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In a pape r enti t led "On the Grea t e s t P r imi t i ve Div isors of Fibonacci and 

Lucas N u m b e r s " (henceforth r e f e r r e d to as P ) , published In The Fibonacci 

Quar t e r ly , Volume 1, Number 3g pages 15 — 209 I have proved for the F i b -

onacci number s F . and the Lucas number s L the following inequal i t ies : 

(4) F • > F 2
 ( n > 2 , x ^ 1) 

(5) F5x+]_ > 5 F ^ (x * 1) 

( 4 1 L > L2 (n > 2S x > 1) 
n x + i n x 

The aim of this note i s to strengthen (4), (5), and (4*) as follows: 

(A) F x + 1 > n F n
x (n > 2, x > 1) 

(B) L > L11"1 (n > 2S x > 1) 
n A » X n A 

F o r the proof of (A), (B) we shall use the well-known formulae 

, _ . _ 1 r n / 1 x n "ii-i 
( C^ F n = ^ 5 & " ^ Q' > 

1 + N/5 3 n+2 n+1 , n 
a = .—77—-— > 77 5 a' = or + a 

(D) L = a + (-1) a 

as well as the following inequalities: 

(E) ^"f-2"1 > n (n £ 3> 
(F) | ffn > F n (n > 2) 

(G) f » n > L n (n 2 2) 
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Proof of (E) (by induction). (E) is equivalent to 

(E?) 6 • 2 n > 7nfsf5 

(Ef) i s valid for n = 3. If (Ef) i s valid for n, then: 

6 • 2 n + 1 = 6 • 2 n + 6 • 2 n > 7iW5 + 7nNT5 > 7nNfs + 7^5 = 7^5(n + 1) . 

Proof of (F), (G) (by induction on n and n + 1), 

(F) i s valid for n = 2 , 3 , s ince 

^3 = a + a 2 = IJL^S + 3_^5 = 2 + ^ 5 > 2 + V4 = 4 = 2 F 8 . 

If 

« " > 2 F n • 

a > 2 F n + l • 

then a l so : 

n+2 n , n+1 0 . _, , _ v 0 _, 
a = a + « > 2 ( F n + F ^ ) = 2 F n + 2 

(G) may be proven analogously, noting that , by a rguments employed in the 

proof of (F), (G) i s valid for n = 2 , 3 , s ince 

2 6 3 + N/~4 Q T 

* y 5 ' ~2— = 3 = L2 . 

f a* > § - 4 > 4 = L3 . 

Proof of (A). 

(1) Fo r n = 2 we have , by (C): 
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„ 1 r 2X +1 „ - 2 x + 1 i ^ 5 r 2 x + 1 - 2 x + 1 i 2 r 2 X + 1 - 2 X + 1 T 
F

2x+1 = V5 t a " a > = T {a " a > > 5 ^ _ a > > 

*X+1)} = | { ^ x + 1 - 2 + c-2X+1} = 2 [ ^ ( ^ _ c v - 2 x ^ 2
 = 2 F 2 x lKx + 1-(2 

(2) For n ^ 3 we have, by arguments employed in the proof of (F), 

a n X + 1 => a** = ( a 3 / > 43 > 7 , 
i. e e , 

- T - > i . 

Hence, by (C), (E): 

V i - ^ x + 1 - <-i>n«-nX+1> > A f ^ 1 - ^ } = 
- i - . f ^ x + 1 = - i . f . 2 n ^ ) n >nFn

x . 
"5T " V — 1 "5C—? 

Proof of (B). For n ^ 2 we have (n - l)/(n - 1) = n + n + • • • 
+ 1 ^ n*"1 ^ (n - l ) * " 1 , whence: n x - 1 ^ (n - l ) x . Hence, by (D), (G), and 

x+1 1 
noting that (by arguments employed in the proof of (A), part (2)) -a~n > - „• 
we have: 

T nx+l , / 1xn _nx+l . nx+l -nx+1 . nX+1 1 ̂  
nx+i / 

nx+l 1 nx+l 2 . nx.n . 1 , nx.n nx-l / nx\n~l -, 

a(n-l)x(anx)nrl ^ n - l ^ n - l . > Q p n - l ^ n - 1 = 

\ 5 / nx 

Remark. In proving the inequalities (A), (B), I was assisted by my son, 
Moshe9 who also noted that (B) cannot be strengthened, analogously to (A), to: 
L , > L n . Indeed, for n = 4, x = 1, we have: L 2 = 2207 < 2401 = 74 

nx+l n x 4 

= 4 

(H) 

It may also easily be seen, by (C), (D), that 

lim Fnx+1 
x-̂ -oo n n F 

nx 
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l im L nx+1 

which shows that , for any given n ^ 2, t he re ex is t s an X such that , for any 

x > X, F > n F n , L > L 1 1 ; 1 . 
n x + i n x n x + i n x 

By means of (A), (B), and employing the s a m e reasoning as in the proof 

of (3),5 (3*) in P , we have, for the g rea t e s t p r imi t ive d iv isors F? of F and 

L! of L , the following genera l ized Inequal i t ies: 

(J) F* > pF9'1 ( p — a p r i m e + 5, p ^ 2, x > 1) 
pX-f-i p X 

(K) F^+ 1 > Fjx ( x ^ l ) 

(L) L ?
x + 1 > L P ~ 2 (p — a p r i m e , p > 2, x ^ 1) . 

P p" 

SOME CORRECTIONS TO VOLUME 1, NO. 3 

Page 18: In Equation (4*), r ep lace n > 2 by n > 2, 

The l a s t l ine should read: 

. . . for any posi t ive in teger n > 2, n > 2, respec t ive ly . 

Page 17: On l ine 6, add > to read : 

1 + /\/5 1 + »f4: = 3 
a 2 " > 2 " 2 

Line 8, Equation (7), should be c o r r e c t e d to read : 

3 
a y 2 

On Line 11 , add = to r ead : 

P = 1 - ^ 5 y 1 - N / 4 = 1 
^ ' 2 " 2 ""2 


