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1. INTRODUCTION 

In this paper, we obtain generalizations of some problems which have appeared 
in recent years in The Fibonacci Quarterly. 

Throughout {Fn} denotes the Fibonacci sequence defined by 

F1 = F2 = 1 and Fn = Fn_1 + Fn_2 (n > 2) 

and {Ln} denotes the Lucas sequence defined by 

L1 = 19 L2 = 39 and Ln = Ln-i + Ln-z (n > 2). 

Sequences {hn} 9 {/n}, and {in} are defined as follows9 respectively: 

h1 = p9 h2 = bp + cqs hn = bhn_1 + ohn_z (n > 2) 

A - 1» A - *>. /« - Vn-l + ̂ n-2 ^ > 2) 
jlx = &9 &2 = Z?2 + 2<?9 £„ - bin^1 + c £ n _ 2 (n > 2) 

(2?, cs p9 q being integers). 

Note that for b = e = p = 19 g = 0 we will have hn = /„ and for b = <2 = 1 we will 
have /„ = Fn and £n = in. 

The following relations will be used throughout: 

^ n p - s $ *n r - 8 '' 

>Cn = P + S s ^ n ~ ^Jn- l """ J"n+1» 

J2w ~ Jn^n9 * 2n ~ ~~° J~2n3 

where 
p H- s = 2?9 P S = - C 9 £ = p - sq9 and m = p - rq. 

2. GENERALIZATIONS 

No proofs of the following generalizations are given9 since they follow those 
of the original statements very closely. The original statements are referenced 
in parentheses9 giving the Problem number9 Volume number, and Year in which they 
appeared in The Fibonacci Quarterly. 

H-263 (15, 1977): %\mn E kc2mn (mod 1%). 

E-279 (17, 1979): 

( ^ fn + Sr ~ 02rakr + C2n{fn + hr - C^fn+Zr) - C12rfn = f2rhPferf*n+12V 

\D) Jn + Br+3 ° K)C^r+ 2 ° JKSn + hr+2 U Jn + 2r+lJ u -> n 

" ? 2r+l?l*r + 2 ^ 6 r + 3«>4n+12r+6 * 

LSAfMA 2 : A3m - (-C)mAm = (b2 + ho)fmf2m. 

LEMMA 2: {b2 + 4c) ( # - a 2 " " 2 8 / ? ) = fu_„fu + v [£„_„*„+„ - 4 ( - e ) " ] . 

LEMMA 3.- <-<?)%„, + C2m = (-0)mf3m/fm. 
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B-271(b) (12, 1974): If k is even, then lk - 2ek divides 

h(n+2)k ~ 2h(n+l)k°k + hnkCk. 

(This g e n e r a l i z a t i o n was sugges ted by t h e r e f e r e e . ) 

B-275 (13, 1975) : hmn - V * w ( » - i > " <-<*)Wfcw<»- 2) • 

B-277 (13, 1975)_: JL2n ( 2 f c + 1 ) = C2nH2n (mod f 2 n ) . 

B-282 (13, 1975): I f c = d2 (d > 0 ) , then 2dlnln + l , \^+i'oZn\» a n d c £ 2 n + £ 2 n + 2 
a r e t h e l e n g t h s of a r i g h t - a n g l e d t r i a n g l e . 

B-294 (13, 1975): hnlk + hkln = 2hn+k + q(-c)kln_k. 

B-298 (14, 1976): (b2 + hc)hln+ sh2n_ 3 = p 2 £ 4 n + 2cpqlhn_ x + q 2 o 2 ^ n . 2 + ^ 2 n ' 3 £ 6 , 
where e = p 2 - Z?p^ - oq2 = 9m. 

B-323 (15, 1977): h2
n + t - (-e)*/*2 = ft(ph2n + p + ^ 2 n + t - i ) -

^ 3 4 2 q 5 , 1977): 2c3 Z^^ + fc3&3
H + 6 g £ 2

+ 1 £ n - 1 • (£ n + 1 + g ^ . , ) 3 , 

B-343 (15, 1977): £ [c/ 2 f c_ xf2(n.fc) + 1 - f2kf2(n-k + i)] " ^ 2 j 4 J ^ " & n £ 2n + i) • 

B-354 (16, 197*;.- /z 3
+ k - ^3/z3 + ( - c? ) f c f e n . k [ e 2 k ^ . f c + 3/zn+k/zn£k] = 0. 

JB-355 (16, J 9 7 ^ : ^ 3
+ / c - iskh3

n + (~c)3kh3
n_k = 3e(-c)nKfkf2k-

B-379 (17 , 1979;.- / 2 n = n b ( - " g ) n _ 1 [mod (Z?2 + 4c) ] fo r n = 1, 2 , . . . . 
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In examining t h e g a m b l e r ' s r u i n problem (a s imple case of random walk) w i th a 
f i n i t e number of p o s s i b l e s t a t e s , we were led to c o n s i d e r a sequence of l i n e a r r e -
c u r r e n c e r e l a t i o n s t h a t d e s c r i b e t h e number of ways t o r each a g iven s t a t e . These 
r e c u r r e n c e r e l a t i o n s have a sequence of po lynomia ls as t h e i r a u x i l i a r y e q u a t i o n s . 
These polynomials were unknown to u s , bu t proved e x c e p t i o n a l l y r i c h i n i d e n t i t i e s . 
We g r a d u a l l y n o t i c e d t h a t t h e s e i d e n t i t i e s were analogous t o well-known i d e n t i t i e s 
s a t i s f i e d by t h e F ibonacc i numbers. A check of back i s s u e s of The Fibonacci Quar-
terly then r e v e a l e d t h a t our sequence of po lynomia ls d i f f e r e d only i n s i g n from 
t h e F ibonacc i po lynomia ls s t u d i e d i n [ 1 ] , [ 5 ] , and s e v e r a l o t h e r p a p e r s . 

In t h i s pape r we show, u s i n g graph t heo ry and l i n e a r a l g e b r a , how t h e g a m b l e r ' s 
r u i n problem g i v e s r i s e t o our sequence of po lynomia l s . We then compare our p o l y -
nomials t o t he F ibonacc i polynomials and e x p l a i n why t h e two sequences s a t i s f y 
analogous i d e n t i t i e s . F i n a l l y , we use t he P a s c a l a r r a y s i n t r o d u c e d i n our a n a l y -
s i s of g a m b l e r ' s r u i n t o g ive a nove l proof of t h e d i v i s i b i l i t y p r o p e r t i e s of our 
sequence . 


