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DEFINITIONS 

The Fibonacci numbers Fn and the Lucas numbers Ln satisfy 

1 

1. 

T/5)/2, respectively3 of 

PROBLEMS PROPOSED IN THIS ISSUE 

B-526 Proposed by L. Cseh and I. Merenyi, Cluj, Romania 

Find all ordered pairs (ms ri) of positive integers for which there is an 
integer x satisfying the equation 

FmFn^ ~ lFm(Fm> F n) + FnF{m,n)^ + iFm. Fn)F(m,n) = 0 . 

Here (2% s) denotes the greatest common divisor of v and s. 

B-527 Proposed by L. Cseh and I. Merenyi, Cluj, Romania 

Do as in B-526 with the equation replaced by 

(Fm, Fn)x2 - (Fm + Fn)x + F(mtn) = 0. 

B-528 Proposed by Herta T. Freitag, Roanoke, VA 

For nonnegative integers ns prove that 

2tt + l 

T 2n + l ) F
2 = 5nF 

and 
n + 2 n+1 t f n ' ^0 U s r 1 

Ln + 2 = Ln+1 + Ln> L0 = 2> Ll = 

Also, a and 3 designate the roots (1 + v5)/2 and (1 
1 = 0. 
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B-529 Proposed by Herta T. Freitag, Roanoke, VA 
In ,n . 

For positive integers ft, find a compact form for Y] f . )F? 
; = o W * + 1 

B-53Q Proposed by Michael Eisenstein, San Antonio, TX 

Let a = (1 + v/5)/2. For n an odd positive integer, prove that the contin-
ued fraction 

Ln + i—j = an. 
L n ~r -= — 

B-531 Proposed by Michael Eisenstein, San Antonio, TX 

For n an even positive integer, prove that 

Ln 1 = 0tn. 

SOLUTIONS 

Even Sum of Fibonacci Products 

B-502 Proposed by Herta T. Freitag, Roanoke, VA 

Given t h a t h and k a r e i n t e g e r s wi th h+ k an i n t e g r a l m u l t i p l e of 3 , prove 
t h a t FkFk_hmml+ Fk+lFk_h i s even. 

Solution by Bob Prielipp, University of Wisconsin-Oshkosh, WI 

L e t t i n g t = ft + 1 in ( J 2 6 ) — s e e p . 59 of Verner E. Hogga t t , J r . , Fibonacci 
and Lucas Numbers (Boston: Houghton M i f f l i n Co . , 1969)—yie lds t h e fo l lowing 
i d e n t i t y : 

Fm+t = Fm+lFt + FmFt_Y. (*) 
Thus, 

Fk
Fk-h-i + Fk+iFk-h = Fk+iFk-h + FkFk-h-i 

= F3k-(h+k)' 

Because /J + H s a multiple of 3, 3 divides 3k - (h + k) , hence 2 = F3 divides 
F3k-(h+ky 

Also solved by Wray G. Brady, Paul S. Bruckman, L. Cseh, M. J. DeLeon, C. Geor-
ghiou, Walther Janous, L. Kuipers, Graham Lord, I. Merenyi, Bob Prielipp, Heinz-
Jurgen Seiffert, Sahib Singh, and the proposer. 

Even Perfect Numbers Mod 7 

B-503 Proposed by Charles R. Wall, Trident Technical College, Charleston, SC 

Prove that every even perfect number except 28 is congruent to 1 or -1 mod-
ulo 7. 
274 [Aug. 



ELEMENTARY PROBLEMS AND SOLUTIONS 

Solution by L. Cseh, Cluj, Romania 

It is well known that every even perfect number is of the form 

2p"1(2p - 1), 

where p is prime and so is (2P - 1). Every prime, except 3 is of the form 

3k + 1 or 3k + 2. 
Thus, we have 

23k(23k+i - i) = i . (i . 2 - 1) = 1 (mod 7) 

23k+i(23k+2 . i) = 2 . (4- 1) = 6 = -1 (mod 7), 

and because for p = 3 we obtain 28, the proof is complete. 

Also solved by Paul S. Bruckman, M. J. DeLeon, Herta T. Freitag, C. Georghiou, 
Walther Janous, H. Klauser and M. Wachtel, L. Kuipers, Graham Lord, I. Merenyi, 
Bob Prielipp, Sahib Singh, and the proposer. 

Triangular Fibonacci Numbers Mod 2k 

B-50^ Proposed by Charles R. Wall 

Prove that if n is an odd integer and Fn is in the set {0, 1, 3, 6, 10, ...} 
of triangular numbers, then n = ±1 (mod 24). 

Solution by Leonard Dresel, University of Reading, England 

If Fn is in the set of triangular numbers, then there is an integer k such 
that Fn = hk(k + 1 ) , so that SFn + 1 = (2k + l)2 is a perfect square. Reducing 
this modulo 9, we have 

SFn + 1 is a quadratic residue modulo 9. 

The Fibonacci sequence reduced modulo 9 is periodic with period 24, and for the 
odd integers n, we have 

n = 1 3 5 7 9 11 13 15 17 19 21 23 (mod 24) 

F n E 1 2 5 4 7 8 8 7 4 5 2 1 (mod 9) 

8Fn + l E 0 8 5 6 3 2 2 3 6 5 8 0 (mod 9 ) . 

By squaring the numbers 0, 1, 2, 3, and 4, we find that the quadratic residues 
modulo 9 are 0, 1, 4, 7. Hence, the only quadratic residue in the sequence for 
8Fn + 1 (mod 9) is the number 0, and this occurs only for n = ±1 (mod 24). 

We can extend this result in various ways. For example, by reducing the 
sequence SFn + 1 modulo 11, we obtain the further condition n E ±1 (mod 10). 

Also solved by Paul S. Bruckman and the proposer. 

Sum of Lucas Products 

B-505 Proposed by Herta T. Freitag, Roanoke, VA 

Let 
N = N(m, a) = Lm_ laLm - Lm+l_2aLm_l9 

where m and a a r e p o s i t i v e i n t e g e r s . Prove or d i sp rove t h a t N i s : (a) always 
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(exactly) divisible by 5; (b) never divisible by 3, 4, 6, 7, 8, 9, or 11; and 
(c) divisible by 10 if a E 2 (mod 3) . 

Solution by C. Georghiou, University of Patras, Greece 

When Ln is replaced by a n + 3n» w e g e t 

^ = Lm-2aLm " Lw+ I-2A-I = f"1^ (L2a + L2a-2^ = ("̂  5F2a-l' 

therefore, 7\7 is divisible by 5. 
Next, we take the following properties of the Fibonacci numbers as known 

(otherwise, they can easily be established): 

Fn E 0 (mod 3) iff n E 0 (mod 4) (1) 

Fn E 0 (mod 4) iff n = 0 (mod 6) (2) 

Fn E 0 (mod 7) iff n E 0 (mod 8) (3) 

Fn E 0 (mod 11) iff n = 0 (mod 10) (4) 

Fn E 0 (mod 2) iff w = 0 (mod 3) (5) 

Now (1) => N $ 0 (mod 3 or mod 6 or mod 9 ) , 
(2) => N t 0 (mod 4 or mod 8 ) , 
(3) => tf £ 0 (mod 7) , 
(4) =>/!/ 2 0 (mod 11), and finally, 
(5) =>21/ E 0 (mod 10) iff 2a - 1 E 0 (mod 3) or a = 2 (mod 3) . 

Also solved by Paul S. Bruckman, L. Cseh, M. J. DeLeon, Walther Janous, L. Kui-
pers, Graham Lord, Bob Prielipp, Sahib Singh, and the proposer. 

Fibonacci and Lucas Convolutions 

B-506 Proposed by Heinz-Jurgen Sieffert, student, Berlin, Germany 

Let Gn = (n + 1)F„ and # n = (n + l)Ln. Prove that: 

fa} V n C - (n + 2 ) ( n + 3 ) 77 -1-77 + J - F . 

fM V f/ff _ (n + 2) (n + 3) 2 4 
fc = 0 D J J 

Solution by Paul S. Bruckman, Fair Oaks, CA 

Let 

[7(a0 = x/(l - x - x2) = — ( ( 1 - o x ) " 1 - (1 - ^x)'1) = E ^ n * n ; ( D 
/ 5 n = 0 

00 

V(x) = (2 - x)/(l - x - x2) = P + Q = T, Lnxn, 
n = 0 

where 
P = (1 - o r ) - 1 and Q = (1 - 3 ^ ) _ 1 . 

A l so , l e t 
4(a?) = 0rt7(ar)) ' , B(x) = 0c7(a r ) ) ' . (2) 

Then 

MX) = Z ^ X " ' S W = X) ^n**- (3) 
n = 0 n = 0 
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Note t h a t (xP) ' = P 2 , (xQ) ' = Q2. Hence, 

A(x) = 5 _ 1 / 2 (P 2 - g 2 ) 5 5 (x) = P 2 + £ 2 . (4) 

R(x) = Ph + g 4 , S(x) = P 2 £ 2 . (5) 
Let 

Then 

n = 0 x J ' 

R(°°) = ^ E ( n + 2 ) ( n + 3)#nxn. (6) 
Al s o , 

hence , 

,.2\-2 - LfTJfry,\ . T/^^^2 

Now, 

£(a?) = (1 - x - xz)~z = |-(£/(a?) + V(x))d 

= | { ( 1 + 5~ 1 / 2 )P+ (1 - 5 " 1 / 2 ) ^ } 2 = } { a 2 P 2 + 2PQ + &2Q2}; 

5S(x) = a 2 P 2 + U(x) + F(x) + 3 2 « 2 

= ]T (n + DLn + 1xn + — (aP - 3® 
n = o / 5 

= E « ^ + l ) £ „ + 2 + 2 Fn + l > ^ n 
n = 0 

= E {(^ + 3)Ln + 2 + 2(Fn + 1 - Pn + 2 ) } ^ , 
n = 0 

5(x) = ± £ ( 5 B + 2 - 2Fn + 3 )x" . (7) 
J n = 0 

W(x))2 = ( E GnxnY = E ^ E ^ ^ . f e ; 
\n = 0 / n=0 k=0 

Likewise , 

a l s o , however, from (4) and ( 5 ) , 5(A(x))2 = R(x) - 2S(x). Using (6) and ( 7 ) : 

£Q
GkGn-k = 3 0 ^ + 2 H n + 3 ) ^ " A ( ^ + 2 " 2^+3>> 

or 
jt„GkGn_k - ±{n + 2){n + 3)Hn - ^ i ? n + 2 + ^ n + 3. (8) 

( t Bnx«Y = f > " £ EkEn_k = R{x) + 2S(x) 
\n = 0 I n = 0 fc-0 

= 4 £ > + 2) (n + 3)ffn*n + | E ( ^ + 2 " 2Fn + 3 ) * » , 
O n = 0 Jn=0 

SO 

t ¥ n - r ^ n + 2 ) ( n + 3 ) f f " + I f f » + 2 " J ^ n + 3- <9 ) 

Also solved by C. Georghiou, L. Kuipers, J . Sizcfc, Gregory Wulczyn, and the pro-
poser. 

(B(x))2 
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Mixed Convolution 

B-507 Proposed by Heinz-Jurgen Sieffert, Berlin, Germany 

n 
Let Gn and Hn be as in B-506. Find a formula for ^ ^k^n-k similar t o t n e 

formulas in B-506. k=0 

Solution by Paul S. Bruckman, Fair Oaks, CA 

We follow the notation introduced in the solution to B-506, and note that 

A(x)B(x) = E ( ? / • f; Hnxn = f ^ Z W - f e ' 
w = 0 n=0 n=0 k=0 

On the other hand, 

A(x)B(x) = 5 - 1 / 2 (Pk - Qh) = 5 " 1 / 2 E (n t 3)(un - &n)xn 

= l E ( ^ + 2 ) (n + 3)Gnarn. 
0 n = 0 

Hence, 
%GkHn_k = | ( n + 2 ) (« + 3)ffn. 
fc = 0 u 

Also solved by C. Georghiou, L. Kuipers, J . Suck, Gregory Wulczyn, and the pro-
poser . 

•<>•<>• 

(Continued from page 272) 
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