
ON CERTAIN SERIES OF RECIPROCALS OF FIBONACCI NUMBERS 

BLAGOJ S. POPOV 
University of Skopje, Skopje, Makedonia, Yugoslavia 

(Submitted December 1982) 

The purpose of this note is to give an alternative, shorter proof of a re-
sult of R. P. Backstrom concerning the sums of series whose terms are recipro-
cals of Fibonacci numbers, a problem on which much interest has recently been 
focused. 

Furthermore, the method used here gives the possibility of obtaining new 
formulas related to the Fibonacci and Lucas numbers. 

In fact, we establish in explicit form series of the form 

^ 1 ^ 1 _ y 1 
n = 0 ^an + b ~ G n = 0 ^ an + b ^cn + d n = 0 jp 2 + JP 2 

for certain values of a, b, o9 and 
We star t with the identity 

Fn - Fn_rFn+r = (-l)n-rF2
r, (1) 

which, by replacing n with (2n + l ) r + 2k9 becomes 

F2(n+l)r+2k ~ Fr = F2nr + 2k F2(n+ l)r+ 2k' 
Then 

1 F(2n+l)r+2k r 
F2(n+l)r+2k + Fr F2nr+2k F2(n+ l ) r + 2k 

with ~(r - 1) < 2k < r - 1. 
Since 

LrF2(nr+k) + r F2(nr+ k) + 2v + ^ * ' F2(nr+k)> 

from (3) we obtain 

1 = 1 / 1 + (~Dr \ ^ 
F(2n+l)r+2k + Fr Lr\F2nr+2k F2(n+l)r+2k/ F2nr+ 2k F2(n+ l)r+ 2k 

Now, consider the sum 
N 1 

SN(r9 k) = £ -= T-^r-
N n = 0 *(2n+ l)v+2k ^ *r 

_ i f / i , (-Dr \ rpf> i 
Lrn = 0\F2nr+2k F2(n + l)r+2k' *n = 0 F2nr + 2k F2(n+ l)r+: 

n = 0\F2nr+2k F2(n+l)r+2k' F2k F 2 ( f f + l ) r + 2k 

for an odd integer r, and 

1 1 jL2k L2(N+l)r+2k 

(2) 

(3) 

(4) 
„ = 0 F2nr+2k F2(n+l)r+2k 2F2r \2k F2(N+ l ) r + 2k J 

which follows from the identity 
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J2k 

F. 2k 

J2k+ 2r 

- 2k + 2v 

2F Ar 2r 

F2k F2k + 2v 

i f we s u c c e s s i v e l y r e p l a c e k by k, k+r, . . . , k + Nv, and sum t h e ob t a ined equa-
t i o n s . 

T h e r e f o r e , 

SN(r, k) 

Using t h e r e l a t i o n s 

1 I2 - L2k 
2L, -2k 

L2(N+l)r+2k 2 

™2(ff + l)r+2k 

- L2
n - 2 ( - l ) " = 5F2

n + 2 ( - l ) " , 

i t fo l lows t h a t ( fo r odd i n t e g e r r) 

s
N(r> &) = E n = 0 F(2n + l)r+ 2k + Fr 

L e t t i n g N •+ °°, we have 

S(r, k) = £ 
n = 0 ™(2n+l ) r+2fe + ^ 2 

\ % + l ) r + f e *kll 

/L(N+l)r+k Lk\ / 

\F(N+l)r+k Fk II 

2LpS N-even, k-even, 

N-even, k-odd, 

N-odd, &-even, 

N-odd, k-odd. 

(5) 

(5a) 

fc-odd. 

Summing S(r, k) over the r values of k finally yields 

=, 1 S(r) 
n = 0 ^2n + 1 + Fr 

W5 
2L' 

by using the relations F_n = (~l)nFn and L_n = (~l)nLn. 

Following arguments similar to the above for obtaining (5), we have 
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\(r> k) 
N 1 = £ 1 

n = 0F(2n + l ) r + 2k " ^2? 

1 / 2 + £2A, ^2(/17+l)p+2fe + 2 \ 

2 L \ F2k F2(N+l)r+2k J 

(6) 

(con t inued) 
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5FV 

5F, 

J(N 

5Fk 5F(N + 

2Lr, N-even, k-odd, 

N-even, k-even , 

Lk L(N 

Fk F(N+ 

'+l)r+k\ I 
)/2Lr9 

+ l)r+k )l 

l)r+k\/ 
)/2Lr9 N-odd9 k-odd, 

l)r+k II 
+ l)r+k\ I 

)/2Lr, 
+ l)r+k// 

N-odd, k-even. 

whenever k > 1 and r i s odd. 
Comparing (5) and (6) by l e t t i n g k be even, k = 2s i n ( 6 ) , and k be odd, 

k = It - 1 in ( 5 ) , we see t h a t i f r i s odd, t hen 

SN(r, 2s) = SN(r, 2t - 1 ) . 
Similarly, with k = 2s - 1 in (6) and k = 2t in (5), we have, for r odd, that 

5^(r, 2s - 1) = SN(r, 2b). 
Letting N -> °°  in (6), we have, for odd r, that 

5(p, fc) = Z 
n = 0 F2(n + l)r+ 2k r 

LJL _ /5 j12LV , A: -odd, 

(6a) 

£-*) /l)/2Lr, k-
l\FK 

Comparing (5a) and (6a) as above, we see that if k = 2s - 1 in (6a) and k = 2t 
in (5a), then for r odd, 

£(r, 2s - 1) = S(r, 2t) , 

while k = 2s in (6a) and /c = 2t - 1 in (5a) yields 

~S(r, 2s) = -S(P, 2t - 1), if r is odd. 

We note that, from (1), it follows that 

2F„ 
1 1 

F2(n+l)+r Fr F2(n+I) + r + Fr F2(n + 1) + 2rF2(n+ 1) 

Hence, we have 
iv -j ^ 1 ^ 1 

n = 0 F2(n+ l) + r ~ Fr « = 0 ^2(n + l ) + p + Fv r
n = 0F2(n + l)F2(n+ 1) + 2v 

Taking (4) i n t o c o n s i d e r a t i o n , a long wi th t h e f a c t t h a t l im — = v 5 , we ob 
tain 

1 1 (L2k fe-4"-n = 0 F2nr+ 2k F2(n+ l)r+2k ^F2r \F2k 

Similarly, for the Lucas numbers, starting from 

is odd. 
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5 ^ - , ^ + r = ( - I ) " - ' £ , S 
we f i n d t h a t 

G (P, k) = E 
n = 0 £ ( 2 n + l ) p + 2£ + ^ P 10Fr 

1 / 2 ~ ^2/< ^2( t f + l ) p + 2k ~ 2 

•2(il7+ l ) r + 2k 2k 

w i t h -3? ^ 2k ^ P - 2 and r an e v e n i n t e g e r . 
F o l l o w i n g t h e m e t h o d s u s e d a b o v e , we o b t a i n , f o r p e v e n , 

GN(r, k) 

1 /L(N+l)r+k Lk 

lOFr\F(N+l)r 

1 

(N+.l)r+k 

^F(N+l)r+k 5K. 

I 1 0^r \^(N+ l)r+k Lk 

Letting N ->• °°, this relation yeilds, for p even, 

fc-odd, 

, fc-even. 

(7) 

^(r, fc) = £ 
n = 0 ^(2n+ l)2»+2fe + ^i 

1 
10F, 

102? 

r(^> &-odd, 

A 

Summing the last equation over the p - 1 values of k9 leads to 

GM = E 
n = 0 ̂ 2n + L r 

p^5 , 1 /0 ,, 
+ , p/2-odd 

10F„ 
10F, P/2 

when P is even. 
Similarly, for P even, 

P A , 1 / 0 
TTTTT- + > p / 2 - e v e n . 

Z 1 V 2 

Vr> fe) = E 
n = 0 F{2n + l)r + 2k ~ ^ 

1 (Lk L(N+ Dr + > 

lOFr\Fk F(N+i)r+k 

1 (5Fk 5F(N 

> / c - e v e n , 

10Fr\Lk 

s o t h a t 

£(*, k) = E 
n = 0 ^ 2 ( n + l ) r + 2£ ^ 2 

7+ l ) r + A 
1, k-o 

+ i)r + k I 

kht'^)' k'odd' 
k& - 4 k-even. 

( 7 a ) 

(8) 

( 8 a ) 

C o m p a r i n g ( 7 a ) and ( 8 a ) a s we d i d ( 5 a ) and ( 6 a ) , we h a v e , f o r v e v e n , p = 2s - 1 
i n ( 8 a ) and k = It i n ( 7 a ) , t h a t 

G(r, 2s - 1) = - £ ( P , 2t) 
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while, for v even, k = 2s in (8a) and k = It - 1 in (7a), we have 

G(r, 2s) = - £ ( P , 2£ - 1). 

By similar methods, the r e l a t ions (1) and (4) can also be used to show tha t 

TV F 
A 1 *2(N+l)r 

n = 0 7? 2 _ / _ i \ f e p 2 JP TP TP 
r(2n+l)r + k K } r r kn 2v r2(N + l)r + k 

and 

£ 1: = (^ - Dfe ̂  
*(2n+l)r+k K L) *r L *k*2r 
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