a r e 

npa \ 
L l < s < p a - l . 

\hpa - p a + s / 
Again npa = Npe + a where pj[N. Since 1 <_ s <. pa + 1, the base p representation of 
s must contain at least one nonzero digit in some position prior to the a-th. 
Thus, the subtraction of hpa - pa+ s from npa requires carries from the (e + a) 
column of the base p representation of npa and these must be at least e + 1 in 
number. Thus, pe + 1 divides every element in the top row of Vn h . Now consider 
the element 

( npa 

hpa - pa + pa_ 1 

Again, since npa - Npe + a as above, the carrying in the subtraction of (h- l)pa + 
p a _ 1 from npa is precisely from the e + a column to the a- 1 column for a total 
of exactly e+1 carries. Therefore, p e + 1 \\M and pe + 1 \\d as claimed. 

Note that for p = 3 and a = 2, V4 2 is such that 

d = 16,182 = 2 • 32 - 29 • 31 and D = 48,546 = 3d 

and this suggests that Theorem 6 might be considerably strengthened. However, 
d = 3 and £ = 32 in V4 5 x. Also, if n = /i = 1, p is a prime, and a is a positive 
integer, then d = p and Z? = pa by Theorem 2 of [2]. Thus, in a sense, Theorem 
6 is best possible for prime powers. 

In case m is composite but not a prime power, our best result is as follows. 

Tk&QJiQJM 7'- Let d, D9 and Vw ^ be as above with m composite and not a prime 
power. Then m\D. 

VKOOI'. Let pa ||T7Z SO that m - Mpa .and p|Af. Then the argument of Theorem 6 
can be repeated exactly to thow that pa\D. Thus, if 

m = fl Pa* 
i = l ^ 

is the canonical representation of m9 it follows that pa+ \D for each i and hence 
that m|Z> as claimed. 

Several examples suffice to show that Theorem 7 is also, in a sense, best 
possible. Consider the triangles Vn>^ with m = 6. That d is not necessarily 
equal to 1 even when 6](n is shown by V5j2 where d = 870. Also, the fact that 
m\n does not necessarily increase the power of m that divides d and D is shown 
by V6 x where d = 3 so that 6/fd and by Vg 2 where 6\D but 62'][D. 

4. THE p-INDEX TRIANGLE 

For a given prime p, let denote the exponent of the highest power of p 

that divides ( , I . The triangle of entries , 0 £ k <. ft, is called the p-7^ 

_7<_ 
index triangle of Pascalfs triangle and seems to have been studied first by 
K. R. McLean [3]. Quite apart from their attractiveness as kind of mathematical 
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art, the p-index triangles exhibit interesting patterns that reveal additional 
structure in Pascalfs triangle. Some of the more interesting of these proper-
ties are detailed in the following theorems„ 

IkdOKQM 8: Let p be a prime, then 

= 0 for \ <_m < p and 0 <_ k £ mpa - 1. mpa - 1 
k 

VKOOJI Since 0 £ k £ mpa - 1 and 1 £ m < p, 
a 

* = £ \vl 
i = 0 

with 0 <_ki < p for all i and fca < tfz. But 
a-l 

mpa - 1 = (m - l)pa + J] (p - l)pie 
i = 0 

Thuss there are no carries in subtracting k from mp° - I in base p and 

= 0 

as claimed. 
[ mp^ - 1 

k 

Tho.OK.2m 9: Let p be a prime, then ? I> 1 for I <. k < pa. Of course, 

[si - m - °-
Since 1 £ & < pa, 

a-l 

i =0 

with 0 £ ?ĉ  < p for all i and ki £ 0 for at least one :£. Therefore, there is 
at least one carry in subtracting k from pa and the result follows. 

ThdOKom 10: Let p be a prime and let m and n be positive integers with 1 £ 
m < p and 1 £ n < p. Then 

mp06 + np 
k 

Vnxjoi} Note t h a t 

0 f o r rpa <_ k <_ rpa + np° 1 , 0 £ P £ 777 

mpa + np° 

1 fo r p p a • + np0"'1 £ fc £ ( P + l ) p a
9 0 £ p < m* 

1 - wpa + (w - l ) p a - 1 + ] T (P ~ 1)P*-

Thus, if 0 £ & £ ?7?pa + np0-"1 - 1, the only time a carry will be required in sub-
tracting k from mpa + np®'1 - 1 in base p is when & has a digit /ca_1 > n in the 
a - l position. But this occurs precisely when 

np0-"1 <_ k < pa, or pa + np0"1 <_ k < 2pa, or 

or (m - l)pa + np0'1 <_ k < mp° as claimed. 

As in Pascal?s triangle modulo ps the p-index triangle naturally decomposes 
into an array of interesting subtriangles. Thus, we have the following re-
sults. 
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Th&Qti&n 17» Let p be a prime and let a >_ 1 be an integer. For integers n and 
k with 0 £ k <_ n, let Tnj^ denote the subtriangle of entries from the p-index 
triangle indicated by 

npa' 

kpa 

\n + l)pa - 1 

kpa 

in + l)pa - 1 

l(k + l)pa - Ij 

to mean that is added to Then, Tn^ k = . + ̂ 0, 0 w n e r e this is understood 

each element of TQ Q . 

VKOOfc Note that T0 0 is the triangle of entries 

I V L 0 <. s <. r < pa. 
Similarly, Tn ^ is the triangle of entries 

K::g .o i .<r< P . . 
Since s _£ r, the number of carries required in subtracting kpa + s from npa + r 
is just the number required in subtracting k from n plus those required in sub-
tracting s from r* That is 

np :::]• [1} * [:] 
Thus, T. n, k m + TQ 0 as claimed, 

CoK.otlciK.Lj 7 2: Consider the infinite array of triangles Tn>k, 0 <_ k <_ n, as in 
Theorem 11. The array consisting of the top vertex element of each of these 
triangles is just the original p-index triangle. Thus, the p-index triangle 
contains a p-index triangle which contains a p-index triangle, and so on with-
out end. 

k < 
Vftoo^i The triangle of top elements of Tn^k is the triangle L a L 
n. But, by Theorem 11, ' L P J 

0 < 

and the result follows. 
[ npa' 

kpa _ 
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