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In 1202, a r e m a r k a b l e man wrote a r e m a r k a b l e book. The 
man was Leonardo of P i sa , known as Fibonacci , a br i l l iant man in an 
in te l lec tual w i l d e r n e s s . The book Liber Abacci (The Book of the 
Abacus) introduced Arabic numbers into Europe . 

In the book was a seemingly s imple li t t le p roblem: 
"A pa i r of rabbi t s a r e enclosed on. a l l s ides by a wall . To find 

out how many p a i r s of rabbi t s wil l be born in the cou r se of one year , 
it being a s s u m e d that eve ry month a pa i r of rabb i t s will produce 
another pa i r , and that rabb i t s begin to bear young two months after 
the i r own bi r th . " 

On the m a r g i n of the manusc r ip t , Fibonacci gives the tabulation: 

A pa i r 
1 

F i r s t 
2 

Second 
3 

Third 
5 

Four th 
8 

Fifth 
13 

Sixth 
21 

Seventh 
34 

Eighth 
55 

Ninth 
89 

Tenth 
144 

Eleventh 
233 

Twelfth 
377 

He sums up his calculat ions 

149 
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". - .we see how we a r r i v e at it . We add to the f i r s t number 
the second one* i . e M 1 and 2; the second to the third; the thi rd to the 
fourth; the fourth to the fifth; and in this way, one after another , until 
we add together the tenth and eleventh and obtain the total number of 
rabbi t s — 377; and i t i s poss ib le to do this in this o rde r for an infinite 
number of months . " 

There the m a t t e r lay for 400 y e a r s . In 1611, Johann Kepler 
[ 1 ] of a s t ronomy fame, a r r i v e d at the s e r i e s 1, 1, 2, 3, 5, 8, 13, 
21, . . . There is no indication that he had a c c e s s to one of F ibonacc i ' s 
hand-wr i t t en books (The Liber Abacci was not published until 1857 [2] ) . 
At any ra t e , in d i scuss ing the Golden Section and phyiiotaxis , Kepler 
wrote : 

"For we will always have as 5 is to 8 so is 8 to-13, p rac t i ca l ly , 
and as 8 is to 13, so is 13 to 21 a lmos t . I think that the semina l fac-
culty i s developed in a way analogous to this propor t ion which pe rpe t -
uates itself, and. so in the flower is displayed a pentagonal standard^ 
so to speak. I let pa s s al l other cons idera t ions which might be ad-
duced by the m o s t delightful study to es tab l i sh this t ru th . ,f 

Simon Stevens (1548-1620) a l so wrote on the Golden Section. 
The editor of his works , A. G e r a r d [3] a r r i v e d at the formula for 
express ing the s e r i e s in 1634 

U , o = U ,, + U n+£ n+1 n 

A hundred y e a r s mus t p a s s before the p rob lem is again con-
s ide red . In 1753, R. Simpson [4] der ived a formula, implied by 
Kepler 

u , u ,, - u2 = (-i)n+1 

n-1 n+1 n ' 

A secondhundred y e a r s p a s s by and the s e r i e s again comes under 
study. In 1843, J. P . M. Binet [5] de r ives an analyt ica l function for 
de te rmin ing the value of any Fibonacci number 

2 n ^ 5 U a = (l + ^ / 5 ) n - ( I - sf5)n 
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The following year , B. Lame [6] f i r s t used the s e r i e s to solve 
a p rob lem in Theory of Number s . He invest igated the number of op-
e ra t ions needed to find the GCD of two in tegers (it does not exceed 5 
t imes the number of digits in the sma l l e r number ) . 

Two y e a r s la ter , E. Catalan [7.] der ived the impor tan t formula 

n -1 _ n 5n(n- l ) (n-2) , 5 2 n(n- l )(n-2)(n- 3)(n-4) J 
L u n - T + - - _ - - _ _ +_^™T___riT____„ + . . . 

By now, the s e r i e s had rece ived enough attention to dese rve a 
name, It was var ious ly called the Braun Se r i e s , the Sch imper -Braun 
ser ies^ the Lame s e r i e s and the Gerhard t s e r i e s . 

A. Braun [8] , applied the s e r i e s to the a r r a n g e m e n t of the 
sca les of pine cones , Schimper is completely unknown. Lame' 'has 
a l r eady been mentioned, but the name has been credi ted to Fa ther 
B e r n a r d Lami, a con tempora ry of Newton and the d i scove re r of the 
pa r a l l e l og ram of fo rces . Gerhard t is probably a mis - spe l l i ng of 
Gira rd . 

Edouard Lucas [20] , who dominated the field of r e c u r s i v e 
s e r i e s during the per iod 1876-1891 , f i rs t applied F ibonacc i ' s name 
to the s e r i e s and it has been known as Fibonacci s e r i e s since then. 

About this t ime , 1858, Sam Loyd claimed to have invented the 
checkerboard paradox [9 ] . It is f i rs t found in pr in t in a German 
journal in 1868 [10] . Today it s eems p roper to call it the Ca r ro l l 
Pa radox after Lewis Ca r ro l l [11] (Char les Dodgson, 1 832-93) who was 

quite fond of it. 
Before the century ended, a number of famil iar re la t ions were 

found. Among them: (V is the nth Lucas number . ) 
1876, E, Lucas [12] 

u2 , + u2 - u7 ., 
n - 1 n Zn-t-1 

v" = vt: - 2 
4n 2n 



152 FIBONACCI NUMBERS: THEIR HISTORY THROUGH 1900 Apr i l 

V4n+2 = U L + 1 + 2 

un + p = un~p (u+i)p 

un"p = un (u-i)p 

1886, E. Catalan [13] [14] 

U ,1 U . . . - U 2
+ . = ( - l ) n + 2 " P U n + l - p n+l+p n+1 p 

U2 - U U x = ( - l ) n " p + 1 U . 
n n -p n+p n-1 

1899, E. Landau [15] re la ted the s e r i e s 

"i (1 /U 9 ) n=l ' 2n 

to L a m b e r t ' s s e r i e s and 

to the theta s e r i e s . n~^ 
A complete l ist can be found in Vol. 1 of Dickson 's "His tory of 

the Theory of Numbers . " 
This smal l h i s to ry ends a r b i t r a r l y at 1900 for the p r egma t i c 

r ea son that a m e r e l ist ing of twentieth century developments would fill 
a modera te ly sized volume. It would be in te res t ing to see F ibonacc i ' s 
r eac t ion to the applicat ion of his rabbi t p roblem to such d ive r se sub-
jec t s as mus i ca l composi t ion [16], p r o c e s s opt imizat ion [17] , e l e c -
t r i c a l network theory [18] , and genet ics [19] . 
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