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SUMMATION OF SECOND-ORDER RECURRENCE TERMS
AND THEIR SQUARES*

DAVID L. RUSSELL
Bell Laboratories, Holmdel, NJ 07733

Consider the linear recurrence sequence {R,} defined by R, = PR,_, +qR,_,
for all n, where p and g are real. Initial conditions for any two consecutive
terms completely define the sequence. We are interested in finding sums of the

form
D R, and R}

x<ily <12y

for arbitrary values of p and g.

Theonem 1:
i 1 n=y
x<;<yRi - _m(an +Rn+l)]n=:c—l’ if p +q - 1 # 0. (l)

|
=M
&
]

o n=y
T l(an + n(gR, +-R1)):|n= , ifp+qg-1=0,qg+1#0. (2)

<12y et
o ey
2: R, = |5@, + R ) R ifp+g-1=0,g+1=0. (3)
- n=x-1
x<iLy -

The solution to the recurrence relation is determined by the roots of the
characteristic equation x? - px - g = 0 and by the initial conditionms.

If the two roots o and B of the characteristic equation are distinct and
different from 1, then the solution of the recurrence is R, = aa” + bR", where
a and b are constants determined by the initial conditions. The sum may be
calculated easily from the formula for the sum of a geometric series and from
the equation

(@ -1D@+a) =(@+qg - a. (4)

If o is a double root of the characteristic equation and o # 1, then the
solution of the recurrence is R, =aqa” +bno”, where again a and b are constants
determined by the initial constants. Multiplying (4) by a”/(o - 1), and taking
the derivative with respect to o gives the following equation:

w_p+tq- D [na™* - (n + 1)a”]
(@ - 1)*

the appropriate summation formula can be simplified with (5) to give (1).

Equations (2) and (3) apply to the degenerate cases where the roots of the
characteristic equation are (p - 1, 1) and (1, 1), respectively. The corre-
sponding summations have nongeometric terms in them and simplify to different
forms.

The results of Theorem 1 are well known, particularly equation (1) (see,
for example, [2] and [3]). Often, however, the need for separate proofs for
the cases of a double root and a root equal to 1 is not recognized. 1In the
special case that p = g = 1, equation (1) applies, and we have, as simple cor-
ollaries, formulas for the summation of Fibonacci and Lucas numbers:

qno™t + (n + 1a H (©))

*This work was performed in part while the author was with the Computer Sci-
ence Department of the University of Southern California in Los Angeles.
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> F=F,, -1, 2. L, =L, -3

12i<n 1<i<n

In Theoreml the results depend on the rootsof the characteristic equation.
If we consider the sum of the squares of the recurrence terms, the results de-
pend on the possible values for the products of two roots.

Theornem 2: Let {R,} satisfy
R, =pR

n

n-1 + q‘Rn—-Z

and let {S,} satisfy
’ Sn = pSn—l + qsn--z

for all » and all real p, g.

qz (l - q)R”S”+qu”Sn+l +qun+1Sn + (l _q)Rn+lsn+1 rTy
S, = s 6
x%Z;yRISI (C[+1)(p+Q‘l)(p-C['1'l) n=x-1 ©)
ifg+140,p+gq-1#0,p-qg+1#0.
2 n=y
> RS, =|—"—R,S, - (bS5, +dR,) + bdn , )
x<i<y g -1 q° -1 mmgo1
where b = (gRy + Ry)/(q + 1), d = (g8 +S1)/ (g + 1),
ifg+1#40,p+g-1=0,p-q+1#0,
2 n=y
> RS, = | RS, - ———(-1)"(BS, + dR,) + bdn : (8)
T<iLy q° -1 q° -1 n=x-1
where b = (gR, - B,)/(qg + 1), d = (g5, - S/ g+ 1),
ifg+1+#0,p+q-1#0,p-q+1=0.
RoSy + 05 RoSy = Hi 5, G
2 RS = 7 not— -3 _— (9
A AS n=x~-1
ifg+14#0,p+g-1=0,p-qg+1=0.
1 Q2n+2 P b 1 1 2n|*7Y (10)
R;5; = + (be + ad)n + (——) .
acizl:'iy ot (OLZ - l)ZOCCOCZ -1 be ) 1 -a?\ n=x-1
where o = 4(p + (p? - 4)1/2), and
a = (OCBl ‘Ro)’
b =a(@Ry - R)»
c = (aS; - S¢)>
d =a@Sy, ~ S51)>
ifg+1=0,p+g-14#0,p-g+1#0.
+ 1
S RS, = RS, + 5®,5, - R_ls_l)”—(”—i——)
x<ily ‘ n=y (ll)
+ 1)(2n + 1
+ (B, - R (S, - 5, )6( nt 1) ,
n=r-1

ifg+1=0,p+qg-1=0,p-qg+1+#0.
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nn + 1)
ZRiSi = [R Sy + 3RSy - R15.,) . (12)

ey nm+ )+ 1) "7
+ (R, + Ry (S, + 5, z ] ,

n=x-1

ifg+1=0,p+q-1#0,p-qg+1=0.

Proog: -The key relation, analogous to 4w, 1s the following, where o and B are
roots of x> - px - q =0, af # 1, a® # 1, B? # 1:

OLn+18n+l _ q2(1 - q)uan + pqa"6"+1 + pqa”+18”,+ a1 - Q)an+16n+l
aB - 1 @+DP-g+DEE+qg-1 '

This is proved by considering the following equation (recall that a? = po + gq
and B2 = pB + q):

(@B - 1)[g*(L - @) + pgB + pqo + (1 - g)oB]

= aBq2(1-q) + oB’pq + a’fpq + a?B*(1-q) - q°(1-q) -pgB - pqa - (1-q)aB
= aBg®(1-¢q) + a(pB + q)pqg + (po + q)pq + (pa + @) (PR + ) (1-q)

- q* (1- q) - pqB - pqo..—- (1-g)aB (14)

=oc8[q (1-q) +p? g+p 29+ p2(l-q) - (1-9]
= aBlp®(g+1) - (¢*~-1)(g-1)]
=af@+ D +qg-1D{E-q+1).
Now of = 1 is possible if and only if (1) p + g = 1 = 0 (the roots are p-1
and 1); (2) p - g+ 1 =0 (the roots are p + 1 and -1); or (3) ¢ + 1 = 0 (the
roots are reciprocals). Thus we can divide both sides of (14) by

@B - D@+ D{E+qg-D{E-q+1);
multiplying by o”R" gives (13).
In the remainder of the proof, we use o and B to represent roots of
2-px-q=0,
we use a, b, ¢, d to represent constants determined by initial conditions of
the recurrences, and we let

A=(@+1DP+qg-DPE-qg+1).

If omitted, the 1limits of summation are understood to be x and y; the right-hand
sides are to be evaluated at n =y and n = x - 1.
Suppose that o # B. Then the solutions to the recurrences are

R, = aa™ + b" and S, = ca™ + dR".

(13)

AZR,S; = AZ(aot + DR?) (cot + dB*)
AS(aca®® + ada®B® + beatB? + bdg?t)

li

p @l ad@B)"'t | be(a)"tt bd52”+2 )
o -1 aB - 1 g -1 B -

i

Since ¢ + 1'#0, p+qg~-1#0, andp—q+l#0,weknowthat0c2#1, B2 # 1,
and 0B # 1. Equation (13) can thus be applied to each term individually; when
terms are collected the desired result is obtained:
AIR;S; = q*(1 - @) [aca”a™ + ada™B” + beo™B” + bdR"B"]

+ pglacatan*t + adaB"*Y + beoB"*l + bdp"An*1]

+ pglaco*ta” + ado*1B" + bea*1B”™ + bdp"*1g"]

+ (1 - q)[acan+lan+1 + ada"+18"+l + b@&n+18n+l + bd6n+18n+1]

=q* (1 = QRySy + PGRuSn41 + PRu+18n + (L = @) By41 5041 -
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If o is a double root of x* - px - g = 0, then the sum takes the following
form:

ALR;S; = AZ(ao® + biat)(co? + diat) (15)
AZ(aca?t + adia®® + beio?t + bdi2a?t).

By taking various derivatives of (13), it is easy to show that the following
expressions hold:

AriatB? = g% (1 - @no"B ™+ pg(n + 1)a*B" ™ + pgna TR+ (1 - g) (n + 1)a"tigrtl
q* (1 = @na*B" +pgna™B"* + pg(n + 1o 1B+ (1 - g) (n + L)ar*ipt*l,

ALZ2a Bt = g?(1 - @)na™B"™ + pgn(n + 1)o"B"*! + pgn(n + 1)o"*p"
+ (1 _ q)(n + 1)20(.n+16n+1.
Substitution into (15) and simplification complete the proof of (6).

Equations (7-12) apply in various degenerate cases where the product of some
two roots of the characteristic equation is 1, and there is a nongeometric term
in the corresponding summation:

in equation (7) the roots are (o, 1), o # 1, -1;
in equation (8) the roots are (a, -1), o # 1, -1;
in equation (9) the roots are (1, -1);

in equation (10) the roots are (a, o™%);

in equation (11) the roots are (1, 1);

in equation (12) the roots are (-1, -1).

The results of Theorem 2 correct and complete the discussion of Hoggatt [1].
Note that if ¢ = 1 and p # O the following special cases are derived (see also

Russell [5]):
[Rn + Rn+l]n_y
> Ry =|-L—2*L ,
P

<1<y n=x-1
n=y
Z _ Hn+1sn + Rnsnﬂ.
R;S; = o
<1<y n=x-1

Nothing in the derivations has precluded the possibility that g = 0. In this
case the recurrences are first-order recurrences and the solutions are readily
seen to reduce to the appropriate sums.

The method of this paper can be extended to other sums involving products
of terms from recurrence sequences. The "most pleasing' sums derived are those
that can be expressed as linear combinations of terms '"similar" to the summand,
without multiplications by functions of n. Such sums, as in equations (1) and
(6), have been called standard sums in [4], where they are more precisely de-
fined. It seems clear from the proofs of Theorems 1 and 2 that such standard
sums do not exist if there is a set of values {o;|a,; is a root of the charac-
teristic equation of the 7th recurrence sequence in the product being summed}
such that Ila; = 1. When such a standard sum does exist, it can be found di-
rectly, without knowing the roots of the characteristic equations, by the method
described in [4]. The "key formulas" (4) and (13) were, in fact, first found
in this way.

The sums found are, of course, not unique. For instance, using the rela-
tion

Rut2Snss = P°Ryi1S,e1 T PGR, .S, * PGR,S, ., * q°R,S,>
equation (6) can also be written as follows:
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Z RS, =

i<y

pqz(}?nsrt+1 + Rn+1sn)+ (1 - q) [Rn+zsn+2+ (1 - p2)Rn+lSn+l "ty
A-9dp+qg-{E-qg+1)

n=x-1

ifg+14#0,p+qgq-1#0,p-qg+1#0. (16)

In closing, we note that the expressions of this paper can be used to de-
rive some identities among recurrence terms. As an example consider IR;S; with
R; and S; identical sequences, Ry =S5y =0, #;, =5, =1, p=1, qg=2+ g€, and
limits of summation 0 < Z < #n. As € - 0, the sum approaches a well-defined
value, and thus the right-hand side of (16) must also have a finite limit. Since
the denominator goes to 0, so must the numerator. We conclude that the follow-
ing must be true:

2 |¥=n  _ 2 _
[zsf?y}?“1 - Ry,ﬂ]yhl = 8R,R,,, - R%,, +1 =0
or
8Rpfps1 = (Rpp + 1) (Bpyp = 1)
ifp=1,q=2, R =0, R = 1.
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ITERATING THE PRODUCT OF SHIFTED DIGITS
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1. INTRODUCTION

Let ¢ be a fixed nonnegative integer. For positive integers »n written in
decimal as :

k
n=3 d; - 10°,
=0

with 0 < d_ < 9 and d > 0, we define
AN

\

k
fim) = I @ +dy.
=0

Also define f,(0) = 0. Erdds and Kiss [1] have asked about the behavior of the
sequence of iterates n, fy(n), f,(fy(n)),... . They noted that f,(120) = 120.
For t = 0, every such sequence eventually reaches a one-digit number. Sloane



